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Effect of Longitudinal Inertia and of Shear Deformation on 
the Torsional Frequency and Normal Modes of 
Thin-Walled Open Section Beams 


C. Kameswara Rao’, 


SUMMARY 


The free torsional Vibration of bars of 
thin-walled open section for which the shear 
centre and centroid coincide was dealt with, 
developing new frequency and normal mode 
equations, which include the effects of longi- 
tudinal inertia and shear deformation, for six 
common types of simple and finite beams. 
Solutions of the frequency equations for 
various end conditions are obtained on a digi- 
tal computer and the results for the first two 
modes of vibration of ten Indian Standard 
wide-flanged I-beams for various end condi- 
tions are presented in graphical form, suitable 
for design use. Comparison is made with the 

results of a higher order theory and an excel- 
lent agreement is observed 


INTRODUCTION 


it has been the usual practice to approximate the 
torsional vibrations of thin-walled open section beams 
by classical Saint- Venant torsion theory. 
Timoshenko! pointed out the inadequacy of the 
Saint-Venant torsion theory and introduced the effect 
of warping of the cross section for the case of an 
I-beam. Much work has been done*~?°, based on 
Timoshenko torsion theory. Recently Aggarwal and 
Cranch!! modified the Timoshenko torsion theory by 
including the effects of shear deformation and longi- 
tudinal inertia. Aggarwal’*, analysed the free and 
forced vibrations of an J-beam and _ presented 
curves for selected values of shear and longitudinal 
inertia parameters for the first three modes of vibra- 
tion of simply supported beam. Results for other 
boundary conditions are not given. The natural 
frequency results for the simply supported beam 
have not been made available beyond his thesis, 


K. V, Appa Rao** and P, K, Sarmat+ 


Krishna Murty and Joga Rao™ presented a general 
theory of vibrations of cylindrical tubes which 
includes the secondary effects such as transverse 
shear, longitudinal inertia and shear lag. 


In part 1V of their theory’, results for simply- 
supported open tube of doubly symmetric I-section 
are presented. The other boundary conditions are 
not analysed. The first order approximation equa- 
tions of Ref. 13, neglecting shear lag, for torsional 
Vibrations of doubly symmetric open tubes, are 
observed to be the same as those obtained in Ref. 11, 
but for the only difference that the shear coefficient 
in the equations of Ref. il assumes a value of unity 
in those of Ref. 13, irrespective of the shape of the 
cross section. 


In the present investigation, a somewhat dil- 
ferent and simple method of solution used by 
Huang}, is applied to the coupled equations of 
Ref. 11, to derive a clear and neat set of frequency 
and normal mode equations for six common types of 
simple and finite beams. The advantage of this 
method is that the boundary conditions prescribed 
are homogeneons and the analysis is quite simple. 
Solutions are obtained on a digital computer, for the 
frequency equations of various end conditions. It is 
noted that the torsional natural frequency results 
for various end conditions for Indian Standard 
I-section have not been presented prior to this study. 
In the present paper, the results for the first two 
modes of vibration for the various types of end 
conditions are presented in graphical form, suitable 
for design use. (The results upto the tenth mode 
of vibration are available with the authors). The 
results for simply supported beams are compared 
with those of Ref. 13, and an excellent agreement 


is observed. 
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DIFFERENTIAL EQUATIONS AND BOUNDARY 
CONDITIONS 


The coupled equations for the angle of twist 
® (z, t) and the warping angle ¥ (z,t), for a wide 
fisnged symmetric I-beam are 


Ne ne OPEN SECTION BEAMS RES ear 
Let 
D = ¢ elpt (5) 
Y = yp elpl 6) 
6 =4/L (7 
given by Aggarwal . ) 
where 


and Cranch" as, 


<p Che h ? @ 3 y 
GC, ——+ k’ArGE] — 22 ¢ Ft 
Sat GE > OR 7 | 
oD 
a? | Birr ata (1) 
ke A G [ h an yy | 2Cw 
2 Os h® 
oo or 
BE CNT yet be oe gerne med = 
[ Ox" P ot? | 0 (2) 


in which, 


E = modulus of elasticjty 
G = modulus of rigidity. 
Cs = Torsional constant for the section 


k’ = numerical shape factor for cross section 

Ar = area of each flange 

h = height between the centre lines of the 
flanges of the beam 

@ == mass density of the material of the beam 

Ip = polar moment of inertia of the cross 


section about centroid 
Cw = warping constant 
Irh?/2, for a wide-flanged symetric I-beam. 


I 


Ir = moment of inertia of each flange area 
about Y-axis 
t = time 


z = distance along the axis of the beam. 


Eliminating Y or ® from equations (1) and (2), 
the following two complete differential equations in 
® and Y are obtained. 


ElrCs am ff _Eplplr Cselr 


ae ECr | az EVATG SIA 
® 
Irh? ] 3%® a7 g® 
oe Oz70t" me SCs 0z* title ar® t 
plpelr a _ 6 (3) 
k' ArG at* 
oy Ep Ip Ir 
[ eles ae Se mare = | PAG 
2 
Ceele plth? Glas — GG, ela fe + 
k’At 2 Qz” Ot” Oz 
oy eIpelr o8F _ 0 (4) 
Plp aa Ang at 


¢ = normal function of © 
Y = normal function of ¥ 
& = non-dimensional length of beam 
i=v—I 

p = natural frequency of vibration 
L = length of the beam 


Omitting the factor e!*, equations (1) to (4) are 
reduced to 


2 - = 
(A+ Ie" + rtp staty— ey =0 (8) 
h - 
et =O mies et = 0 (9) 
EE 1 
Sapo $"" + (a?+s* d?) $°— 
d? (1—1? b? s?) $¢ = O (10) 
2 1 2 

Spe + @ eae — 

d? (l—r? b* s7) ¥ = O (11) 
where 

oe 
at@=1+4c? apace (12) 
pi aa a3) 
d= 5 ore (14) 
d? = 2 ie (17) 
see =e (16) 
Elr a. 
1) 
oe OAT Gin a4 


and the primes for ¢ and y¥ represent differentiation 
with respect to §. 


The necessary and sufficient boundary conditions for 
the beam are found as follows : 
Simply supported end 

$=0 

y= 0 


ds) 
(9) 
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Fixed end 


(gil (20) 

pe @ Q 
Free end 

ip 0 (22) 

(ct 4-1) My 0 (23) 
SOLUTIONS; 


The solutions of (10) and (11) can be found as 


dP = A, Cosh rba% + A, Sinh rba% | A, Cos 


rbQ% -- A, Sin rbBe (24) 
y= A,’ Sinh rb a2 + A,’ Cosh rbak- Ay’ Sin 
rbaz ++ A,’ Cos rbpz (25) 
where 
in 1 - . 112 
Bo viz (e+iy des te Saag 
a“ x 4 2 Ld 
(a? —s?d‘)* + aa ih f (26) 
and 


2 
[ (a?—s*d¥)? + a | > (a? +s7d?) 


is assumed, 


In case 

[ (at—sta#) } os |ts (a? + stat)? 
we write 

qa V2 a + 1)'/? {lat + 2d) — 


2 
[ wis Sacla)e +. ack lay 


/ 


=j4 
then (24) and (25) are replaced by 
¢ = A, Cosh rba’& + iAg Sinh rba’ & + 
A, Cos rbpé + A, Sin rbps (28) 
y = iA, Sinh rba’é + A,’ Cosh rba’é 4- 
+-Aq/ Sin rb% ++ Ay’ Cos rbpe (29) 


Solutions of (24) to (25) or (28) to (29) are naturally 
the solutions of the original coupled equations (8) 
and (9). 


Only one half of the constants in equations (24) 
and (25) are independent. They aro related by the 
equations (%) or (9) as follows : 


Pv d 
Ay [ Jom? b"44 (07-1) | h, (30) 
i 


rbha 


Die , ‘ 
Ay * aalte | 1—r*b%5? (a? 4-1) | A, (31) 
—2 L Wie awinl : 
A, = rbhd | 1 + £724? (B4%— 1) | A (32) 
Oe Ih SCT ; bay 
Ay @ rbhe [ | -f 1465” (07 ) | A, (33) 


or 


: rbh au? ( c2 +] )-+4-8? d? ‘ 
A= PO E ; | A, (34) 


/ " 2 2 + 87 2 ce 
A we bh al at OP a Se | As (35) 
? PV NN t. 


/ pe ~ A2 2. 62 dd? ~ 
a) we wtb [ae t1) #4 | As (36) 
Fi 2a (2 
: rbh [ #* (c?+-1)—s* d* 
A, an om , | Ae @ 


FREQUENCY EQUATIONS 


The application of appropriate boundary condi- 
tions (18 to 23) and relations of integration 
constants (30 to 37) to equations (24) and (25) 
yields for each type of beam a set of four homo- 
genous linear algebraic equations in four constants 
A, to A, with or without primes. In order that the 
solutions other than zero may exist the determinant 
of the coefficients of A’s must be equal to zero. This 
leads to the frequency equations in cach case from 
which the natural frequencies can be determined. 


In the following, six common types of beams will 
be identified by a compound adjective which des- 
cribes the end conditions at =U and 6=1 or z=0 
and z= L. They are (a) simply - supported 
beam: (b) Beam simply supported at one end, free 
at the other (c) Fixed-end beam (d) Beam fixed at 
one end, simply supported at the other, (c) Beam 
fixed at one end, free at the other, (f) Beam free at 
both ends, 

The frequenc: equations thus obtained are 
as follows ‘ 

(a) Simply ~ supported beam 
Sin rbp = 0 (38) 
(b) Beam simply supported at one end, free at the 
other 


aeatnanaRGEese 
Sea Se 
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S tanh rbe — 0 tan rbB = 


in which ~ 
= «/8 (40) 
pa Bechth—s? dt _ atc?) +a2 
Bact 1)+std? Bc? 1)—a? 
— B(c+1)—s de (co? 1) +a? 
Be (c+ 1)—a? a*(c?+-1)+ s?d? (41) 
(c) Fixed-end beam 
2-2 Cosh rbx Cos rb8 +———— An iet 
 Garbsyt etn! 
[ r*b®s* (s*d?—at)? + (3s?d?——a?) J 
Sinh rba Sin rb8 = 0 (42) 


(d) Beam fixed at one end, simply supported at 
the other 


0 § tanh rba - tan rb8 = 0 (43) 


rb? 


(e) Beam fixed at one end, free at the other 
(a*——s?d*)* + 2 | cosh rba cos rbB 
(rb/d) (a*+s*d?) 


24[ 


Tl-—bSs)i (@4+} sinh rbe sin rb8 =0 


(44) 
(f) Beam free at both ends 
rb/d 


2—2 Cosh rba Cos rbB + 
osh rox Cos rbp (1-rb’s*)? (c?+1)8 


[ 


When 


[ estan? +b 


3 
: be (asta)? a Gas) | 


Sin hrb« Sin rb8 = 0 (45) 
4d? 
Tbs 


It is convenient to use & = ix 


i < (at?+s*d?), b*r*s?>1 


correspondingly. 
and 

(46) 
(47) 


= i(rb%s?—1)} 
ye ne 


(l—r*b?s*) 


Where 8’ = «’/8 and transform the frequency 


equations (38 to 45) for the case 


3 
dd |} = 
to thase for the case 


“Spt (a? + s*d*) 
: 
[ @—says += ee [ta (a*+s*d*) 


[ carseat RP 


Thus we obtain the f requency equations as follows : 
(a) Simply supported beam 
SinrbB Sin rb«’ = 0 (48) 
(b) Beam simply supported at one end, free at the 
other 
8’ tan rba’ + Otanrb8 = 


(c) Fixed-end beam 


(49) 


b/d 
2-2 Cos sba’ Cos rbB +———— 7 
(r2b?s?—1)? (c?+1) 


*b*s?(s3d*-a*)? + (3s2d?-a?)] Sin rbx’ Sin rb8=0 
(50) 
(d) Beam fixed at one end, simply supported at the 
other 
50 tan rba’ + tan rbS = 0 (51) 


(c) Beam fixed at one end, free at the other 


= t®b* 
2+ [3 


(rb/d) (a?+s*d*) 
rb’st—1) ? (2 +1)! 


(a?-s*d*?)* + 2 |Cos tba’ Cos rb8 

— Sin rb«’ Sin rb8=0 
(52) 

(f) Beam free at both ends 

tb/d 


2-2 Cos rba’ Cos rb =o aS Gs 
tba’ Cos rb8+ (bt (+? 


FP rb?a* 
ere 
Sin rbz’ 


(a one) s*d*)? + (3a° = sa?) | 


Sin rb8 = 0 (53) 


NORMAL MODES 


For each type of beam the roots of the frequ- 
ency equations by, (i=1, 2, 3,...) give the eigen 
values of the problem. The corresponding eigen 
functions, normal modes ¢; and ¥, can be obtained 
accordingly. In the following list of normal modes 
the subscript iis omitted for ¢,¥, b,a.8 and the 
constants B and C. Since the coefficients in ¢ and ¥ 
are related, the constants B and C are connected 
through any one of the equations of (30-33) or 
(34-37). 


The normal modes ¢ and ¢ for various simple 
beams are as follows: In case there are two pairs 
of ¢ and ¥ the first pair is for the case when 


[ arse Ss wal > (a*+-s* d?) 


Py 


and the second pair 


[ ars d?)? +. rt be (a?-4-5*d?) 


(a) Simply ~supported beam 
? = B Sin rbge 
% = C Cos rbpe 


(54) 
(55) 


(b) Beam simply supported at one end, free at the 
other 


p = Gon tth Sinh rbaé + Sin rbpé (56) 
y = Sin rbp Cosh rbue + Cos rbQé (57) 
6 Sin rbe : 
and 
p= — 3 at 28 gin rbz’E +4 Sin rbgZ (58) 
Y = 5 Sh Cos rba’E + Cos rbB% (59) 


(c) Fixed ~end beam 
* = B (Cosh rbak 4- 67,6 Sinh rba~ — Cos 
He + 4 Sin rbB&) (60) 


5 Sinh rbz& — Cos 
TbRE -+- 


Y = C(Cosh rbak + - 
Sin rbZZ) (61) 


Where 
— Cosh rbz + Cos rbé 


Ge ie $4 Sinh rbx — Sin rbf' (62) 
a Sosa seas — Cosh rb« + Cos rbp (63) 
t Ly Sinh rbz + Sin rbé 
6b 
and 


~ 8')0 Sin rba'Z — Cos rbZz 
++ \ Sin rbBE): (64) 
Sin rbx’— + Cos rbpé 
| v Sin rba%) (65) 


> = B (Cos rba’z 


‘ W 
pp = C (Cos rba’e 4- yi 


Where 
_ Cos rba’ — Cos rhe 
Ae 50 Sin rbz’ — Sin rb? (66) 
y atc Contra se Cosirbe (67) 


| Sin rb2’ Sin rb 
30 
(d) Beam fixed at one end, simply supported at the 
other 

* — B(Cosh rba& — Coth rba Sinh rba& — 


Cos rbBE -+- Cot rbB Sin rbB&) (68) 
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nena = 


: a a a 2 
Y= Cl (Cosh roaz + ~< Sink Pras C4 her el 


4) 
7” g ft A | iY 
Where 
— ( 6Sinh rbx + Sin rbe ) (765 
~~ ~ Ar tre 7 
1 Cosh roz + Cos re 
6 
and 
¢ = B (Cos rba’Z — Cot rhe Sin rox? 
~ Cos rboz + Cot rbd Sim 1595) Fh) 
, ‘ 4 « tate 
y = C (Cos rba'5— —, Sm rbe’> — Cos 
a4 
, ne? y. 
5’ Sin rba’ — Sin rs 
v | “ 
5 Cos rbz’ Cos rt 


(c) Beam fixed at one end, free at the other 


¢ B (Cosh rbag ~ 26, Sink rbeZ—Cos rece 
y Ss; bs (74) 
‘ " ee . 
Y = C (Cosh rb«az + sq Sink rbal—Cos rb2z 
4+- Sin rbGZ) (75) 
Where 
l ; p 
3 Sinh rba — Sin rbz 76) 
1 ™ ‘Gi Costhiba + Cos rbs 
8, Sinh rbz + Sin rbe 
b= — i 
I é FT) 
7 cosh rbz + cos rbe 
and 
¢@ = B(Cos rba’= + BAO Sim rb’ — Cos rege 
+A Sin cbs) (78) 
Y = C (Cos rba’— — rin Sin rba’= — Cos rogz 
+v Sin rb85) (79) 
Where 
Ti seers p : (oO 
“gy, Sin rba'—Sin rbg ; 
A ™ 9 Gos the’ + Cos 1be 
. 5’ Sin rbx’ —- Sin rbé (815 


1 Cos rhe” + Cos rb 


0 
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(f) Beam free at both ends 


¢ = B (Cosh rba—E + 8 Sinh TbpE +- — 
rbBE + % Sin rbgé) (82) 
WY = C (Cosh rbat — + Sinh rbaé+6 Cos rb3z 


4 : Sin rbGE) (83) 


Where 
” Cosh rb« -- ~Cos__ rbp (84) 
8 Sinh rba —— § Sin rbf 
and 
¢ = B (Cos Tbe’E -- SX Sin rbx’z + + Cos 
rbBE + A Sin rbgz (85) 
Y = C (Cos rbe’é -- ie Sin rba’é + 
8 Cos rbBz a Sin rb@é) (86) 
Where 
aE Cos rba’ -- Cos rbf (87) 
8 Sin rbz’ -— 6 sin rb8 


For a given beam with c,d, r, ands known, the 
bi, (i=1,2,3 ....... ) can be found from the appro- 
priate frequency equations and the corresponding 
Pi can be calculated by the equation (13). These 
frequency equations are highly transcendental and 
the solutions are obtained on a digital computer. 


COMPARISON WITH HIGHER-ORDER THEORIES 


The first order approximation equations (Eqs. 
1.60) of Ref. 13, for torsional vibrations of uniform 
doubly symmetric open tubes are observed to be the 
same as Eqs. (1) and (2) of the present paper, but 
for the only difference that the shear coefficient 
k’ in Eqs. (1) and (2) of the present paper, assunses 
a value of unity in those of Ref. 13. 


SOLUTIONS OF THE FREQUENCY EQUATIONS: 


(a) Simply supported beam : 

Substituting the value of 8 from equations (26) 
in the frequency equation of the first set (38) and 
simplifying the expression we get 
[ie a (SGP sp ok 1I)4+ ¢ ies 

Or side 


— [ [n?x*(s?d? - c*>—1) + d*]°+ 4n?x7d*) 12 


2r* s® d? 


b?7= 


(88) 


This frequency equation (88) in b*, has an infinite 
number of roots which in general represent two 
coupled frequency spectra. 


The second spectrum appears at higher frequencies 
greater than the critical frequency be given by 


and is due to interaction between shear deformation 
and longitudinal inertia. It may be easily seen that 
this critical frequency represents the first thickness 
shear mode in this case. Eqn. ($9) shows the thick- 
ness shear nature of the critical frequency while Eqn. 
(88) shows the two frequency spectra, uncoupled in 
the present case. 


The classical Timoshenko torsion theory provides 
only one set of frequency spectrum, but Aggarwal and 
Cranch”™ theory provides two frequency spectra. The 
eigen values b of the first set of frequency spectrum 
cover the whole range from zero to infinity, but those 
of the second set range from the critical frequency 
be given by equation (89) to infinity Two torsional 
frequency spectra are illustrated for simply supported 
beams in Ref. 13 also. It is to be mentioned here 
that for the range of c, d, r and s parameters covered 
in this paper, b is less than be. In case there is any 
extension from there on for b beyond be, care 
should be taken to account for the second spectrum. 


Now let bo be the classical eigen values and po, 
the natural torsional frequencies corresponding to bo. 


The classical (Timosbenko) frequency equation 
derived by Gere* can be written in terms of b, as 


n?x?Ar 


en on ee tol pe — = + 2 Cs i 
be = Bite (n?n®ECy + L?GCs) (90) 
and b/bo = P/Po (91) 
Comparing the mechanism of vibration of 


Timoshenko and Aggarwal and Cranch beams, we 
note that the classical (Timoshenko) beam is 
equivalent to Aggarwal and Cranch beam with 
longitudinal and shear constraints. 


Therefore, 
P < Po (92) 
and 
b/d) = pipe = q, q < 1 (93) 


The ratio of b/bo or p/po, denoted by q, will be 
referred to as the ‘modifying quotient.’ 
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Table. 1, contains values of c.d,r and s for one 
meter length of ten Indian Standard wide flanged 
l- beams considered in this paper. A value of 0.3 is 
chosen for poisson’s ratio and =*/12 for the shear 
coefficient k, which is assumed to be constant for 
all the beams, in obaining the results presented in 
this paper. 


TABLE. 1, 
Beams. 


poison’s ratio = 0.3, E/G = 2.6, ko = 7/12, 
L=1 meter. 


Values of c.d.r and sfor the ISW 


Beam Cc dl 


ISWB 
ISWB 
ISWB 
iSWB 
ISWB 
ISWB 
ISWB 
ISWB 
ISWB 
ISWB 


0.0259972 0.0462225 
35.8305 0.0319069 0.0567298 
31.3909 0.0361028 0.06419 
29.0311 0.0388452 0 069066 
23.3791 0.0487886 0.086745 
18.0905 0.0497493 0 0884533 
22.2714 0.0507509 0.090254 
400 0.0481979 21.8672 0.0516273 0.0917923 
500 0.0437731 17.7378 0.063717 0.113287 
600 0.0556116 16.5884 0.0669601 0.119053 


150 V.071388%8 
175 0.0641706 
200 0.0658632 
225 0. 637969 
250 0.0528314 
300 0.049721 

350 0.0485133 


43.9416 


o1 


o7 001 002 003 004 O05 O06 007 


Fig. 1 Corrections in the torsional frequencies of 


a simply supported beam due to longitudi- — 


nal inertia and shear deformation. 
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The values of c.d.r and s can be obtained for any 
length of the beam in meters, by properly multiply- 
ing and dividing the values by the length, as shown 
in the table, |. 


The graphical representation of p/po versus r for 
the first ten modes of simply supported wide-flanged 
I-beams considered are presented in Fig. 1 with the 
range of r from U to 0.07. It is seen that the reduc- 
tion of the ratio of the torsional natural frequencies 
is increased by imcreasing the values of rand s and 
reducing the values of c and d. 


Fig. 2. Compares the values of B* versus 
obtained from Gere’s analysis‘ based on classical 
Timoshenko torsion theory, AVK and CVJ analysis", 
and present analysis, considering the example of 


' 


simply-supported ISWB 150, where 
L/a 
P.L*? WcArEL 


LL? = (94) 


(95) 


B* 


8 


2 = J 
Cues 


Fig. 2 Comparison of values or B* VS. L* for 
simply supported ISWB 150. 
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as can be of interest to note from fig. 2., that the 
Values obtained from the present analysis, agree well 
with those obtained from AVK and Cyj analysis'® 


and, that for lengthy beams and lower modes of 
vibration, the present analysis gives almost the same 


values as Gere’s analysis. 
higher modes of vibration, 
imertia and shear deformat 
and must be taken 


So, for short beams and 
the effects of longitudinal 
ion are quite significant 
care of, in designing such beams 


For a Simply supported beam 
corresponds to the fundament 
supported beam of shorter sp 


, its higher harmonic 
al of another simply 
an. The nth frequency 
f span L is equal to the 
beam with span L/n i.e. 


of simply-supported beam o 
fundamental of another such 
L*.So, for the sake of simplicity and ease of presenta- 
tion, the values of B* are plotted versus L* for simply- 
Supported beams ISWB_ 150,200.225,250 and 500 in 


fiz. 3. and for beams ISWB_ 175,300,350,400 and 
600 in fig. 4. 


Hn te iy Jely 


a 65 8 bo 200 
=ulN 
FIG VALUES OF BY ys. tT FOR SIMPLY SUPPORTED IswA I75 300, 350, #0, 600 


«Oo 680 KOKO 


400 600 
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FIGS VALUES OF (F/(P.), VS L FOR THE FIXED END BEAMS(m=1), FIRST 


MODE 


(b) Other boundary conditions 


Solutions of Eqns. (39) to (45) forten Indian 
Standard wide flanged I-beams, are obtained on IBM 


1130 Computer at the Computer center, Andhra 
University, Waltair, 


(P.)/(Pads 


“100200 400 ae iat 


Fig. 6 Values of (Px)}/(Px)s VS. L for the fixed 
end beams (n=2) second mode. 


FIG. 7 VALIES OF (P.)/(P.), VS. L FOR FIRST MODE 
OF F XLD-SIMPLY SUPPORTED BEAMS 


“100200 300 _ 800 i600 


FIG.B VALUES OF (R.)/(R.), VS L FOR SECOND MODE 
OF FIXED~SIMPLY SUPPORTED BEAMS 
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The values of (Pa/(Pae are 
length of the beam L, in first 
boundary conditions for the: 
Vibration where (Pods is the fre 
Supported beam that can be o 
and Eqn, (95), Knowing (P 
length and mode, the v 
be obtained for y 


Plotted against the 

Sto 14 for various 
first two modes of 
quency for the simply 
btained from figs, 3,4 
n)s lor a particular beam 
alues of the frequency Pp can 
arious boundary conditions from 
these graphs. Other results upto the tenth mode are 
available with the authors. 


L 
FIG.9 VALUES OF CRAY (As VS. L FOR FIRST MODE 
OF FIXED-FREE BEAMS 


FIG. VALUES OF (R.0/(R, VS L FOR SECOND MODE 
OF FIXED-FRCE BEAMS 
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Fig. 11 Values of (Px /\Pn)s VS. L for first 
mode of free-free beams. 


HE ABRONAUTICAL SOCIRTY O 


F INDIA if VOL. 26, NO. Lez ‘ 


“0 200 400 _ 600 800 700 


Fig. 12. Values of (Pn)/(Pn)s VS. L for 
second mode of free-free beams. 
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FIG.14 VALUES OF (P.)/(Pads VS. L FOR SECOND MODE 
OF SIMPLY SUPPORTEO-FREE SEAMS 
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COMCLUSI ONE 


In this paper 
theories of torsional vibrations of thi 
of OPEN Cross section. 


lrequeney and nOrmal mode equations fac £ 
torsional vib : - €Gtations for free 
“SONAL Vibtations of six Common tyne< of « x 
arid finite beams Sel i ~COMmmon types of simple 
~ ot iS hi : " Lo a 
are present pe the second order effects, 
On fed. The solutions the freauency 
equations are obtained on a digital computer and 
the results for the first : 
ten Indian 


# COMparison is drawn bh 


-Walled beams 
clea 2 _ 
A clear and neat set of new 


of 


‘ a for 
Standard wide-flang 
Various end conditions are presented in 


form, suitable for design use. Th 


ed 


supported beame are compared with thos 
and an excellent agreement is observed 


Sous ~—- 


ACKMOWLEDGEMENTS. 


The work reported here in, Is 
from the papers 16-18%, presented by the firs 
at the sixteenth congress on the: 
Mechanics, held at Allahabad during 


Ist April 1972. 

The authors wish to thank Dr. J.S. Rao, 
Professor in Mechanical Engineering, LIT.. 
Kharagpur, and the referee for their valuable 


comments for the improvement of the paper. Thanks 
are also due to Prof. T. Venugopala Rao Head of 
the Wepartment of Mechanical En_ineering, 
Andhra University, College of Engineering. Waltair 
for the facilities mace available 


REFERENCES 


1. TIMO3HENSO, S.P., “Theory of Bending. Torsion, and 
Buckling of Thin-walled members of open sections’, 
Journal of Franklin Institute, Vol. 239, 1935, pp. 215- 
219, 249-254, 


2. WAGNER, H., ‘Torsion and Buckling of open sections’. 
Technische Hoshschule, Denzig, Germany 251th 
Anniversary Publications, 1929 


34. GoopiEn, J.N., “The Buckling of compressed bar by 
Torsion and flexure’, Bulletin Mo. Z7 of Cornell 
University Engineering Experiment Station, 1941. 


4, Gere, J.M. ‘Torsional Vibrations of Beams of Thin- 
walled open section’, Journal of Applicd Mechanics, 
Trans., A.S-M.E,, Vol. 25, 1954, pp. 381-387- 


5. GARLAND, C.F., “Fhe normal modes of vibrations of 
Beams having non-collinear clastic and mass axes’, 
Journal of Applied Mechanics, Trans. ASME, Woj. 7, 
A-97, June, 1940. 


6. TIMOSHENKO,S.P , YOUNG, D.H., “Vibration problems 
in Enginecring, Third edition, D. Wan Wostrand 
Company Inc., Vrinccton, M_J., 1955, pp- 407-469, 


wo 


il. 


13. 


14. 


15. 


17. 


16. 


Gere, J.M., and Lin, Y.K., ‘Coupled vibrations of 
thin-walled beams open cross section’ Journal of 
Applied Mechanics, Vol. 25, Trans. ASME, Vol. 80, 
1958, pp. 373-374. 


YU, YI-YUAN, ‘Variational equation of motion for 
coupled flexure and Torsion of Bars of thin-walled 
open section including Thermal effect’, Journal of 
Applied Mechanics, Trans. ASME, June, 1971, pp. 
502-506. 


VLASOV, V.Z., ‘Thin-walled elastic beams’, Moscow, 
1959, (English translation, Israel Program for Scienti- 
fic Translation, Jerusalem, 1961). 


CHILVeR, A.H., ‘Thin-walled Structures’, Chatto and 
Windus Ltd., London, 1967. 


AGGARWAL, H.R. and CRANCH, E.T., ‘A theory of 
torsional and coupled Bending Torsional Waves in 
thin-walled open section Beams’, Journal of Applied 
Mechanics, Trans. ASME, Vol. 34, 1967, pp. 337-343. 


AGGARWAL, H.R., ‘A theory of Torsional waves and 
vibrations in Beams of Thin-walled open section’, 
Ph. D. thesis, Cornell] University, Ithaca, N.Y. January, 
1962, pp. 8-34, 96-99, 104-105. 


KRISHNAMURTY, A.V. and JOGA RAO, C.V- ‘General 
theory of Vibration of cylindrical tubes’, Journal of the 
Aeronautical Society of India, 1968, Vol. 20, No. 1, 
pp.1-38. 


KRISHNA Murty, A-V. and JOGA Rac, C.V. ‘General 
theory of vibrations of cylindrical tubes’, Journal of the 
Aeronautical Society of India, 1968, Vol. 29, No. 4, pp. 
235-258. 


HUANG, T.C., ‘The Effect of Rotary end of shear defor- 
mation on the frequency and normal mode equations of 
uniform beams with simple end conditions’, Journal of 
Applied Mechanics, Trans. ASME, Vol.28, Series E., 
No. 4, Dec., 1961-, pp. 579-584. 


KAMESWARA RAO, C.and VENKATA APPA RAO, Ke 
“‘Infiuence of Longitudinal inertia on the Torsional 
frequency of thin-walled open section Beams’ paper 
presented at the 16th Congress of Indian Society of 
Theoretical and !Applied Mechanics, held at M.N.R. 


Engineering College, Allahabad, during 29th March to 
Ist April, 1972. 


ICAMES*ARA RAo, C., and VENKATA APPA RAO, Ky, 
“The Effect of Longitudinal Inertia and of shear defor- 
mation on the Torsional frequency and Normal modes 
of thin-walled open section Beams’, paper presented at 
the 16th Congress of Indian Society of Theoretical and 
Applied Mechanics held at M.N.R. Engineering College 
Allahabad, during 29th March to Ist April, 1972. 


KAMESWARA Rao, C., and APPA Rao, K.V., “Orthogan- 
ality and Normalizing conditions of Normal modes of 
Aggarwal and Cranch Beams’ Paper presented at the 
16th Congress of Theoretical and Applied Mechanics 
held at M.N.Ik. Engineering College, Allahabad, during 
29th March to Ist April, 1972. 


Downloaded by NATIONAL TAIWAN UNIVERSITY on January 9, 2015 | http://arc.aiaa.org | DOI: 10.2514/3.49674 


232 AIAA JOURNAL 


can be improved. First, the code is written in such a way that 
eight N-vectors must be stored in addition to the two N-vectors 
which define the table being interpolated. By a simple rewriting 
of the code, the eight N-vectors can be reduced to one. Second, 
the algorithm of Ref. 4 sets up the linear system in terms of the 
second derivatives at the nodal poits. Then, both the second 
and third derivatives are used in the interpolation computations. 
If the first derivatives at the nodal points are needed, additional 
computations would have to be made. An algorithm can be 
formulated such that the solution of the linear system yields 
the first derivatives at the nodal points and that this is the only 
N-vector which needs to be stored along with the two defining 
the table. The remainder of this Note presents the equatons 
for such an algorithm. 

Consider the cubic polynomial for the kth interval where the 
k subscripted quantities are evaluated at the beginning of the 
interval and the k+1 subscripted quantities are evaluated at the 
end of the interval. Let ¢ denote the value of the independent 
variable within the kth interval for which the interpolated value 
of the dependent variable y is desired. Let A, B, C, and D 
represent the constant coefficients of the cubic polynomial in 
this interval, and write the following expressions: 


y= At BU ty) +(C/2) U4) + (D/6)(t~ th) 

y = B+C0—4)+ D2)G— hy (1) 

y’ =C+D(t-t) 
In terms of the notation h = t—t, Hy = tha 1—t,, and R = h/H,, 
the expressions which relate the constant coefficients of the cubic 
to the values of the dependent variable and its first derivative 
at the ends of the interval are given by 

A= Ve 

B= yk 

C = (6/Ai? (Vir 1 — Ye) ~ (2/H vier 1 + 290) 

D = (— 12/Hy?) (View — Ye) + (6/He?) Ver + Yd) 
These values may now be substituted into the expressions for 


the dependent variable and its derivatives to produce the 
following relations: 
¥ = Yet BR? 2R°V(yar a — Ye) + 
H,{R~2R? + R*)y,+ Ai(— R? +R) Veo 
y = (6/A,)(R—R*) (ver 1— ed + 
(1~4R+4+3R?)y,+(—2R43R 741 
y" = (6/A7)(1— 2R) e+ 1 — Ye) + 
(1/Hy)(—-4 + 6R) ya + (L/Ai)(— 2+ 6R) View 1 
The equations written in this form assure continuity of the 
dependent variable and its first derivative at the ends of the 
interval as may be demonstrated by using R=0 and R=1 
in the above equations to obtain values at the beginning of the 
kth interval and at the end of kth interval. In order to assure 
continuity of the second derivative between intervals, the value 
of y” at the end of the kth interval is equated to the value of y” 
at the beginning of the k+ 1st interval. This yields the following 
recursive relationship for y;,: 
Hy Ve-1 + 2A + A) Vet Ae Vat = 
3(Ag~1/Aa (Vee — Va) + A/a a Ve~ 1) (4) 
The output of the Runge-Kutta-Fehlberg numerical integra- 
tion process is the table of values of y, and t,. For N stepping 
points (including the first) used by the numerical integrator, 
N values of y;, must be determined to construct the cubic spline. 
The recursive relations of Eq. (4) provide N-2 equations in yy. 
The input of y, and yy, the values at the beginning and end 
of the integration interval, provides a solvable set of equations 
in y,. If conditions are imposed on yj and yy, the corresponding 
conditions on the first derivatives can be obtained from the 
third of Eqs. (3). 
The successive over-relaxation iterative method for solving the 
linear system: is defined by the relation 


Ve = Vit LOTI7968A, (5) 


(2) 


(3) 
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where 


A en Fe ee re ce ) 
OH np Hie on ep 


Hair Hosier |v (6) 


To start the iterative process, the values of y, corresponding to 
a quadratic spline are used ; that is, 


oe Hy 1 


(= ———— + -——__—__- -—-—_—_. — pre 
Ve Hoth, Hoe Ve) HAH, H., 0 Ye-1) 


(7) 


The iterative process is continued until the change in the values 
of y, at each nodal point between iterations satisfies a prescribed 
tolerance which should be correlated with the tolerance 
prescribed for the integrator. Convergence of the iterative method 
is assured since the coefficient matrix of the linear system is 
tridiagonal and irreducibly diagonally dominant. Finally, once 
the values of y, are known, interpolated values of y can be 
computed from the first of Eqs. (3). 

From the previous relations, it is apparent that the only 
quantities which need to be stored during the computation 
process are t,, yx, and y,. The values of H,, H;,—,, and Ak 
can be computed at each nodal point and do not need to be 
stored as vectors. 

The use of variable-step integration with numerical optimiza- 
tion methods which iterate on variable histories requires inter- 
polation. Furthermore, the interpolation method must be 
generated accurately and must use minimal storage. The 
procedure suggested here has a guaranteed accuracy and requires 
the minimum amount of storage. 
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Cy = warping constant and 
E = modulus of elasticity ba eat ; rl 
G = shear modulus [EC, 6” —(GC,— ol Je ] og =0 (6) 
1, = polar moment of inertia of beam We 
K, = torsional foundation modulus From Eqs. (5) and (6), for the beam simply supported at both 
K = warping parameter ends, the boundary conditions to be satisfied are 
L = length of the beam _ an. ae 4 
Ne meds qumber og=¢"=0 at Z=0 and Z=1 (7) 
P = axial compressive load where 
6 = P/A, axial compressive stress Z=2/L (8) 
is = natural frequency of vibration = ; : 
4 = time x: ™ For the beam fixed at both ends, the boundary conditions are 
T = es nets) = gp=G@=0 at Z=0 and Z=)1 (9) 
Zz = distance along the length of the beam tee . 
Z = 2/L, nondimensional distance along the length of the beam For the beam simply supported at one end and fixed at the other, 
V = potential energy the boundary conditions are 
2? = ply Lp,’ /ECw, frequency parameter g=¢"=0 at Z=0 and d=¢'=0 at Z=t (10) 
A? =al,1?/EC,,, load parameter For si idal vi : k 
A.,? = critical buckling load parameter or sinusoidal vibration, we take ; 
y2 = K, 1° /4EC,,, foundation parameter o(Z, t) = X(Z)e'™ (11) 
o = angle of twist of the beam 43 : 
(2) — otal dinetionorancle-or nist Using Eqs. (8) and (11), Eq. (4) can be written as 
a, = positive real quantities X'" —(K?-~A2)X" —(2? —4y°) X =0 (12) 
é = variation operator h 
p = mass density of the material of the beam eon 7 5 
K* = PGC,/EC,, A? =o1, P/EC,, (13) 
Introduction and 
TATIC and dynamic analysis of beams on elastic foundation y= K,E/4EC,, = pl, Lép,2/EC, (14) 


occupies a prominent place in contemporary structural 
mechanics. The vibrations and buckling of continuously 
supported finite and infinite beams resting on elastic foundation 
have applications in the design of highway pavements and aircraft 
runways, and in the use of metal rails for rail road tracks. Very 
large numbers of studies have been devoted to this subject!:* 
and valuable practical methods for the analysis of such beams 
have been worked out. Free torsional vibrations and stability of 
doubly-symmetric thin-walled beams of open section are investi- 
gated by Gere,* Aggarwal and Cranch,* Krishna Murty and 
Joga Rao,> Kameswara Rao, Apparao and Sarma,° and 
Timoshenko and Gere.’ Recently free torsional vibrations of 
restrained elastic thin-walled beams is also investigated by 
Christieno and Salmela.® In all the preceding investigations 
which deal with free vibrations, the effects of elastic foundation 
and in-plane axial compressive force are not included. The 
purpose of the present investigation is to include these effects 
and to study their influence on the natural frequencies and 
buckling loads of simply supported, fixed and simply supported- 
fixed thin-walled beams of open section. 


Formulation and Analysis 
Neglecting the effects of longitudinal inertia and shear 
deformation, the total potential energy of the beam V, con- 
sisting of the strain energy of deformation of the beam, the 
work done by the external compressive load and the reaction 
offered by the elastic foundation, is given by® 


] (CL 
ae 31, [EC.(¢’P +(GC,— o1,)(@ P+ Ky] dz (1) 


where primes denote differentiation with respect to z. The 
kinetic energy is 
1.(4 


T==| pl,(d)?dz (2) 
216 


where dot denotes differentiation with respect to ¢. Applying 
Hamilton’s principle which states 


a 


t 
al (T—V)dt=0 (3) 
ty 

and carrying out necessary variations and integrations we get 


(GC.—61,)" — ECG" — Kb = ply (4) 
which is the governing differential equation of motion. The 
natural boundary conditions obtained are 


$"5¢’| =0 (5) 
re) 


The general solution of Eq. (12) is 
X(Z) = A; cosh oZ+ A, sinhaZ+A;cosPZ+A,sinfZ (15) 
where 

a? = (1/2){(K?~ A%}+[(K*-A?P?+4(27—4y?)]27) (16) 


and 
B? = (1/2){ —(K?- A?) + [(K? — A?)? + 4(2? ~ 4y)]17} (17) 
From Eqs. (16) and (17), the relation between « and f is 


o? = f?+(K?—A’) (18) 

The four arbitrary constants, 4; (i= 1...4) in Eq. (15) can be 
determined so as to satisfy the particular boundary conditions of 
the problem. For any beam there will be two boundary conditions 
at each end and these four conditions determine the frequency 
equation. Solving the frequency equation then determines the 
principal frequencies of vibration and hence the mode shapes. 

Applying the boundary conditions given by Eqs. (7, 9, and 10), 
the following frequency equations are obtained: 

sin ? = 0 . (19) 
2aP(1 — cosh «cos B)+ (a? -- 8?) sinh w sin B = 0 (20) 
and 
tanh « = (a/f) tan B (21) 
for the simply supported, fixed, and simply supported-fixed 
beams, respectively. 

From Eq. (19), we have B = Nx, and using Eq. (17), the 
expression for the natural frequency parameter /, for the simply 
supported beam is obtained as 

A= {N?n?(N27? + K?7—A4)+4y7 7 (22) 

By putting 4 = 0, and N = 1, in Eq. (22), the expression for 

the buckling load parameter A.,, in this case can be obtained as 
Ag? = [7 +K?+(4/27)7] (23) 

The frequency equations for the fixed and simply supported- 
fixed beams given by Eqs. (20) and (21) can be observed to be 
highly transcenderital and can be solved in conjunction with 
Eqs. (16-18) by lengthy trial-and-error procedure. 

In an attempt to derive approximate but satisfactory expres- 
sions for the frequency parameter A and buckling load para- 
meter A for the fixed beam, the normal function X(Z) is assumed 
in the form 


X(Z) = 3 B,(1 —cos 2nnZ) (24) 
n=1 


which satisfies the boundary conditions given by Eq. (9). 
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Fig. 1 Values of frequency 
and buckling parameters for 
a simply supported beam. 


Substituting Eq. (24) in Eq. (12) and performing the Galerkin 
method of integrating the resulting expression over the whole 
length of the beam, the expression for the frequency parameter 
/ is obtained as 

A = 28(N?17/3)(4N2 27 + K? = A%)4 721? (25) 

In arriving at Eq. (25), only one term of the infinite series of 
Eq. (24) is utilized. Eq. (25) gives an upper bound for the natural 
frequency parameter / for the fixed-end beam as it is obtained 
by the approximate method due to Galerkin. But it is quite 
handy and can give values within engineering accuracy. 

By putting 7 = 0, and N = 1, in Eq. (25), the expression for 
the buckling load parameter A,,, for the clamped beam can be 
obtained as 

Ac? = [427 + K?+(3/n7)y7] (26) 

For the simply supported-fixed beam, the approximate 
expressions obtained, for the fundamental frequency parameter 
2 (N = 1), and buckling load parameter A,,, by the Galerkin 


method assuming a power series of the type 
4 


X(Z) = Yi a;Z' (27) 
i=0 
are 
A = [238.739 + 11.3686(K? — A?)+4y?]}/? (28) 
and 
Ag? = [21+ K? +0.352y?] (29) 


Out of the five constants a, (i = 0, 1,2, 3,4) in Eq. (27), four 
constants as ratios of the fifth constant can be obtained by 
utlizing the boundary conditions of Eq. (10) for this case, and the 
fifth arbitrary constant cancels out in the Galerkin integral. 

In the limiting case of the absence of elastic foundation, 1e., 
y= 0, and the compressive load, A = 0, all the approximate 
expressions are observed? to be in complete agreement with 
those derived previously by Gere* and Timoshenko and Gere.’ 


Conclusions 


Results for the torsional frequency parameter /, for the first 
mode(N = 1), for the simply supported and fixed beams, obtained 
from Eqs. (22) and (25) are plotted in Figs. 1 and 2 respectively, 
for various values of foundation parameter y and load parameter 
A. The warping parameter is kept at K = 1. The values of the 
critical buckling loads for various values of y can also be obtained 
from the graphs for 4 = 0 (ie., on the axis on which A is taken). 
When the axial load is not present the values of the frequency 
parameter / for various values of » can be obtained for values 
of A=0 (ie. on the vertical axis on which 4 is plotted). The 
combined influence of the foundation parameter » and the load 
parameter A can be observed from the graphs, to be opposing 
each other. Independently, as the load parameter A increases, 
the frequency parameter 4 drops to zero. In the absence of the 
axial load, the frequency parameter / increases for increasing 
values of the foundation parameter y. Hence the combined 
influence is the superimposition of the individual effects on the 
frequency of vibration. 
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Fig. 2 Values of frequency and buckling parameters for a fixed-fixed 
beam. 


It can be observed from Eqs. (22) and (25) that the influence 
of foundation parameter y decreases for increasing values of N 
(i.e., for higher modes). It is interesting to see from Eq. (22) that 
for the simply supported beam, for the limiting condition 
y = 0.5NzA, the combined influence of elastic foundation and 
axial compressive load becomes zero. In the case of clamped 
beam this limiting condition, from Eq. (25), is y = O.S74N2A. 
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URIE! observed that, for linearly elastic systems, the square 
of the lateral frequency is “practically” linearly related to 
the end thrust. According to Southwell’s theorem? this straight 


Received May 6, 1974; revision received August 12, 1974. 

Index categories: Structural Dynamic Analysis; Structural Stability 
Analysis. 

* Postdoctoral Fellow, Department of Mechanical Engineering. 


Journal of Sound and Vibration (1988) 126(2) 363-366 


LETTERS TO THE EDITOR 
FUNDAMENTAL FREQUENCIES OF CANTILEVER BLADES WITH RESILIENT ROOTS 


1. INTRODUCTION 


A considerable amount of work has been done in the field of vibration dealing with the 
computation of natural frequencies and mode shapes of cantilever blades including the 
effects of root flexibility [1-7]. These investigations have revealed that the natural fre- 
quencies are considerably lowered when the roots are flexible. Justine and Krishnan [4] 
used a finite element method based on Bernoulli-Euler theory and presented results for 
the fundamental frequency of vibration for various values of rotational and linear spring 
stiffness parameters. A total of about 16 elements were found to be necessary to yield 
satisfactory results. Fossman and Sorensen [5] have studied in detail the dynamic response 
of elastically restrained cantilever beams and presented exact frequencies and mode 
shapes for a wide range of restraint parameters. Abbas [6] studied the Timoshenko beam 
problem using a higher order element and presented results for the degenerated cases 
also. Recently, Afolabi [7] has investigated the problem in much greater detail and 
tabulated the first three frequencies for a wide range of values of spring parameters. 

In the early stages of design, a quick estimate of the fundamental frequency becomes 
necessary and simple but reliable expressions become quite handy in such circumstances. 
In the present note, a simple expression for approximately predicting the fundamental 
frequency is derived by using Galerkin’s technique. A comparison of results obtained by 
using the expression show excellent agreement with the finite element and exact results 
[4, 7]. During the course of comparison serious inaccuracies are noticed in the fundamental 
as well as higher mode frequencies reported by Abbas [6], which were obtained by using 
a higher order finite element. These observations are also included in the note. 


2. ANALYSIS 


For a Bernoulli-Euler beam of length L, area of cross-section A, mass density p, 
Young’s modulus E, moment of inertia J, the differential equation describing its sinusoidal 
vibratory motion can be expressed as 

EIy""-A*Y =0, (1) 
where primes denote differentiation with respect to the non-dimensional distance X = x/ L, 
along the length of the beam and, the frequency parameter is given by A*= pAw’L*/ El, 
in which w is the circular natural frequency of the beam. 

The boundary conditions for a cantilever blade with linear and rotational springs of 
stifinesses S, and S, respectively at the resilient root (see Figure 1) can be expressed as 
follows: 

atX=0, Y"(0)=-TY(0), Y"(0)=RY’(0); (2a) 


Figure 1. 
363 
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at X =1, Yy"(1) =0, Y"(1) =0. (2b) 

Here 
T=S,L*/El, R=S,L/EI. (3) 
The fundamental mode-shape satisfying the boundary conditions (2) can be assumed as 
Y(X) = A(X*-4X?+6X?+12R*X +24T*). (4) 


where R* =1/R, and T* = 1/T. Substituting equation (4) in equation (1) and performing 
the minimization of the resulting error by utilizing the Galerkin integral, yields the 
expression determining the fundamental frequency as 


A* = 36288Z,/(60480Z, + 2912Z, +72576Z;), (5) 
where 
Z,=12T7+R*, Z,=1+9R*, Z,=T*(1+5R*), Z,=1+20T*+5R*. 
(6(a)-(d)) 
When the linear spring at the root is infinitely stiff (T > ©), ie., T*>0, then equation 
(5) reduces to 


A* = 36288(1+5R*)/(2912+ 26208 R* + 60480R*). (7) 


TABLE 1 
Values of-A, for cantilever blades with resilient roots for various values of R and T 


Value of T 
A CAA TN, 

R 0-01 0-1 1 10 1000 

F 0:2979 0-3941 0-4134 0-4154 0-4157 
0-01 E 0-297992 0-394250 0-413616 0-415701 0-415932 
G 0:298047 0°395127 0-413850 0°415729 0:415935 

F 0-3141 0-5292 0-6980 0-7313 0-7354 
0-1 E 0-314227 0-529359 0698245 0°731779 0735742 
G 0°314227 0:529463 0-699847 0:732229 0:735789 

F 0-3160 0-5582 09312 1:1951 1-:2467 
1-0 E 0:315991 0-:558157 0-931611 1-:195670 1:247368 
G 0-315991 0-558157 0-931935 1-199138 1-248060 

F 0-3161 0°5611 0:9814 1-5066 1:7189 
10 E 0-316168 0-561288 0:981460 1-507835 1:720254 
G 0-316119 0:561288 0-981482 1:512302 1-723775 

F ares 2: po = pass 

100 E 0-316186 0:561603 0-986917 1-569480 1-853372 
G 0-316186 0-561603 0-986928 1-573429 1-858149 

F 0-3161 0-5615 0-9870 1-5750 1:8466 
1000 E 0-316188 0-561635 0-987467 1-576304 1:869694 
G 0-316188 0°561635 0-987477 1:580178 1:874608 

F 0:3161 0°5615 0:9875 1:5765 18696 
10 000 E 0-316188 0-561638 0:987522 1:576994 1°871365 
G 0-316188 0:561638 0:987532 1-580860 1°876292 

F 0-3161 0-5615 0:9875 1-5766 1:8697 
© E 0-316188 0-561638 0-987528 1-577071 1-871551 
G 0-316188 0-561638 0-987538 1-580935 1876480 


F, finite element results [4]; E, Exact results [7]; G, Gatkerkin results from equation (5). 
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TABLE 2 


Comparison of values of A, for cantilever blades with resilient roots obtained by Galerkin 
and higher order finite element methods for various values of R and T 


Value of T 
a, 
R 0-01 0-1 1 10 oe) 

0-01 A 0-0 0-0 0:0 0-0 0-0 
G 0-298047 0-395127 0-413850 0-415729 0-415937 
0-1 A 0-232379 0:374166 0-435890 0:460435 0:531037 
G 0°314227 0-529463 0:699847 0-732229 0:735789 
1-0 A 0-738918 1-158879 1-190798 1:192476 1-192896 
G 0:315991 0:558157 0-931935 1-199138 1248538 
10 A 0-802496 1-714351 1-8 1-802498 1-802498 
G 0-316119 0-561288 0981460 1:507835 1-725696 
i A 0-810555 1-791926 1-874033 1:875100 1:875100 
G 0-316188 0:561638 0-987538 1-580935 1:878854 


A, finite element results by Abbas [6]; G, Galerkin results from equation (5). 


TABLE 3 


Comparison of A, for cantilever blades with resilient roots obtained by higher order finite 
element and exact methods for various values of R and T 


Value of T 
| 
R 0:01 0-1 1 10 1000 

0-01 A 1217785 3-305904 3-916504 3-924538 3:924666 
E 0-623990 0-838528 1-418276 2:455427 3:927805 

0-1 A 1-222702 3-301060 3-916121 3-925685 3-926067 
E 1-043705 1:101487 1-481858 2:461235 3938466 

1-0 A 1-785777 3-271085 3-986853 4:009738 4011484 
E 1-720136 1:731420 1841351 2-505060 4:031139 

10 A 2°328304 3-255457 4-490768 4-528797 4:530894 
E 2:235315 2238866 2:274598 2606356 4-399523 

A A 2-376552 3-261135 4.660150 4-688603 4-689243 
E 2-365300 2-367816 2°393234 2:648238 4:694091 


A, finite element results by Abbas [6]; E, exact results [7]. 


The case represented by equation (7) was studied by Chun [1] using an exact method 
of analysis. For a cantilever blade with complete fixity at the root, equation (5) gives the 
value of A as 1:878853 against the exact value of 1:875104 which amounts to an error of 
only 0-2 percent. 


3. NUMERICAL RESULTS AND DISCUSSION 


By using equation (5), numerical values of fundamental frequency parameter A were 
generated for various values of linear and rotational spring stiffness parameters T and 
R respectively in the range of 0-01 to 0. In Table 1, the results obtained by using 
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Galerkin’s method are compared with those obtained by finite element [4] and exact 
methods [7]. It can be seen that equation (5) gives very accurate estimates of the 
fundamental frequency over the entire range of spring stiffness values and hence can be 
recommended for use in design. 

In Table 2 is given the comparison of Galerkin results obtained from equation (5) with 
those reported by Abbas [6] for this case. In Table 3 the second mode frequency results 
reported by Abbas are compared with the exact ones reported by Afolabi [7]. From these 
comparisons, it can be observed that the results reported by Abbas are in serious error. 
It is therefore suggested that care should be taken in utilizing the higher order element 
developed by Abbas, especially for beams with elastically restrained ends. 
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FREE TORSIONAL VIBRATIONS OF TAPERED CANTILEVER 
I-BEAMS 
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Torsional vibration characteristics of linearly tapered cantilever I-beams have been 
studied by using the Galerkin finite element method. A third degree palynomial is assumed 
for the angle of twist. The analysis presented is valid for long beams and includes the 
effect of warping. The individual as well as combined effects of linear tapers in the width 
of the flanges and the depth of the web on the torsional vibration of cantilever I-beams 
are investigated. Numerical results generated for various values of taper ratios are presented 
in graphical form. 


1. INTRODUCTION 


It is commonly believed that material saving can be accomplished by using non-uniform 
beams. Non-uniform thin-walled beams are quite commonly used in aircraft, bridges and 
several other industrial structures. In view of the current emphasis on structural optimiz- 
ation, there is an urgent need to obtain a proper understanding of the vibration characteris- 
tics of non-prismatic structural members. Several investigations [1-4] have been reported 
on torsional vibrations and stability of long uniform thin-walled open section beams, 
such as I-beams. 

Static torsional response and lateral-torsional stability of tapered I-beams has been 
investigated by many researchers [5-13]. Among these, Hamaychi [5], Lee [6], Wilde [7] 
and Lee and Szabo [8], presented basic derivations for a comprehensive theory of 
non-uniform torsion of tapered I-beams. Massey and McGuire [9] studied the lateral 
stability of stepped cantilever beams of rectangular and I-cross-section using a Runge- 
Kutta integration procedure. The problem of lateral-torsional buckling of tapered I-beams 
has been studied by Kitipornchai and Trahair [10], Brown [11], Culver and Preg [12] 
and Shiomi and Kurata [13]. In these studies, solutions were obtained for simply supported 
and cantilever beams using finite-difference or finite-integral methods, 

A review of the literature clearly shows that very few studies [14-16, 18] have been 
conducted on the free vibration characteristics of non-uniform thin-walled beams. It can 
be also seen that especially little progress has been made in the area of torsional vibrations 
of I-beams with taper along their depth. 

In the present paper, the governing differential equation for torsional vibrations of 
tapered doubly symmetric I-beams is derived and solved for the case of a cantilever 
I-beam fixed at its smaller end by utilizing the Galerkin finite element method [17]. An 
analysis is presented for the case of long beams including the effect of warping. The 
individual as well as combined effects of linear variations in the width of the flanges and 
the depth of the web on torsional natural frequencies are investigated. 


t On leave from Corporate R&D Division, Bharat Heavy Electricals Ltd., Vikas Nagar, Hyderabad-500 593, 
India. 
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2. GOVERNING EQUATION OF TORSIONAL MOTION 


Consider free torsional vibrations of a doubly symmetric thin-walled I-beam of variable 
cross-section and of length L, The variations in the width of the flanges and the depth 
of the web are respectively assumed to be of the form 


b(z) = bo(1+ «z/L), d(z) = d,(1+ Bz/L), (1, 2) 


where z is the distance along the length of the beam, and a and £ are the taper ratios 
in the width of the flanges and depth of the web, respectively. The values with subscript 
zero are those at the smaller end of the beam (a list of nomenclature is given in the 
Appendix). 

When the beam is executing torsional vibration, the bending moment, M, induced in 
the flanges is given by [4] 


M(z) = Ely(z) d°’u/az’. (3) 
In equation (3), the warping displacement, u, in the flanges is given by 
u(z) =[h(z)/2]¢, (4) 
where A(z) is the height between centerlines of the flanges. Hence, one has 
A(z)=d(z)+t. (5) 
Substituting equation (4) in equation (3) gives 
M(2)= B12) S| 4224), (6) 
The torque, T, induced in the beam is given by [6] 
T(z) = Ge,(z) 06/42 —h(z) aM (2)/az+M(z) dh(z)/dz. (7) 


For free torsional vibrations, the static torque is replaced by the inertia torque which has 
an intensity of pI,(z) #’/at?, in which J, is the polar moment of inertia and p is the 
mass density of the material of the beam. Thus, 


aT (z)/az = pl,(z) 0° 6/at. (8) 


Substituting equation (7) in equation (8) gives 


a ae] _ # (hz) 
21 ooste of) FT eterna aA 2 s) 


a dh(z) @ (“2 )] rh 
+2— | = - 
2 2 42) dz az7\ 2 ? pl,(2) ate (9) 
For harmonic vibration the angie of twist @ can be written in the form 
o(z, t) = O(z) sin wt, (10) 


Substituting equation (10) in equation (9) gives 


@ (M2) 9)) 4f cece 
SY arene =( 2 a) | ~4] oa dz 
d dh(z) o(2 


-24{ x2) dz dz\ 2 


a) |-pi(ziwte=0 (11) 


When expanding the differential equation (11), terms containing d?h(z)/ dz? are neglected 
as the depth taper considered in this study is linear. 
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Equation (11) is a fourth order differential equation with variable coefficients and a 
Galerkin-finite element method has been utilized in this study in obtaining the solutions 
for cantilever beams. 


3. FINITE ELEMENT FORMULATION 


In the Galerkin - finite element formulation [17], the domain of the beam is subdivided 
into a number of elements. A third degree polynomial for angle of twist in z is assumed 
over the element. The variation of torsional amplitude 6, over each element, in terms of 
nodal degrees of freedom 6 and 6”, is given by 


{6.}=[v]{8.}, (12) 
where [y] is the row matrix of shape functions 
{8}.=[61, 9, 82, 63)". (13) 


Here primes denote differentiation with respect to z and subscripts 1 and 2 denote the 
two ends of the element. 
Substituting equation (12) in equation (11) gives the residual R, for the element as 


h wn h ove 
re=[211(2x) {8}4-[Gex'118}.-2] En(4) | eh ptwirtde (14) 


In the Galerkin - finite element method, the weighted residual is minimized by setting 


L 
58), { R,6, dz =0. (15) 


This procedure is repeated for all elements and after the usual assembly procedure, 
the final matrix equation governing free vibration is obtained as 


[A]{5} — AZ B]{5} = 0, (16) 
where 
N= Ape L*/ Elyo (17) 


The quantities Ay) and I, are the flange area and moment of inertia respectively at the 
fixed end. Also, [A] is the stiffness matrix, [B] the mass matrix and {5} the eigenvector. 
Equation (16) can be solved by using any standard eigenvalue algorithm to obtain the 
eigenvalues and eigenvectors {6}. 


4. NUMERICAL RESULTS 


Numerical values of the frequency parameter A have been obtained, by dividing the 
beam into a sufficient number of elements, for the case of a tapered cantilever I-beam 
shown in the inset of Figure 1. It is found that 12-16 elements are sufficient to yield 
convergence. The cantilever beam chosen is of 76cm in length and has the following 
dimensions at the fixed smaller end: width of the flanges, b)=31:55 cm; depth of the 
web, d)=66:54cem. The boundary conditions considered at the fixed end (z=0), are 
6=6'=0, 
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Figure 1. Effect of individual taper tatios (first mode). bp = 31:55; dg=66+54; tyg= 3-11; 4, = 2°13; L=760 
(all dimensions in mm). 


The thickness of the flanges and the web are kept constant and are chosen as t, = 3-11 cm 
and t, =2:13 cm respectively. The values of A for various combinations of taper ratios 
a and for the first three modes of vibration are presented in Figures 1-6. Figures 1-3 
show the individual influences of taper ratios and Figures 4-6 show the combined effects. 


4.1. INFLUENCE OF FLANGE WIDTH TAPER @ 


From Figure 1, it can be seen that, for 6 =0, the first frequency decreases marginally 
up to a value of a =0-7 and thereafter increases slightly. It can be observed from Figures 
2 and 3 that the torsional frequencies for the second and third modes increase significantly 
for increasing values of the taper ratio a. However, for higher modes it can be also noted 
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Figure 2. Effect of individual taper ratios (second mode). 
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Figure 3. Effect of individua] taper ratios (third mode). 
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Figure 4. Combined influence of taper ratios (first mode). 


that the flange taper a has a much larger influence on frequencies of vibration than the 
web taper £. 


4.2, INFLUENCE OF WEB DEPTH TAPER f 

Figures 1-3 clearly show that, for a = 0, the first three torsional frequencies of vibration 
decreases significantly for increasing values of depth taper 8. This decrease is compara- 
tively significant in the first mode than that in other higher modes of vibration. 


4.3. COMBINED INFLUENCE OF TAPER RATIOS @ AND B 

Figures 4-6 show the combined influence of the taper ratios a and 6 on the first three 
frequencies of vibration. In Figure 4, the intersection of various curves can be easily 
understood by recalling the opposite effects of the individual tapers a and B discussed 
in sections 4.1 and 4.2. It can be also observed that, for values of B in the range0< 6 S0-4, 
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Figure 5. Combined influence of taper ratios (second mode). 
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Figure 6. Combined influence of taper ratios (third mode). 


the fundamental frequency decreases for increasing values of flange width taper a. In 
the range, 0-4< 8<1-0, the fundamental frequency increases for increasing values of a. 
Hence, the combined behaviour can be understood as a superposition of the individual 
influences of the taper ratios a and 6 on the frequencies. 

Figures 5 and 6 reveal interesting trends. The various curves for the different values of 
the taper ratio a do not intersect. This is due to the opposing nature of the individual 
influences of a and 8 on the second and third mode frequencies. It can be observed 
from Figure 5 that for any constant value of a in the range 0<a@ <0°6 the influence of 
increasing values of 6 is to decrease the frequency of vibration. This is due to the fact 
that the percentage increase in the frequency due to increase in the taper ratio B is much 
higher than that due to a@ in this range. In the zone 0-6< a@ <1-0 the frequency of vibration 
marginally decreases up to a value of 8 =0-5 and then increases for increasing values of 
f. From Figure 6, it can be seen that, for any constant value of a, the third mode frequency 
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decreases for increasing values of 8. Further, for a constant value of £, the third mode 
frequency increases for increasing values of taper ratio a. 


5. CONCLUDING REMARKS 


The governing differential equation for the free torsional vibrations of tapered I-beams 
has been derived in this paper and solved for the case of a cantilever I-beam fixed at the 
smaller end by utilizing a Galerkin - finite element method. The effects of individual as 
well as combined linear tapers a and @ in the flange width and web depth respectively 
on the first three torsional frequencies of vibration have been investigated. Except for a 
smaller range in the first mode of vibration, the effect of increase in flange width taper 
a in general is to increase significantly the frequencies of vibration. Interestingly, the 
effect of increase in web depth taper f is to decrease drastically the torsional frequency. 
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APPENDIX: NOMENCLATURE 


stiffness matrix 

area of the flanges at the smaller end of the beam 
mass matrix 

width of the flanges 

width of flanges at smaller end 

torsion constant 

depth of the web 

depth of web at smaller end 

Young’s modulus 

shear modulus 

distance between centerlines of the flanges 
flange moment of inertia 

polar moment of inertia 

length of the beam 

flange bending moment 

residual, see equation (14) 

twisting moment 

time 

thickness of the flange 

distance along the length of the beam 
taper parameter in width of the flanges 
taper parameter in depth of the web 
angle of twist 

normal function of angle of twist 
torsional frequency parameter 

mass density of the beam material 
natural frequency of vibration 

row matrix of shape functions 
eigenvector 
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Torsional vibration characteristics of linearly tapered cantilever I-beams have been 
studied by using the Galerkin finite element method. A third degree palynomial is assumed 
for the angle of twist. The analysis presented is valid for long beams and includes the 
effect of warping. The individual as well as combined effects of linear tapers in the width 
of the flanges and the depth of the web on the torsional vibration of cantilever I-beams 
are investigated. Numerical results generated for various values of taper ratios are presented 
in graphical form. 


1. INTRODUCTION 


It is commonly believed that material saving can be accomplished by using non-uniform 
beams. Non-uniform thin-walled beams are quite commonly used in aircraft, bridges and 
several other industrial structures. In view of the current emphasis on structural optimiz- 
ation, there is an urgent need to obtain a proper understanding of the vibration characteris- 
tics of non-prismatic structural members. Several investigations [1-4] have been reported 
on torsional vibrations and stability of long uniform thin-walled open section beams, 
such as I-beams. 

Static torsional response and lateral-torsional stability of tapered I-beams has been 
investigated by many researchers [5-13]. Among these, Hamaychi [5], Lee [6], Wilde [7] 
and Lee and Szabo [8], presented basic derivations for a comprehensive theory of 
non-uniform torsion of tapered I-beams. Massey and McGuire [9] studied the lateral 
stability of stepped cantilever beams of rectangular and I-cross-section using a Runge- 
Kutta integration procedure. The problem of lateral-torsional buckling of tapered I-beams 
has been studied by Kitipornchai and Trahair [10], Brown [11], Culver and Preg [12] 
and Shiomi and Kurata [13]. In these studies, solutions were obtained for simply supported 
and cantilever beams using finite-difference or finite-integral methods, 

A review of the literature clearly shows that very few studies [14-16, 18] have been 
conducted on the free vibration characteristics of non-uniform thin-walled beams. It can 
be also seen that especially little progress has been made in the area of torsional vibrations 
of I-beams with taper along their depth. 

In the present paper, the governing differential equation for torsional vibrations of 
tapered doubly symmetric I-beams is derived and solved for the case of a cantilever 
I-beam fixed at its smaller end by utilizing the Galerkin finite element method [17]. An 
analysis is presented for the case of long beams including the effect of warping. The 
individual as well as combined effects of linear variations in the width of the flanges and 
the depth of the web on torsional natural frequencies are investigated. 
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2. GOVERNING EQUATION OF TORSIONAL MOTION 


Consider free torsional vibrations of a doubly symmetric thin-walled I-beam of variable 
cross-section and of length L, The variations in the width of the flanges and the depth 
of the web are respectively assumed to be of the form 


b(z) = bo(1+ «z/L), d(z) = d,(1+ Bz/L), (1, 2) 


where z is the distance along the length of the beam, and a and £ are the taper ratios 
in the width of the flanges and depth of the web, respectively. The values with subscript 
zero are those at the smaller end of the beam (a list of nomenclature is given in the 
Appendix). 

When the beam is executing torsional vibration, the bending moment, M, induced in 
the flanges is given by [4] 


M(z) = Ely(z) d°’u/az’. (3) 
In equation (3), the warping displacement, u, in the flanges is given by 
u(z) =[h(z)/2]¢, (4) 
where A(z) is the height between centerlines of the flanges. Hence, one has 
A(z)=d(z)+t. (5) 
Substituting equation (4) in equation (3) gives 
M(2)= B12) S| 4224), (6) 
The torque, T, induced in the beam is given by [6] 
T(z) = Ge,(z) 06/42 —h(z) aM (2)/az+M(z) dh(z)/dz. (7) 


For free torsional vibrations, the static torque is replaced by the inertia torque which has 
an intensity of pI,(z) #’/at?, in which J, is the polar moment of inertia and p is the 
mass density of the material of the beam. Thus, 


aT (z)/az = pl,(z) 0° 6/at. (8) 


Substituting equation (7) in equation (8) gives 


a ae] _ # (hz) 
21 ooste of) FT eterna aA 2 s) 


a dh(z) @ (“2 )] rh 
+2— | = - 
2 2 42) dz az7\ 2 ? pl,(2) ate (9) 
For harmonic vibration the angie of twist @ can be written in the form 
o(z, t) = O(z) sin wt, (10) 


Substituting equation (10) in equation (9) gives 


@ (M2) 9)) 4f cece 
SY arene =( 2 a) | ~4] oa dz 
d dh(z) o(2 


-24{ x2) dz dz\ 2 


a) |-pi(ziwte=0 (11) 


When expanding the differential equation (11), terms containing d?h(z)/ dz? are neglected 
as the depth taper considered in this study is linear. 
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Equation (11) is a fourth order differential equation with variable coefficients and a 
Galerkin-finite element method has been utilized in this study in obtaining the solutions 
for cantilever beams. 


3. FINITE ELEMENT FORMULATION 


In the Galerkin - finite element formulation [17], the domain of the beam is subdivided 
into a number of elements. A third degree polynomial for angle of twist in z is assumed 
over the element. The variation of torsional amplitude 6, over each element, in terms of 
nodal degrees of freedom 6 and 6”, is given by 


{6.}=[v]{8.}, (12) 
where [y] is the row matrix of shape functions 
{8}.=[61, 9, 82, 63)". (13) 


Here primes denote differentiation with respect to z and subscripts 1 and 2 denote the 
two ends of the element. 
Substituting equation (12) in equation (11) gives the residual R, for the element as 


h wn h ove 
re=[211(2x) {8}4-[Gex'118}.-2] En(4) | eh ptwirtde (14) 


In the Galerkin - finite element method, the weighted residual is minimized by setting 


L 
58), { R,6, dz =0. (15) 


This procedure is repeated for all elements and after the usual assembly procedure, 
the final matrix equation governing free vibration is obtained as 


[A]{5} — AZ B]{5} = 0, (16) 
where 
N= Ape L*/ Elyo (17) 


The quantities Ay) and I, are the flange area and moment of inertia respectively at the 
fixed end. Also, [A] is the stiffness matrix, [B] the mass matrix and {5} the eigenvector. 
Equation (16) can be solved by using any standard eigenvalue algorithm to obtain the 
eigenvalues and eigenvectors {6}. 


4. NUMERICAL RESULTS 


Numerical values of the frequency parameter A have been obtained, by dividing the 
beam into a sufficient number of elements, for the case of a tapered cantilever I-beam 
shown in the inset of Figure 1. It is found that 12-16 elements are sufficient to yield 
convergence. The cantilever beam chosen is of 76cm in length and has the following 
dimensions at the fixed smaller end: width of the flanges, b)=31:55 cm; depth of the 
web, d)=66:54cem. The boundary conditions considered at the fixed end (z=0), are 
6=6'=0, 
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Figure 1. Effect of individual taper tatios (first mode). bp = 31:55; dg=66+54; tyg= 3-11; 4, = 2°13; L=760 
(all dimensions in mm). 


The thickness of the flanges and the web are kept constant and are chosen as t, = 3-11 cm 
and t, =2:13 cm respectively. The values of A for various combinations of taper ratios 
a and for the first three modes of vibration are presented in Figures 1-6. Figures 1-3 
show the individual influences of taper ratios and Figures 4-6 show the combined effects. 


4.1. INFLUENCE OF FLANGE WIDTH TAPER @ 


From Figure 1, it can be seen that, for 6 =0, the first frequency decreases marginally 
up to a value of a =0-7 and thereafter increases slightly. It can be observed from Figures 
2 and 3 that the torsional frequencies for the second and third modes increase significantly 
for increasing values of the taper ratio a. However, for higher modes it can be also noted 
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Figure 2. Effect of individual taper ratios (second mode). 
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Figure 3. Effect of individua] taper ratios (third mode). 
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Figure 4. Combined influence of taper ratios (first mode). 


that the flange taper a has a much larger influence on frequencies of vibration than the 
web taper £. 


4.2, INFLUENCE OF WEB DEPTH TAPER f 

Figures 1-3 clearly show that, for a = 0, the first three torsional frequencies of vibration 
decreases significantly for increasing values of depth taper 8. This decrease is compara- 
tively significant in the first mode than that in other higher modes of vibration. 


4.3. COMBINED INFLUENCE OF TAPER RATIOS @ AND B 

Figures 4-6 show the combined influence of the taper ratios a and 6 on the first three 
frequencies of vibration. In Figure 4, the intersection of various curves can be easily 
understood by recalling the opposite effects of the individual tapers a and B discussed 
in sections 4.1 and 4.2. It can be also observed that, for values of B in the range0< 6 S0-4, 
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Figure 5. Combined influence of taper ratios (second mode). 
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Figure 6. Combined influence of taper ratios (third mode). 


the fundamental frequency decreases for increasing values of flange width taper a. In 
the range, 0-4< 8<1-0, the fundamental frequency increases for increasing values of a. 
Hence, the combined behaviour can be understood as a superposition of the individual 
influences of the taper ratios a and 6 on the frequencies. 

Figures 5 and 6 reveal interesting trends. The various curves for the different values of 
the taper ratio a do not intersect. This is due to the opposing nature of the individual 
influences of a and 8 on the second and third mode frequencies. It can be observed 
from Figure 5 that for any constant value of a in the range 0<a@ <0°6 the influence of 
increasing values of 6 is to decrease the frequency of vibration. This is due to the fact 
that the percentage increase in the frequency due to increase in the taper ratio B is much 
higher than that due to a@ in this range. In the zone 0-6< a@ <1-0 the frequency of vibration 
marginally decreases up to a value of 8 =0-5 and then increases for increasing values of 
f. From Figure 6, it can be seen that, for any constant value of a, the third mode frequency 
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decreases for increasing values of 8. Further, for a constant value of £, the third mode 
frequency increases for increasing values of taper ratio a. 


5. CONCLUDING REMARKS 


The governing differential equation for the free torsional vibrations of tapered I-beams 
has been derived in this paper and solved for the case of a cantilever I-beam fixed at the 
smaller end by utilizing a Galerkin - finite element method. The effects of individual as 
well as combined linear tapers a and @ in the flange width and web depth respectively 
on the first three torsional frequencies of vibration have been investigated. Except for a 
smaller range in the first mode of vibration, the effect of increase in flange width taper 
a in general is to increase significantly the frequencies of vibration. Interestingly, the 
effect of increase in web depth taper f is to decrease drastically the torsional frequency. 
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APPENDIX: NOMENCLATURE 


stiffness matrix 

area of the flanges at the smaller end of the beam 
mass matrix 

width of the flanges 

width of flanges at smaller end 

torsion constant 

depth of the web 

depth of web at smaller end 

Young’s modulus 

shear modulus 

distance between centerlines of the flanges 
flange moment of inertia 

polar moment of inertia 

length of the beam 

flange bending moment 

residual, see equation (14) 

twisting moment 

time 

thickness of the flange 

distance along the length of the beam 
taper parameter in width of the flanges 
taper parameter in depth of the web 
angle of twist 

normal function of angle of twist 
torsional frequency parameter 

mass density of the beam material 
natural frequency of vibration 

row matrix of shape functions 
eigenvector 
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Exact frequency and normal mode shape expressions are derived in this note for generally 
restrained Bernoulli-Euler beams with unsymmetrical translations and rotations at either 
end. The eigenfrequencies and mode shape parameters are presented for a wide range of 
restraint parameters. Several degenerate cases have been studied, and some of these have 
been compared with those available in the published literature. It is believed that the 
results presented in this paper will be of use in design of beams, shafts and piping under 
dynamic considerations. 


1. INTRODUCTION 


Several investigators have studied the influence of flexible connections on the response 
characteristics of Bernoulli- Euler beams. These essential characteristics for classical [1-4] 
and some non-classical [5, 6] boundary conditions have already been documented in the 
literature. These dynamic characteristics are more useful in quickly estimating the response 
of beams for a specified dynamic loading. Exact expressions for frequency and mode 
shapes of a beam with one end on a spring and the other end free were derived by Chun 
[7]. The problem of free vibration of a beam supported by a rotational spring on one 
end and having a translational spring at the other end has been studied by Maurizi, Rossi 
and Reyes [8]. 

In an attempt to estimate the fundamental frequency of vibrating fuel rods, Passig [9] 
derived an exact frequency equation for a beam supported by symmetrical springs at 
either end of the beam. The problem of free vibration of a beam supported by non- 
symmetric springs was attempted by Hibbeler [10], but his frequency expression and 
results are found to be incorrect in view of improper boundary conditions [16]. Sun- 
dararajan [12] derived a simple algebraic expression for an upper bound to the funda- 
mental frequency of beams with unsymmetric springs. 

Fossman and Sorensen [13] have studied the response of elastically restrained cantilever 
Bernoulli-Euler beams and presented exact frequencies and mode shapes for the first 
four modes of vibration for a number of restraint parameters. Recently, Abbas [14, 15] 
has studied the problem of elastically restrained Timoshenko beams and presented some 
results for the degenerate case of Bernoulli- Euler beams also. However, with the exception 
of Chun [1] and Fossman and Sorensen [13], investigators did not pay much attention 
to the study of influence of flexible connections on the normal mode shapes of Bernoulli- 
Euler beams. 

The present paper is concerned with the general problem of free vibration of partially 
restrained Bernoulli-Euler beams. Exact expressions for frequencies and normal mode 
shapes for the restrained beams with unsymmetric translations and rotations at either 
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end have been obtained. The eigenvalues are presented for a wide range of restraint 
parameters. Several degenerate cases have been discussed. It is believed that the 
expressions derived and the results presented will be of value in the design of beams, 
shafts and piping subjected to dynamic loads. 


2. ANALYSIS 


We consider a uniform Bernoulli-Euler beam of length L, shown in Figure, 1, which 
is partially restrained against translation and rotation at its ends. The translational restraint 
is characterized by the spring constant S, at one end and S; at the other end and the 
rotational restraint by the spring constants S, and S,. 


ELAL 


Figure 1. Geometry of generally restrained Bernoulli-Euler beam, showing the support system. 


The differential equation for small-amplitude free flexural vibrations of a uniform beam 
can be stated as 


EI o*y/ax*+ pA dy/at? =0, (1) 


where y is the lateral deflection, EJ is the flexural rigidity of the beam, p the mass density, 
A the cross-sectional area, x the distance along the length of the beam and t is time. 
The boundary conditions for this beam can be written, at x =0, as 


EI 3° y(0, t)/ax*=—S,y(0,t), EI’ 8 y(0, t)/ax? = S, ay(0, t)/ax, (2a, b) 
and, at x= L, as 
EI #y(L, t)/ax°=S;y(L,t), El a y(L, t)/ax?=—S,ay(L, t)/ax. (3a, b) 


Using the method of separation of variables one assumes a solution of the form, 


y(x, = E w(x) (0, (4) 


where y,(x) is the nth mode of natural vibration and is given by 
n(x) = c, cosh Bx + cy sinh Bx +c; cos Bx +c, sin Bx. (5) 


In equation (5), the parameter 8 is given by 


B*=(A/L)* = @,pA/(EI). (6) 


3. GENERAL FREQUENCY EQUATION 


Substitution of equation (5) in equation (4), and then in equations (2) and (3), results 
in aset of four homogeneous equations in four constants, c,, c,, c;and_c,. Fora non-trivial 
solution the determinant of the coefficient matrix is set equal to zero, yielding the frequency 
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equation 
(A*+R,T,)(A*+ RyT>) —2A7(A*R,R2— T,T,) sinh A sin A 
+[2A4(R,T)+ R,T,) —(A*— R,T,)(A*— RyT>)] cosh A cos A 
—A[(A4— R,T,)(A7R2+ Tr) + (A4*— Ra T2)(A?R, + T,)] sin A cosh A 
—A[(A*— R,T,)(A*R2— T,) + (A*— R2T2)(A?R, — T;)] cos A sinh A =0, (7) 
where 
T, = S,L?/(EI), R,= S,L/(ED), T, = S;L*/(EI), R,=S,L/(EI). (8a, b) 


Equation (7) can be conveniently used to obtain expressions for several degenerate 
cases by substituting extreme values of restraint parameters T,, R,, T. and R,. Some of 
these special cases are given below. 


4. DEGENERATE CASES 


Eight degenerate cases are to be considered, as follows. 
(a) One end rotationally restrained (7, > 00, R, = R), the other free (T, > 0 and R,> 0): 


R(1+cosh A cos A)—A(sin A cosh A —cos A sinh A) =0. (10) 


Equation (10) agrees well with the one derived by Chun [7]. 
(b) One end rotationally restrained (T>0o, R,;=R), the other with translational 
restraint (T,= T, R,>0): 


A*R(1+cosh A cos A)+2AT sinh A sin A 
—(A*— RT)(sin A cosh A —cos A sinh A) =0. (11) 


Equation (11) is similar to the one obtained in reference [8]. 
(c) Unsymmetric rotational restraints at the two ends (T, > ©, T,> ©): 


R,R,(1—cosh A cos A)+2A*sinh A sina 
+2(R,+R,)(sin A cosh A —cos A sinh A) =0. (12) 


Equation (12) can be seen to be exactly the same as the one derived by Goel [16] for 
the case of zero concentrated mass. For R, = R,=R, equation (12) agrees well with the 
one derived by Passig [9]. 
(d) One end free (7,20, R,>0) and the other with translational and rotational 
restraints (T,—> T, R,> R): 
[(A*— RT) —(A*— RT) cosh A cos A] 
—A[(A?R+T) sin A cosh A+(A?R—T) cos A sinh A] =0, (13) 


which agrees exactly with the equations presented in reference [13]. 
(e) One end clamped (7, > ©, R, °°) and the other with translational and rotational 


springs (R,= R, T.=T): 
[(A*+ RT) +(A*— RT) cosh A cos A] 
+A[(A?R+T) sin A cosh A+(A?R —T) cos A sinh AJ] =0. (14) 
(f) One end simply supported (T,> ~~, R,-0) and the other with translational and 
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rotational springs (T,= T, T,= R): 
2A°R cosh A cosA+2AT sinh A sind 
—(A‘—RT)(sin A cosh A —cos A sinh A) = 0. (15) 
(g) One end guided vertically (T,>0, R, > ©) and the other with translational and 
rotational springs (T,= T, R= R): 
2AT cosh A cos A —2A°R sinh A sin A 
—(A*—RT)(sin A cosh A +cos A sinh A) =0. (16) 


(h) Beam supported by unsymmetrical translational springs (R, > 0, R,> 0) (this case 
is for rotor bearing systems): 


d°(1—cosh A cos A)+27,T> sinha sin A 
—3(T,+ T>)(sin A cosh A —cos A sinh A) = 0. (17) 


Several other special cases can be derived and in each case computational techniques 
can be used to generate the frequencies. 


5. MODAL SHAPE 


For each frequency there exists a corresponding mode shape of vibration which can 
be obtained from the expression 


Y,(€) = c,(cosh AE — 5 sinh AE+ y, cos AE+ y, sin AE), (18) 
where 

eek L. gp tei Bhs _ Sa 8 f3~ Baha (19a) 
Sa-8:1fs— 83f2 fi-Bi\f24+ Of3 

V1 = 81+ 836, Y2 = 82— 816, (19b) 

8 =(A4—RyT,)/(A*+RiT)), 2 = 2AT,/(A*+R,T,), Aas) 

83 = 2A°R,/(A4+RiT;), 
fi=A?sinhA-T,coshaA,  f,=AsinhA+R, cosh, 

fo=A’sinA-T,cosa, f;=AsinA—R, cosa, 
fr=A cosAt+T,sinda,  f,=AcosA+R,sin dA, 

fa=d? coshA—T>sinhaA,  f,=AcoshA+R,sinh A. (19d) 


Equation (18) was found to agree very well with all the various degenerate cases available 
in the published literature. 


6. NUMERICAL RESULTS 


For a given uniform Bernoulli-Euler beam with partial translational and rotational 
restraints, T,,.R,, T, and R, are defined and the frequencies and corresponding mode 
shapes can be obtained from equations (7) and (18) respectively. Although a wide range 
of numerical results have been generated, due to space limitations, only a few typical 
cases showing the influence of partial restraints on the first five frequencies and mode 
shape factors are presented in this paper. The other results will be reported elsewhere. 
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The following three cases are chosen for discussion in this paper: Case 1: symmetrical 
translational and rotational springs at either end, R,= R,=R and T,= 7,=T; Case 2: 
symmetrical rotational springs, but unsymmetrical translational springs at either end, 
R,=R,=R and T=T,=T-,/100; Case 3: unsymmetrical translational and rotational 
springs at either end, R = R, = R,/100 and T = T, = T-,/100. 

Tables 1, 2 and 3 contain the frequency parameter A(G6L) for the above three cases. It 
may be pointed out that the mode shape equation (18) is defined in terms of non- 
dimensional parameters 5, y, and y,. The values of the parameter 6 for the three cases 
are presented in Tables 4, 5 and 6, respectively. For Case 3, the values of y, and y, are 
presented in Tables 7 and 8 corresponding to the first five values of the frequency parameter 
A which are given in Table 3. 


TABLE 1 


First five values of for generally restrained Bernoulli- Euler beams for various values of R 
and T (R,= R,=R, T,= T, = T) 


Mode 
— Oo —_ @Er-""**x*x”,O OP”IE]QQRQeQ0 
R 1 2 3 4 5 

T =0-10 
0-01 0-668464 0:956995 4-735993 7:856163 10-997575 
0-10 0.668473 1-309211 4:771548 7:878716 11-:013751 
1-00 0-668539 2:110991 5-050215 8-:073408 11-159847 
10-00 0-668655 2:891977 5-839931 8-830518 11-853961 
100-00 0:668689 3-114298 6:223295 9-335775 12-449364 
1000-00 0:668694 3-141694 6:277334 9°415527 12°553946 

T = 1-00 
0-01 1-184305 1:579241 4:752892 7:859877 10-998928 
0-10 1-184479 1:696265 4:787949 7:882388 11-015097 
1-00 1-185645 2-233310 5:063136 8-076710 11-161117 
10-00 1-:187696 2:933358 5-846051 8-832472 11°854824 
100-00 1-188301 3:144179 6:227220 9-336969 12-449880 
1000-00 1-188374 3-170358 6:280993 9-416615 12-554406 

T=10 
0:01 2:032659 2:768866 4:916849 7:897181 11-012509 
0:10 2:035385 2:788458 4-947253 7-919256 11-028597 
1:00 2:054026 2:933271 5-189702 8-109836 11-173850 
10-00 2-088258 3+270873 5-906928 8-852036 11-863475 
100-00 2-098730 - 3-403000 6:266457 9-348932 12:455050 
1000-00 2099997 3-420269 6-317602 9-427513 12-559013 

T =100 
0-01 2:878769 4-663787 6:077217 8-277362 11-152463 
0-10 2:896360 4-663806 6:086466 8:294714 11-167635 
1-00 3-029676 4663961 6°165789 8-445450 11-304408 
10-00 3-361188 4-664462 6-462484 9-049539 11:951128 
100-00 3-497751 4-664729 6-648886 9-470611 12-507389 


1000-00 3-515830 4-664770 6-677590 9-538559 12-605675 
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TABLE 2 


First five values of d for generally restrained Bernoulli- Euler beams for various values of R 
and T (R=R, = R,, T = T, = T>/100) 


Mode 
—_—_—_—__—_—__—_——————————— <— ————— 
R 1 2 3 4 5 

T =0-10 
0-01 0-773035 2-459819 4-831716 7876835 11-005057 
0-10 0-960041 2:484818 4:864344 7:899144 11-021189 
1:00 1-391053 2:675441 5-122811 8091744 11-166862 
10-00 1-644356 3-115533 5-873967 8-841314 11-858723 
100-00 1-686817 3-279332 6:245097 9-342368 12-452209 
1000-00 1-691388 3-300382 6°297662 9-421532 12:556481 

T =1-00 
0-01 1:315227 3-624708 5-633820 8-086649 11-077385 
0:10 1:366623 3-646422 5-647211 8-106033 11-093029 
1-00 1:654075 3-802732 5-763474 8-274346 11-234190 
10-00 2-112540 4:122149 6-199292 8-944860 11-903536 
100-00 2-269050 4:224131 6:460114 9-405242 12-478831 
1000-00 2289285 4-236410 6:499061 9-478813 12-580200 

T=10 

0-01 2-231039 4-066281 6-907516 9-562281 11-956471 
0-10 2-242055 4-092155 6-922573 9-569687 11-964209 
1-00 2-328941 4-297243 7-051167 9-635639 12°035706 
10-00 2-578979 4-923981 7-526142 9-921744 12:414734 
100-00 2-701713 5-287801 7-829838 10:129361 12-788030 
1000-00 2-719110 5-345134 7:878408 10: 162703 12-857943 

T = 100 
0-01 2-989992 5-144780 7-371291 10:256407 13-266117 
0-10 3-011413 5-150857 7385468 10-268246 13-274934 
1-00 3-177594 5-206735 7-509945 10-375725 13-356758 
10-00 3-623440 5-491684 8-058015 10-915833 13-814301 
100-00 3-817067 5-752920 8-548016 11-489735 14-373666 


1000-00 3-842622 5-800003 8-642199 11-613812 14-506334 
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TABLE 3 


First five values of 4 for generally restrained Bernoulli- Euler beams for various values of R 
and T (R= R,=R,/100, T = T, = T,/100) 


Mode 
rN A 
R 1 2 3 4 5 

T =0-10 
0:01 1:238122 2:510150 4-977661 7:985393 11:086464 
0:10 1-536584 2-636521 5:358913 8-377352 11-446125 
1:00 1-:634071 2-847163 5-650639 8-708708 11-806661 
10-00 1:681749 3-183474 6074594 9-123442 12-200960 
100-00 1:690798 3-288558 6°273368 9-385670 12-509540 
1000-00 1-691790 3-301338 6°300611 9-426106 12:562619 

T =1-00 
0-01 1-531633 3-655384 5-667830 8-177654 11-155761 
0-10 1-:870949 3-756650 5-780093 8-500828 11-496614 
1-00 2-075799 3-903110 5-939151 8-786629 11-838017 
10-00 2:243645 4:142369 6:295445 9:185769 12:226591 
100-00 2:286114 4226178 6°475621 9-443001 12-533211 
1000-00 2:291046 4-236614 6°500707 9-482816 12-586029 

T=10 

0-01 2:324034 4-145887 6944055 9-563429 11-975898 
0:10 2:535983 4.456845 7-121630 9-575803 12-067017 
1:00 2:644496 4:794548 7:366170 9-643060 12-205476 
10-00 2:702192 5:178009 7-687266 9-921949 12-529087 
100-00 2:718858 5:329757 7:856992 10- 129463 12-811061 
1000-00 2:720894 5:349618 7-881330 10-162720 12-860489 

T=100 
0-01 3-107827 5-193899 7422552 10-:294993 13-291462 
0-10 3°444654 5-404187 7691510 10-525668 13-456763 
1-00 3:652671 5-604957 8:059137 10-918002 13-798358 
10-00 3+783499 5:737043 8-422038 11-:314610 14-169702 
100-00 3:837305 5-796210 8-620374 11-580250 14463721 


1000-00 3:844697 5-804663 8-650176 11-624110 14-516931 
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TABLE 4 


First five values of 5 for generally restrained Bernoulli- Euler beams for various values of R 
and T (R,= R,=R, T,= T, = T) 


Mode 
R 1 2 3 4 5 
T=0-10 
0-01 0-318874 2-246995 0:982605 1-000774 0-999967 
0-10 0-322096 1-739849 0-983208 1-000757 0-999967 
1-00 0-322333 1-275618 0:987266 1:000623 0-999972 
10-00 0-322397 1-117448 0-994199 1:000292 0-999986 
100-00 0-322416 1-092949 0:996042 1:000176 0-999992 
1000-00 0-322417 1-090331 0-996250 1-000162 0-999993 
T =1:00 
0-01 0-531409 1-519308 0-982894 1:000772 0-999967 
0-10 0-531517 1-449080 0:983478 1:000754 0-999967 
1-00 0-531931 1-240076 0-987428 1:000621 0-999971 
10-00 0-532665 1-112419 0:994234 1:000291 0-999986 
100-00 0-532874 1-090087 0:996058 1-000175 0-999992 
1000-00 0-532906 1-087658 0:996264 1-000162 0:999993 
T=10 
0-01 0-768367 1-133863 0-985462 1:000744 0-999967 
0-10 0-768927 1-131097 0:985895 1:000728 0-999967 
1-00 0-772711 1-112429 0:988914 1:000601 0:999972 
10-00 0-779512 1-078943 0-994573 1-000285 0-999986 
100-00 0-781560 1-068837 0:996210 1:000174 0-999992 
1000-00 0-781807 1-067618 0-996399 1-000160 0-999993 
T =100 
0-01 0-893574 1-019048 0-995421 1-000508 0-999971 
0-10 0-895334 1-019068 0:995463 1-000499 0-999972 
1-00 0-907795 1-019043 0:995809 1-000430 0-999975 
10-00 0-932939 1-019031 0-996881 1-000235 0-999987 
100-00 0-941247 1-019026 0:997413 1-000154 0:999993 


1000-00 0-942270 1-019018 0-997486 1-000143 0-999993 
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TABLE 5 


First five values of 5 for generally restrained Bernoulli- Euler beams for various values of R 
and T (R => R, = R,, T= T; = T,/ 100) 


Mode 
rc 7 
R 1 2 3 4 5 
T=0:10 
0:01 1512054 1-286930 0-982753 1:000774 0-999967 
0:10 1:204728 1:280595 0:983332 1-000757 0-999967 
1:00 0:672163 1240899 0:987233 1:000624 0-999972 
10-00 0: 161736 1253462 0:993766 1-000296 0:999986 
100-00 0:049742 4:101789 0:993515 1-000199 0-999992 
1000-00 0-037821 ~—0°344027 0:974675 1-000364 0-999990 
T =1-00 
0-01 1148581 1:024701 0:990094 1-000737 0-999967 
0-10 1-102421 1:025949 0-990201 1-000722 0-999967 
1-00 0-876442 1-037868 0-991010 1-000605 0-999972 
10-00 0-483730 1-160060 0-991872 1:000325 0:999986 
100-00 0-275605 12-660498 0-976757 1-000392 0-999989 
1000-00 0-241855 —0-507629 0-884113 1-001933 0:999966 
T=10 
0:01 1-021346 1-002141 0:999468 1-000120 0-999982 
0-10 1014576 1-002579 0-999449 1-000121 0-999983 
1-00 0:966170 1-006483 0-999260 1-000130 0-999983 
10-00 0-850149 1-032566 0-997648 1-000216 0-999986 
100-00 0-792461 1:148323 0-984912 1-001032 0:999968 
1000-00 0:783619 1:273911 0-949931 1-005309 0-999821 
T=100 
0-01 1-003100 1-000169 0-:999971 1-000005 0-999999 
0-10 0:994563 1-000279 0:999962 1-000006 0:999999 
1-00 0:966674 1-001292 0-999882 1-000009 0:999999 
10-00 0-965152 1-006556 0-999357 1-000035 0-999998 
100-00 0:969645 1:012197 0:997900 1-000170 0-999989 


1000-00 0-970274 1-013453 0-997009 1-000381 0-999962 
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TABLE 6 


First five values of 5 for generally restrained Bernoulli- Euler beams for various values of R 
and T (R = R, = R,/100, T= T; — T,/ 100) 


Mode 
oC CC OOo 7 
R 1 2 3 4 5 
T=0-10 
0-01 0-817908 1-199075 0-987760 1000614 0-999972 
0-10 0:568518 1:084713 0-996724 1000192 0-999989 
1-00 0-401251 1:055576 0-999315 1-000026 0-999999 
10-00 0-138024 1-115679 0-999466 1-000008 1-000000 
100-00 0-048855 3-091267 0-997414 1-000024 1-000000 
1000-00 0:037754 —0°349476 0-978041 1-000205 0-999997 
T=1-00 
0-01 0-931357 1:031631 0-991648 1-000593 0:999972 
0-10 0-779198 1-051801 0-995445 1:000216 0:999990 
1:00 0-698799 1-069913 0:997140 1:000057 0-999998 
10-00 0:447912 1-191409 0:996137 1-000050 0-999999 
100-00 0-270415 16-179428 0:979925 1-000220 0-999997 
1000-00 0-241298 —0-506074 0:885783 1-001789 0-999973 
T=10 
0-01 0-970867 1-006060 0-999309 1-000124 0-999984 
0-10 0:905423 1-015680 0:998694 1-000137 0-999989 
1-00 0-875590 1-019865 0:998186 1-000154 0-999994 
10-00 0-817220 1-039381 0:996756 1:000221 0:999993 
100-00 0-787361 1-152610 0:984201 1-:001025 0-999974 
1000-00 0-783076 1-:275180 0:949660 1-005304 0:999825 
T =100 
0-01 0-931296 1-001193 0-999888 1-000008 0-999999 
0-10 0:872169 1004176 0:999586 1-000026 0-999998 
1-00 0-913119 1005816 0:999422 1-000037 0-999998 
10-00 0:958877 1-008950 0:999124 1-000051 0-999997 
100-00 0-969081 1-012675 0:997838 1-000175 0-999989 


1000-00 0-970219 1-013507 0-996999 1-000381 0-999961 
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TABLE 7 


First five values of y, for generally restrained Bernoulli- Euler beams for various values of 
R and T (R= R, = R,/100, T= T, = T,/ 100) 


Mode 
rn , 
R 1 2 3 4 5 

T =0-10 
0-01 1-:01235 1-00950 1:00397 1:00251 1-00180 
0-10 1:07028 1-08185 1:03717 1:02387 1-01747 
1-00 1:45665 1-73733 1-:35347 1-22962 1-16938 
10-00 2:23679 7-92231 4:28676 3-19157 2:63905 
100-0 2-49838 174-03435 32-58151 22:27957 16-98044 
1000-00 2-53085 —114-86171 292°81445 210-54071 159-55721 

T=1-00 
0-01 1-00851 1-00553 1:00348 1:00244 1-00179 
0-10 1-06643 1-05496 1-03426 1-02349 1:01738 
1:00 1:53666 1-53730 1:33391 1-22726 1-16884 
10-00 3-29701 6:49767 4-13195 3-17153 2:63415 
100-00 4-50456 583-45728 29-52887 21:89638 16-88506 
1000-00 4-70145 —58-72514 174-97775 188-81155 153-73555 

T=10 

0-01 1-:00149 100417 1:00279 1:00207 1-00166 
0-10 1-:02251 1-:04041 1:02726 1:02065 1:01648 
1-00 1-:21027 1-38038 1-26333 1:20489 1-16288 
10-00 1-:79894 4-28010 3:46539 2:97520 2:58173 
100-00 2-10457 19-20818 20:42958 18-87639 15-98067 
1000-00 2-14848 35-24100 66°65125 102-14421 11432745 

T =100 
0-01 0:98472 1:00111 1-:00203 1-00176 1:00144 
0-10 0:91465 1:01356 1-02022 1-01736 1-01425 
1-00 0-60073 1-14188 1-19597 1-16793 1-13904 
10-00 0-20215 1-86897 2:64764 2:55105 2-32888 
100-00 0-11434 2-74680 7-94754 11-38623 11-88367 


1000-00 0-10473 2-94244 11-32798 25-88213 41-98274 
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TABLE 8 


First five values of y, for generally restrained Bernoulli- Euler beams for various values of 
R and T(R= R, = R,/100, T = T, = T,/100) 


Mode 
vr. n?_=fr;rlrern~w«<090909900 ssn i 
R 1 2 3 4 5 
T=0-10 
0-01 —0-711882 —1-186370 —0-986135 —1-000220 —0:999824 
0-10 —0:°511455 ~1-073352 —0-995400 —0:999846 —0:999855 
1-00 —0:344949 —1-043715 —0-998009 —0-999687 —0:999867 
10-00 —0:069973 —~1-088021 —0-997107 —0:999456 —0-999799 
100-00 0:023520 —2-599088 —0-983812 —0:997208 —0-999081 
1000-00 0:035165 0:033023 —0-860571 —0:974947 —0-991898 
T=1-00 
0-01 —0°372360 ~0-990571 —0:980644 —0-996931 —0-998530 
0-10 —0-463671 ~1:013038 —0-984910 —0-996920 —0-998661 
1-00 —0°415199 —1-027241 —0°985999 —0-996774 —0-998690 
10-00 —0:067456 —1:085926 —0:975567 —0:994667 —0-998010 
100-00 0:190297 —~8 436342 —0-867498 —0-973027 —0:990912 
1000-00 0:232817 —0-253042 —0-245197 —0-779195 —0:922362 
T=10 
0-01 0-623642 ~0:724815 —0-939496 —0:977237 —0-988329 
0-10 0-334660 —0-785200 —0-942568 —0:977129 —0-988513 
1-00 0-319542 ~0:803890 —0-941559 —0:975570 —0:988098 
10-00 0-601331 ~0-659058 —0-898458 —0:959544 —0:981780 
100:00 0-757330 0-182158 —0°542381 —0:°809772 —0:919212 
1000-00 0-779951 1-092004 0:432242 —0:022607 —0-457623 
T=100 
0-01 5-680637 0:427009 —0:510322 -0-816551 —0-914764 
0-10 3-812221 0:271593 —0:555605 —0-827031 —0-917340 
1-00 2°371514 0:210588 —0-579895 —0:833460 —0-918578 
10-00 1:260743 0:510416 —0-388520 —0-754899 —0:882989 
100-00 1-003066 0:911428 0-398934 —0:202575 —0:574195 
1000-00 0:973661 1-:002233 0:907661 0:711150 0:405018 


7. CONCLUSIONS 


Exact frequency and normal mode expressions for generally restrained Bernoulli-Euler 
beams have been derived and results for the first five eigenfrequencies and mode shape 
parameters for typical cases have been presented. The expressions derived and results 
presented check with the degenerate cases available in the published literature. 

It can be seen from the various results presented in this paper that both the translational 
and rotational spring constants have a significant effect on the first three frequencies and 
mode shapes of vibration. It is seen that the higher mode frequencies, comparatively, do 
not show much variation with the range of spring constants considered in this investigation. 
This study also shows that, in general, the translational spring constant has relatively 
greater influence on frequencies and mode shapes than the rotational spring constant. 
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FREQUENCY ANALYSIS OF CLAMPED-CLAMPED UNIFORM BEAMS WITH 
INTERMEDIATE ELASTIC SUPPORT 


1. INTRODUCTION 


Several researchers studied the problem of free lateral vibration of single-span and 
multi-span uniform Bernoulli-Euler beams [1-9]. Many handbooks have also appeared 
in the literature [10-12] giving frequency tables and mode-shape expressions for various 
cases. However, a thorough literature search carried out by the author revealed the lack 
of explicit and exact frequency and mode-shape expressions, even for double-span beams 
with classical end conditions and with an arbitrarily located intermediate elastic support. 

The problem of free lateral vibrations of clamped-clamped uniform Bernoulli-Euler 
beams with arbitrarily located intermediate elastic support was first treated by Gorman 
[11] in his book (case 3.16, ch. 3, p. 85). He presented a set of simultaneous equations 
for mode shapes which can be used in conjunction with frequency tables given in his 
book. Very recently, Maurizi and Bambill De Rossit [14] treated this problem again in 
a slightly more complicated way and presented an 8x8 matrix frequency equation. In 
addition, they have given a frequency chart showing only the variation of the fundamental 
frequency. Results for higher mode frequencies were not reported. Further, none of the 
above studies attempted to provide explicit and exact frequency and mode-shape 
expressions for this important case. With the increasing availability of personal computers 
and high-precision programmable calculators, the utility of explicit and exact frequency 
and mode-shape expressions need not be over-emphasized. In the present paper, explicit 
and exact frequency and mode-shape expressions for the title problem are given, and 
extensive design data is provided for the first five frequencies of vibration for various 
values of non-dimensional position and stiffness parameters of the intermediate elastic 
support. 


2. ANALYSIS 


A two-span clamped-clamped uniform Bernoulli-Euler beam with an intermediate 
elastic support of stiffness S is considered here (see Figure 1). When the beam is assumed 
to undergo harmonic free oscillations, the governing differential equation can be written 
as 


y"(é)— B°Y(£) =0, (1) 


Figure 1. Clamped-clamped beam with intermediate elastic support. 
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where B*= pAw’L*/(EI), p is the mass density of the beam material, A is the area of 
cross-section, E is the Young’s modulus, J is the area moment of inertia, w is the circular 
frequency, L is the overall length of the beam, and ¢ = x/I is the non-dimensional beam 
length. 

The spatial co-ordinates measured along the spans as well as the transverse displace- 
ments are normalized with respect to the overall beam length L. The first span length is 
designated as yu, with limits 0< <1. The second span length then becomes v =1-— jp. 

The governing differential equation (1) is satisfied by expressing the first and second 
span deflections, respectively, as 


Y,(&,) = A; cosh Bé,+ B, sinh Bé, + C, cos BE, + D, sin BE,, (2) 
Y2(€2) = A, cosh Bé, + B, sinh Bé,+ C, cos BE, + D, sin Bé,, (3) 


where subscripts 1 and 2 refer to the left-hand and right-hand spans respectively. 


3. BOUNDARY CONDITIONS 


The problem of enforcing the boundary conditions is simplified by measuring é’s in 
each span from the beam outer end. Evidently, a total of eight boundary conditions are 
required in order to determine the arbitrary constants A,, B,, C,, D, and A, B,, Co, 
D, of equations (2) and (3) given above. Four of these equations can be written on the 
basis of the boundary conditions existing at the beam outer ends. Three more equations 
can be written by enforcing the conditions of continuity of beam displacement, slope and 
bending moment across the intermediate elastic support. The last equation can be written 
for the continuity of the shear force across the support, taking into account the contribution 
from the elastic support. 

The first four boundary conditions at the two outer ends of the clamped-clamped beam 
can be written as follows: 


At €,=0, 

Y,(0) =0, Y{(0) =0 (4) 
and at é,=0, 

Y,(0) =0, Y(0) =0. (5) 


At this stage, using the above boundary conditions, one can express the span deflections 
Y, and Y, as follows: 


Y,(€,) = C,(cos BE, — cosh Bé,) + D,(sin BE, — sinh BE,), (6) 
Y2(&) = C,(cos Bg, — cosh Bé,) + D,(sin Bé,—sinh BE). (7) 


The remaining four boundary conditions at the intermediate elastic support at &,= 
and é,=v are 


Y,(u)—- Y2(v) =0, Yi(4) + Y¥3(v) = 0, (8) 
Yi(u)— Y3(v) =0, Yi (we) + Y¥2'(v)- TY, (nz) = 0, (9) 

where 
T =SL?/(EI). (10) 


4. FREQUENCY EQUATIONS 


Substituting equations (6) and (7) in the boundary conditions (8) and (9), a set of four 
homogeneous linear algebraic equations in four constants C,, C,, D, and D, are obtained. 
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In order that the solutions other than zero may exist, the determinant of the coefficients 
of these arbitrary constants must be equal to zero. This leads to the frequency equation 
for the clamped-clamped beam with intermediate elastic support, from which the natural 
frequencies can be determined by utilising numerical methods in conjunction with efficient 
algorithms [13]. 

Without much difficulty, we obtain the explicit frequency equation for this important 
case as follows: 

2p8°(1—cos B cosh 8) + T[(1 —cos By cosh Bu ){sin By cosh By —cos Br sinh Br) 


+(1—cos Bv cosh Bv)(sin Bu cosh Bu —cos By sinh Bu )]=0. (11) 
When the intermediate support is pinned, i.e., T > 0©, equation (11) reduces to 


(1-—cos Bu cosh Bu)(sin By cosh By —cos Br sinh Bv) 
+(1-—cos Bv cosh Bv)(sin By cosh Bu —cos Bu sinh By) = 0. (12) 


which tallies exactly with the one derived earlier by this author [9]. 


5. MODE-SHAPE EXPRESSIONS 


For various values of 4 and v = 1— yp, the roots of equation (11), 8,, n =1, 2, 3,..., give 
the eigenvalues of the problem. The corresponding eigenfunctions, normal modes Y, and 
Y, can be explicitly expressed as 


Y,(é,) = (sin Bé, —sinh Bé,)+ a,(cos Bé,—cosh Bé,), (13) 
Y2(€) = a,[(sin Bé,—sinh BE,) + a3(cos BE, — cosh BE) ], (14) 
in which 
a,=F,/F, a, = F;/F,, a;=F;/ Fe, (15) 
where 
F,= ©, f,+ ®, fs— Profs, F,= ©; f5;- ®3fo+ Pi fa, (16, 17) 
F,= 0, fp- Wo fit Wahr, (18) 
Fi= ®, f;— B2f,t Da fe, Fs=¥, fit Wf—- WGA, (19, 20) 
Fo= WW, fo- Wifi t+ Vf. (21) 
Here 
ff, =1—cos Bu cosh By, fo=cos Bu sinh By —sin By cosh By, (22) 
Jf; =sin By sinh Bu, fa=1—cos Bv cosh By», (23) 
fs=cos Bv sinh By —sin Bv cosh Br, f,=sin Bv sinh By, (24) 
®,=sin Bu t+sinh By, ®,=cos Bu +cosh Bp, (25) 
@,=sin Bu —sinh Bp, @,=cos Bu —cosh Bp, (26) 
W,=sin Bv+sinh Br, W,=cos Bv+cosh Br, (27) 


W,=sin Bv —sinh Bp, W,=cos Bv —cosh Bv. (28) 
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6. RESULTS AND DISCUSSION 


For a given two-span beam with uw and vy = 1— uw known, the values of 6B, (n = 1, 2, 3,...) 
can be found by solving numerically the frequency equation (11), and the corresponding 
w, are then calculated by using the relation w;, = EIB4/(pAL‘). 

An efficient algorithm proposed by Wittrick and Williams [13] is utilized in extracting 
the eigenvalues. In order that the designer can immediately use these results, values of 
B, for the first five modes of vibration are given for various values of intermediate elastic 
support stiffness parameter T such as T=10, 100, 1000, 5000 and ©, respectively, in 
Figures 2-6, for various values of position parameter yu. By taking advantage of symmetry, 
results are given for values of u in the range 0-0-0-5 in steps of 0-02. The corresponding 
values for 4 > 0-5 can be read from these tables by suitably choosing the axis such that 
p <0-5. It can be easily seen that the fundamental frequencies obtained here exactly 
coincide with those reported in reference [14]. It is believed that the exact frequency data 
presented in Table 1 will enable the designer to immediately determine the fundamental 
frequencies of clamped-clamped beams with an arbitrarily placed intermediate elastic 
support. Further, the table can be also utilized in assessing the accuracy of various 
approximate methods, such as energy methods. 


7. CONCLUSIONS 


Exact frequency and mode-shape expressions for clamped-clamped uniform Bernoulli- 
Euler beams with an arbitrarily placed intermediate elastic support are explicitly presented 
in this paper. Extensive frequency tables giving the first five natural frequencies of vibration 
are provided for immediate use in design. 

The various results presented in this paper clearly demonstrate that the natural frequen- 
cies and mode shapes are sensitive to the position and stiffness of the intermediate elastic 


Figure 2. First mode values of 8,, for clamped-clamped beams for various values of T and yp. 
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Figure 3. Second mode values of 8, for clamped-clamped beams for various values of T and yp. 
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Figure 4. Third mode values of 8,, for clamped-clamped beams for various values of T and wu. 
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Figure 5. Fourth mode values of 8,, for clamped-clamped beams for various values of T and yp. 


Figure 6. Fifth mode values of 8,, for clamped-clamped beams for various values of T and yp. 
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TABLE 1 


Fundamental mode values of B,, for clamped - clamped beams with intermediate spring support 
for various values of T and wu 


Values of T 
——————————  -oOuWwRw&y\w|-, "~~ 
bu 10 100 1000 5000 fe) 

0-00 4-73004 4-73004 4-73004 4-73004 4-73004 
0-02 4-73004 4:73006 4-73022 4-73091 4-80251 
0-04 4:73007 4-73031 4:73266 4:74227 4:87863 
0-06 4-73017 4-73129 4-74199 4-77949 4-95832 
0-08 4-73041 4:73372 4-76329 4-84676 5:04186 
0-1 4-73088 4:73832 4-79992 4:93616 5:12954 
0-12 4-73166 4°74579 4-85271 $-03811 §+22162 
0-14 4-73282 4-75670 4-92047 5:14677 5:31837 
0-16 4-73441 4:77142 5-00100 5-25962 §:42012 
0-18 4-73647 4-79013 5-09202 5:37605 §-52718 
0:20 4-73902 4-81280 §-19163 5:49623 5:63991 
0-22 4-74205 4-83922 5-29844 5:62066 5-75866 
0:24 4-74552 486902 5-41155 5-74998 5-88382 
0-26 4-74938 4-90172 5-53041 5-88482 6:01577 
0-28 4-75356 4-93671 5-65475 6-02581 6-15488 
0-30 4-75795 4-97328 5-78445 6°17356 6°30150 
0-32 4:76245 5:01065 5-91949 6°32865 6°45593 
0-34 4-76694 5-04795 6-05984 6°49160 6-61830 
0-36 4-77130 5:08426 6:20540 6°66284 6:78853 
0-38 4-77540 5-11860 6:35590 6°84259 6:96605 
0-40 4:77910 5-14997 6:°51063 703066 7-14942 
0-42 4:78231 5-17736 666806 7-22594 7°33546 
0-44 4-78492 5-19984 6-82479 7-42514 7-51761 
0:46 4-78685 5-21657 6°97286 7:61911 7-68260 
0-48 4-78803 5-22689 7-09256 7-78212 780584 
0-50 4-78843 5-23038 7-14282 7°85320 7-85320 


support. It can be also seen that the effect of finite stiffness of the elastic support is 
considerable on the first few modes and becomes negligible on higher mode frequencies. 
The explicit and exact frequency and mode-shape expressions provided in this paper can 
be effectively utilized in determining the dynamic behaviour of such beams. 
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Seismic analysis of high-speed rotating machinery such as turbo-generators and fan-motor systems are of main concern in 
this paper. A comprehensive review of some important studies made in this area, as well as new results of seismic response of 
a fan-motor system are presented here. The effects of several design parameters, namely, bearing oil-film stiffnesses and 
pedestal flexibilities on seismic response of high-speed rotating machinery are discussed. Important qualitative and quantita- 


tive conclusions are presented 


1. Introduction 


High-speed rotating machinery like vertical or hori- 
zontal pumps, turbine-generator systems and fan-motor 
systems located in a nuclear power plant are required to 
remain operational even during a seismic event as the 
supply of power is essential to carry out necessary relief 
operations. In many cases, testing of such equipment on 
shaker tables for seismic qualification is not feasible 
because of their excessive weight and large size. Conse- 
quently, one may have to necessarily resort to an ana- 
lytical investigation. 

The main objective of such an analytical investiga- 
tion is to determine the seismic response of structures 
and equipment and to check the seismic deflections of 
the critical portions in view of the design limitations. In 
rotor-bearing systems, it is necessary to check the seismic 
deflections of the rotor at various bearing locations so 
that the lubricating fluid-film maintains a minimum 
thickness at all times in order to keep the rotor and 
bearing surfaces away from rubbing against each other. 
The additional seismic forces coming on to the bearings 
and the seismic deflections and forces experienced by 
the foundation are also to be computed and should be 
checked against their corresponding allowable limits. In 
order to create a realistic mathematical model, this 
analysis should account for the stiffness and damping 
coefficients of bearings, pedestal mass and stiffnesses 
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and flexibility of the foundation. In situations where 
reliable data is not available, appropriate assumptions 
may have to be made in order to obtain conservative 
estimates of seismic response. 

The purpose of the present paper is to briefly review 
some important studies made in the area of seismic 
response of high-speed rotating machinery and to pre- 
sent new results from a seismic response analysis of a 
typical fan-motor rotor-bearing system. The fan-motor 
rotor-bearing system is analyzed utilizing an in-house 
finite element computer programme and the natural 
frequencies and mode shapes are obtained using de- 
terminant search method. Later, the seismic response is 
computed based on response spectrum approach. 


2. Brief review of earlier studies 
2.1. Dynamic response of machine foundations 


Pile supported frame foundations and nuclear 
turbine-generator foundations are large three-dimen- 
sional structures whose critical feature is that the eco- 
nomic consequences of their failure far exceed their 
cost. The dynamic response of such foundations were 
studied by many investigators both theoretically and 
experimentally [1-4]. Recently, Kameswara Rao et al. 
[5] studied the seismic response of a 70 MW turbine- 
generator foundation shown in fig. 1. The finite-element 
model adopted in this study is shown in fig. 2. Fig. 3 
shows the response spectrum curve for the prescribed 
site (site 1). The structural damping for concrete was 
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Fig. 2. Mathematical model of 70 MW TG foundation frame. 
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Fig. 3. Response spectrum for Site 1. 


assumed to be 5%. The free-vibration mode shapes of 
the foundation for the first and second modes were 
presented in ref. [5]. As this study was carried out 
during the preliminary stages of design, the rotor was 
assumed to be rigid and the weights of the turbine-gen- 
erator system were lumped at appropriate nodal points 
of the foundation. Some structural modifications were 
proposed in order to reduce unacceptable horizontal 
displacements especially on the generator side. 

Some studies [2,4] in this area suggest the use of 
rigorous three-dimensional finite element models in 
order to obtain meaningful results for seismic response, 
especially at some critical portions of the foundation. 


2.2. Dynamic stability of rotor-bearing systems 


The oil-film stiffness and damping properties of 
various types of bearings, in general, lead to non-sym- 
metric matrices and thus show a greater influence on 
dynamic stability of rotating machinery. Consequently, 
the unbalanced response and dynamic stability analysis 
become very important. Some of the investigators [6-11] 
addressed to this problem and developed improved 
methods of response calculations. In view of the rigid 
couplings being increasingly used these days in high- 
speed machinery, it is necessary to include all critical 
portions of the rotor-bearing system to obtain reliable 
and meaningful response information. 


2.3. Seismic response of rotating machinery 


Currently, there is wide interest in this topic. This 
may be due to some stringent requirements imposed by 
various design codes. Several authors [12,15] have pre- 
sented comprehensive summaries in this area. 

Villasor [13], Soni et al. [14], Srinivasan et al. [15], Ly 
[16], utilized response spectrum technique or time-his- 
tory method in order to estimate the seismic response in 
a deterministic way. Recently, Kameswara Rao et al. 
[17] studied the companion problem of seismic response 
of 70 MW turbine-generator of rotor-bearing system. 
Fig. 4 shows the details of this system. The entire rotor 
in {17] was suppported by two two-lobe fluid-film 
bearings on the turbine side and by three tilted-pad 
bearings on the generator and exciter side. To support 
the rotor horizontally, a thrust bearing was provided on 
the turbine front end. This study revealed that the 
influence of bearing pedestal mass and stiffness on the 
rotor response is of the order of about 20%. 

Due to the nature and approximations involved in 
the analytical approach, the response spectrum tech- 
nique [23] yields conservative response results and, con- 
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Fig. 4. 70 MW TG rotor-bearing system. 


sequently, is widely used in industry. Besides this, the 
time-history type of analysis becomes more costly and is 
generally adopted only when more exact estimates are 
required to be obtained for critically reviewing the 
equipment performance under transient and stochastic 
loading conditions. 

Reliability and random seismic response studies were 
carried out by Iwatsubo et al. [19], Shimogo [20], Sub- 
biah et al. [21] and more recently by Somali et al. [22]. 
In these studies the seismic excitation and response are 
analyzed as random vibrations using spectral density 
functions. 

After a thorough search of the available literature, it 
is the opinion of the authors that there is a critical need 


FAN WHEEL 


OUTBOARD BEARING 


OUTBOARD CONCRETE 
PEDESTAL 


CONCRETE 
FOUNDATION 


to develop simple but efficient techniques of modeling 
as well as seismic analysis methodologies in order to 
ensure structural safety and integrity of rotating mac- 
hinery at optimum analysis costs. 


3. Response spectrum analysis 


In the present investigation, the response spectrum 
method of analysis [23} is chosen since the input motion 
is provided as plots of the maximum average response 
of a single-degree-of-freedom oscillator with different 
natural frequencies to a given support motion and 
structural damping. Fig. 7 shows the response spectrum 


INBOARD BEARING 


PEDESTAL 


Fig. 5. Typical fan-motor system. 
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Fig. 6. Mathematical model of the fan-motor rotor-bearing system. 


for site 2 which is utilized in carrying out the response 
calculations for the system chosen in the present study 
(fig. 5). 

For a linear multi-degree of freedom system, sub- 
jected to earthquake excitation, the equation of motion 
is: 


[M]{X} +[C](X} +(K](X} = -[M1(PU{%}, 
(1) 


where {¥,} is the time dependent prescribed ground 
acceleration, {P} is the vector with components of 
unity in all directions parallel to support movement and 
zero otherwise, [M] is the mass matrix, [K] is the 
stiffness matrix, [C] is the damping matrix and {X Ps 
{X} and {X} represent time dependent relative dis- 
placement, velocity and acceleration vectors respec- 
tively. 


2.0 
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Fig. 7. Response spectrum for Site 2. 


The displacement X(t) in eq. (1) can be expressed in 
terms of the normalized modes, 9;, and the generalized 
coordinates, g;, as 


N 
X(t) = DL o.4.- 


1=1 


(2) 


Substituting eq. (2) into eq. (1) and premultiplying by 
{}" and the resulting equation by M*~', we obtain a 
set of single degree of freedom equations: 


—w¥,, (3) 


where [M*]={@}' [M] {@}, «, is the natural 
frequency of the ith mode, »; is the mode participation 
factor = 6! M P in mode i and &, is the modal damp- 
ing. Maximum values of g,; are then obtained utilizing 
the given response spectra. Once q,; has been de- 
termined, the maximum displacement X, for mode j/, is 
given by 
(Xx; riax = 9 9;- (4) 
Based on the maximum modal displacement vector given 
by eq. (4), member forces, nodal displacements and 
reactions are computed for each mode. Since these 
maximum responses are not expected to occur at the 
same instant of time, empirical rules have to be used for 
combining modal responses to obtain the total response. 
In the present study, the square root sum of squares 
(SRSS) method is used in combining the modal re- 
sponses. The SRSS combination is the most commonly 
used rule for maximum modal responses. 

In SRSS method, the probable response is evaluated 
as 


N 1/2 
=| a,| . 
k=1 


G; + 20, + 74) = 


(5) 
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Bearing Stiffness Stiffness (10°) vs. speed 
location WPF 375 rpm 750 rpm 1000 rpm 750 rpm with 
pedestals 
1 K, 82.21 81.12 80.02 81.12 
2 K, 1.65 1.08 0.77 1.01 
K, 19.82 14.81 13.83 5.92 
17 K, 1.82 1.18 0.84 1.09 
K, 21.88 16.97 16.28 6.29 
21 K, 1.73 1.77 2.03 1.60 
K, 16.78 15.89 18.15 6.81 
39 K, 1.68 1.73 2.00 1.57 
K, 16.28 15.60 17.95 6.76 


where R, denotes the maximum modal response in the 
kth mode and R, the total response. 


4. Fan-motor rotor-bearing system 
4.1. System configuration and modeling 


Induced draft fans are generally located between the 
boiler and the stack of power generator units to pull 
combustion gases from the boiler and exhaust them up 
the stack. At the center of the shaft and between the 
bearings, is located the fan wheel of the double-inlet 
type centrifugal fan. A thrust bearing is included at the 
left end of the rotor-bearing system to provide axial 
restraint. 

Fig. 5 shows a typical induced draft fan-motor 
rotor-bearing system studied in this paper. The fan-mo- 
tor system is driven at a speed of 750 rpm with an 
over-speeding capacity up to 1000 rpm. The combined 
fanmotor rotor-bearing system is 5.515 m long and 
weighs about 61 kN. The rotor is supported totally on 
four fluid-film bearings and their horizontal (K,) and 


Table 2 

Steel bearing pedestal weights and stiffnesses 

Node Weight K, x10° K.x10° 

(kN) (N/m) (N/m) 

2 50.22 15.0 10.0 

17 15.03 15.0 10.0 

21 21.58 17.0 12.0 

39 21.58 17.0 12.0 


vertical (K.,,) stiffness coefficients at various rotor speeds 
are listed in table 1. Table 2 gives the typical weights of 
bearing pedestals and their horizontal and vertical stiff- 
nesses utilized in the present analysis. 

The flexible rotor is modeled using three-dimen- 
sional beam elements [24] which account for the effects 
of rotary inertia and shear deformation. The bearing 
and pedestal stiffnesses are modeled utilizing spring 
elements. The neglect of the effects of bearing damping 
coefficients in the present analysis, eventually leads to 
conservative estimates of rotor seismic response under 
different rotor speed conditions. The masses of various 
parts such as impeller, rotor shaft, etc., are lumped at 
appropriate nodal points. 


4.2. Discussion of results 


The individual rigid critical speeds of the fan-rotor 
and the motor-rotor at a speed of 750 rpm are obtained 
by determinant search method and these results for the 
first five modes of vibration are presented in table 3. 
The values of first ten natural frequencies and modal 


Table 3 
Individual rotor rigid critical speeds (Hz) at 750 rpm 


Mode Fan rotor Mode Motor rotor 
(Hz) (Hz) 

1 35.9 1 42.6 

2 55.0 2 53.5 

3 95.6 3 83.9 

4 175.4 4 207.2 

5 177.8 5 224.2 
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Table 4 

First ten natural frequencies (Hz) and mode participation factors (mpf) at various rotor speeds 

Mode 375 rpm 750 rpm 1000 rpm 

Freq. mpf Freq. mpf Freq. mpf 

1 26.6 2.4.) 26.7 2.3()) 27.6 2.2(y) 
2 35.6 —2.3(z) 35.5 2.3(z) 32.6 1.9(4) 
3 41.1 ~1.8(y) 36.3 1.8()} 35.7 —2,3(z) 
4 58.0 -0.5(y) 58.2 1.6(z) 58.0 1.5(2) 
5 59.2 1.5(z) 58.7 0.5(y) 62.1 —0.6(y) 
6 94.6 —2.9(x) 94.6 2.9(x) 92.2 0.3(y) 
7 114.4 0.4( y) 102.2 0.3() 94.6 2.9.x) 
8 120.7 —0.6(}) 117.4 ~0.3(y) 118.6 0.4(y) 
9 126.1 0.2(z) 125.4 0.3(z) 127.2 ~0.2(z) 

10 167.8 -—1.1(z) 165.2 —1.1(z) 173.7 1.1(z) 


participation factors for the rigidly coupled fan-motor 
rotor-bearing system at various rotor speeds are given in 
table 4. A comparison of tables 3 and 4 clearly shows 
that the natural frequencies of the combined system at a 
rotor speed of 750 rpm are considerably lower than 
those obtained for individual rigid rotors of the fan and 
the motor. From table 4, it can be also observed that 
the change in rotor speed influences the resulting natu- 
ral frequencies of the combined rotor-bearing system to 
an extent of about +5%. 

The vertical bearing reactions under static self-weight 
loading with bearing stiffnesses computed at a rotor 
speed of 750 rpm are presented in table 5. A maximum 


Table 5 

Bearing forces (kN) under self-weight at 750 rpm 

Force Bearing points 

Se 2 #W nn 3 
F, 7.412 4.836 24.407 22.661 
Table 6 


Bearing forces (kN) at various rotor speeds under seismic 
loading. 


Speed Forces Bearing points 


(rpm) (KN) 2 17 21 39 
3795—s*#, 1.985 1.629 3.562 3.819 
E, 2.469 2.713 6.229 4.585 
750 *#F, 2.074 1564 3.513 3.755 
E. 2492 2.717 6.203. 4.573 
1000, 2276 1568 3.377 3.496 
E 2.490 2.722 6210 4593 


force of 24.41 kN can be seen to occur at the left end 
bearing of the generator-rotor. The bearing seismic 
forces in the vertical and horizontal directions are pre- 
sented in table 6. It can be observed that the overall 
maximum forces of magnitude 3.82 kN and 6.23 kN in 
vertical and horizontal directions respectively occur at 
the generator bearings. This, therefore, indicates that a 
maximum increase of 16% results in bearing reactions 
due to seismic loading. 

The seismic displacements of the rotor are obtained 
by combining the responses of the first ten modes of 
vibration using the square root sum of the squares 
(SRSS) method outlined in section 3. These values, in 
microns (107° mm), at salient nodal points for various 
cases considered here, are given in table 7. From these 
results, we can see that the maximum displacements in 
all the x, y, z-directions occur at the center node of the 
motor-rotor span (node No. 29) and their values are 5.8, 
51.3 and 42.9 microns, respectively, which are well 
within the limit. We can, therefore, see that the motor- 
rotor should withstand higher seismic displacements in 
comparison with the fan-rotor. 

In order to study the influence of pedestal mass and 
stiffness on the overall seismic response of the system, 
combined oil-film and pedestal stiffnesses are worked 
out [25] at a selected rotor speed of 750 rpm. The first 
ten natural frequencies corresponding to this case are 
presented in table 8. A close look at tables 4 and 8 
reveals that the pedestal mass and stiffnesses have a 
decreasing effect of the order of 6% on the natural 
frequencies of the system. The values of seismic dis- 
placements and bearing reactions, for this case, are 
presented in tables 9 and 10, respectively. 

From table 9, we observe that while the axial and 
vertical seismic displacements remain unchanged (see 


Table 7 


Seismic displacements (microns) at salient nodal points of the 
rotor-bearing system (SRSS method with 10 modes included) 


Node 


2B 


13 


17B 


19 


21B 


26 


29 


34 
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table 7 for comparison), the horizontal (z) displace- 
ments became more than twice the displacements occur- 
ring when pedestal mass and stiffnesses are not in- 
cluded in the analysis. However, from table 10 and 6, 


Disp. 
(microns) 


NS 
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Displacements (microns) 


vs. speed (Hz) 


375 rpm 


13 
12.0 
1.2 


2.0 
20.5 
12.4 


2.4 
21.0 
13.5 


3.1 
17.5 
9.9 


3.7 
8.9 
1:2 


45 
78 
5.3 


3.1 
20.6 
3.7 


5.6 
44.3 
33.0 


5.8 
51.3 
42.7 


5.6 
41.8 
29.7 


5.4 
22.8 
2.8 


750 rpm 


1.3 
19.2 
17 


2.0 
27.5 
12.9 


2.4 
27.6 
14.0 


3.1 
23.2 
10.3 


3.7 
13.3 
1.6 


45 
8.1 
5.2 


5.1 
19.9 
3.9 


5.6 
43.2 
33.2 


5.8 
50.0 
42.9 


5.6 
40.5 
29.8 


5.4 
21.8 
2.9 


1000 rpm 


13 
29.4 
1.8 


2.0 
37.7 
13.0 


2.4 
37.0 
141 


3.1 
30.8 
10.4 


3.7 
18.8 
1.7 


4.5 
8.0 
5.5 


5.1 
16.6 
3.4 


5.7 
38.2 
32.6 


5.8 
44.5 
42.3 


5.7 
35.3 
29.3 


5.4 
17.5 
2.6 


Table 8 
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First ten natural frequencies (Hz) with pedestal masses at 750 


rpm rotor speed 


Mode Freq. mpf Mode Freq. mpf 

1 26.13 2.4(y) 6 94.57 —2.9(x) 
2 33.38 2.3(z) 7 99.54 0.3(y) 
3 35.51 —1.8()) 8 102.0 —0.7(z) 
4 52.98  —1.6(z) 9 116.5 0.3(y) 
5 56.48 —-05(y) 10 134.9  -0.7(z) 


Table 9 


Seismic displacements (microns) at bearing points at 750 rpm 


rotor speed considering pedestal stiffnesses 


Displ. Bearing point 

(microns) 3 7 yl 

x 1.3 3.7 5.1 
y 20.5 14.1 21.8 
z 4.5 43 8.9 
Table 10 
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5.4 
24.4 
6.9 


Seismic forces (KN) at bearing points at 750 rpm rotor speed 


considering pedestal stiffnesses. 


Force Bearing point 

(N) 2 7 21 
F, 2.074 1.537 3.479 
F, 2.662 2.699 6.004 


39 


3.829 
4.657 


we observe that the resulting seismic forces did not 


differ significantly. 


5. Conclusions 


From the results presented in this paper, the follow- 


ing can be concluded: 


(1) The variation in bearing oil-film stiffnesses due to 
change in rotor speed has resulted in only a margi- 
nal deviation in the natural frequencies of fan-mo- 
tor rotor-bearing system considered in this study. 

(2) Inclusion of pedestal masses and stiffnesses has 
shown a significant influence on horizontal seismic 
displacements but only marginally affected the 


bearing seismic reactions. 


(3) Though not explicitly shown here, the authors found 
during the course of this investigation that the ef- 
fects to rotary inertia and shear deformation are 
significant especially on higher modes of vibration 
and hence should be necessarily included in seismic 
response calculations of rotating machinery. 
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In this note, exact frequency and normal mode expressions are derived for the fre 
torsional vibrations of circular shafts or piping systems constrained by unsymmetriva!} 
torsional springs and carrying unequal rotational masses at either end. For use in design. 
extensive tables of natural torsional frequency and mode shape parameters are provided 
for a wide range of values of torsional spring and rotational mass parameters 


1. INTRODUCTION 


A considerable number of studies have been made in determining the lateral frequencies 
and mode shapes of straight beams and shafts subjected to partial edge restrains. However 
corresponding torsional behaviour of such beams and shafts have received considerabls 
less attention. In 1975 Gorman [1] and in 1979 Blevins [2] presented exact expressions 
for torsional frequencies and mode shapes of shafts with various non-classical boundars 
conditions. Gorman [1] had also presented a vast number of tables of frequencies fo: 
various cases considered. However, the problem in its generality was not discussed ir 
the published literature. 

In the present note, a circular shaft or pipe constrained by unsymmetrical torsion: 
springs and with unequal rotational masses such as heavy discs or valves or bellows a) 
either ends is considered. Exact expressions for torsional frequencies and mode shape- 
are derived and numerical results for the first five frequency and mode shape parameter> 
are presented in tabular form for a wide range of values of the torsional spring stiffness 
and rotational mass parameters. The reliability of the present results have heen verified 
by checking various degenerate cases published earlier [}, 2]. 


2. ANALYSIS 


The differential equation for small-amplitude, free torsional vibrations of a generals 
restrained shaft or pipe of length L (see Figure 1) executing harmonic oscillations + 
given by [1] 

GI,0"(E) + pl,w° L°0(€) = 0 


where G is the shear modulus, J, the polar moment of inertia, p the mass density. w the 
torsional radian frequency of the constrained shaft and primes denote differentiating with 
respect to the non-dimensional length = x/ L. 

The general solution of equation (1) is 


0(€)=Asin AE+ B cos AE. 
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First five values of A for generally restrained circular shafts for various values of R and T 
(R,= R,=R, T, = T, = T) 
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Figure 1. Generally constrained shaft. 


(b) 


TABLE 1 


T 1 2 
0-00 0-443521 3-203994 
0-01 0-439291 3-142390 
0-10 0-405895 2-686702 
1-00 0-257959 1-338660 
10-00 0-097588 0-454473 
100-00 0:031544 0-144793 
0-00 1-306542 3-673194 
0-01 1-297144 3-613781 
0-10 1-:219178 3-147512 
1-00 0-808675 1-598398 
10-00 0-308548 0-543193 
100-00 0-099751 0-173061 
0-00 2:627675 5-307324 
0-01 2624806 5286901 
0-10 2-598133 5-081849 
1-00 2:267871 3-158143 
10-00 0-973877 1-086248 
100-00 0-315434 0:346121 
0-00 3-080011 6:160137 
0-01 3-079954 6°159679 
0-10 3-079433 6-155403 
1-00 3-073730 6-090171 
10-00 2°845124 3-161773 
100-00 0-997283 1-009117 


Mode 
—-r.re..\oOoOoOoOoOnnnnnn SO DLN, 
3 4 5 
R=0-10 
6°314854 9-445950 12:58227 
6:191715 9-261506 12-33686 
5-332782 8-080572 10-91640 
3676510 6-585277 9-631902 
3-204054 6:314861 9:445952 
3:147946 6:286366 9:426899 
R=1-00 
6:584620 9631684 12-72324 
6-462900 9:447522 12-47718 
5562953 8-205151 10°98783 
3-707706 6:591303 9-633881 
3-204596 6-314933 9-445973 
3-147952 6:286367 9-426899 
R=10:00 
8-067135 10-90871 13-81919 
8-009071 10-79635 13-64220 
7-386277 9-591338 11-89511 
4-169544 6-665645 9-655761 
3:210552 6°315663 9-446189 
3-148010 6:286374 9.426902 
R= 100-00 
9240491 1232118 15-40232 
9-238944 12-31752 15-39516 
9-223825 12-27917 15-31310 
8:724368 9-883852 10:69867 
3:474177 6°325334 9448613 
3-148657 6-286448 9-426923 
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where A =wLV/p/G and the constants A and B are to be determined based on the 
boundary conditions. 

The boundary conditions for the shaft or pipe restrained by unsymmetrical torsional 
springs of stiffnesses K, and K, and carrying unequal rotational masses with inertias / 
and /, at either ends are, at €=0, 


6'(€) = (Ri -A°T,)O(€). A 
and at €=1, 

0'(€) =(A°T, ~ Rz) OLE). (4) 
where the torsional spring parameters R, and R, and rotational mass parameters /, and 
T, are given by 

R,=K,L/GI,,  R.»=K,L/GI, and T,=1,/o1,L, Tr= 1,/plpL. 
i Ja, bi 

Substitution of equation (2) in equations (3) and (4) leads to the frequency equation 


‘ACT, T.-ATU+ Ry T+ RoT,) +R, Ro] sind +A[R, + Ro—- A(T, + To)) cos A= 
ad 


TABLE 2 


First five values of A for generally restrained circular shafts for various values of R and T 
(R,= R,=R, T= T, = T2/ 100) 


Mode 
r 1 2 3 4 
R=0:10 

0-01 0:312971 2:060081 4-886670 7-913480 10-9860 

G10 0-131735 1:545986 4-345040 7:249596 10-21419 
O00 0-043318 0-908226 3-430455 6:439173 9-530485 
10-00 0:013754 0-327674 3-173440 6:299221 9:435483 
100-00 0-004351 0-105142 3-144804 6:284792 9-425849 

R=1-00 

oe 0-938651 2:408577 5-061105 8-024250 1106614 

AO 0-375716 1-936127 4.509382 7-329772 iO-25714 
1-00 0-121964 1-211160 3-450877 6:°442469 9531514 
11-00 0:038670 0440458 3-173721 6-299257 9-435493 
100-00 Q-012232 0-141365 3-144807 6-284792 G-425R49 

R = 10-00 

Ol 2:°394114 3-635269 5-959204 8-793309 1172174 

0-10 1-024043 2-877144 5-614770 8-238192 10-84404 
-00 0-329666 2-531569 3:830734 6:484374 9-543002 
19-00 0-104423 1-030509 3-176833 6299626 9:435601 
100-00 0-033027 0-331121 3-144836 6-284796 Q- 425840 

R = 100-00 

Ol 3-076832 6-124109 &-922553 10-32393 1264651 

10 2-918098 3-361135 6239909 9-334971 12-42902 

1-00 1:003122 3-110751 6-185009 8-988283 10:36914 


10-00 0-317735 2-934078 3377451 6:304535 9-436820 
100-00 0-100492 1:003194 3-145161 6284833 9-425861 
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Corresponding to each frequency, the mode shape can be expressed as 


6(€) = B (cos AE+ 6 sin AE). (7) 
where 
&=A/(R,-A°T,). (8a) 
Also 
6=[A sinA —(R—A°T>) cos A]/[A cos A+(R—A°T>) sin A]. (8b) 


3. NUMERICAL RESULTS 


The roots of the frequency equation (6) have been obtained carrying out a lengthy 
trial-and-error procedure with use of interpolation and bisection methods and allowance 
for an error of e = 10 °. Numerical results for frequency parameter A and the mode shape 


TABLE 3 


First five values of X for generally restrained circular shafts for various values of R and T 
(R = R, = R;/100, T = T, = T>/ 100) 


Mode 
T 1 2 3 4 5 
R=0-01 
0-00 0-867662 3-428323 6438815 9-530372 12-64607 
0-01 0-678953 2:104851 4-876587 7:904231 10:97872 
0-10 0-301235 1-498341 4-329012 7:241941 10-21007 
1-00 0-099507 0-871900 3-428537 6:438851 9+530383 
10-00 0-031607 0:314252 3-173412 6:299218 9:435481 
100-00 0-010000 0-100830 3-144804 6:284792 9425849 
R=0-10 
0-00 1-489910 4327111 7-241068 10-209599 13:22148 
0-01 1-444881 3-155434 5-003595 7-936007 10-99391 
0-10 0:936119 1:581211 4-346203 7249844 10-21428 
1-00 0-314623 0-909110 3-430478 6:439177 9+530486 
10-00 0-099950 0-327820 3-173440 6-299221 9435483 
100-00 0-031621 0-105185 3-144804 6:284792 9425849 
R=1-00 
0-00 2:011949 4-866431 7-901031 10-97709 14:06836 
0-01 1-997944 4-808464 7-717735 9-804620 11:34628 
0-10 1-874888 3-161302 4-527617 7-332608 10:25810 
1-00 0-992609 1-218030 3-451117 6°442505 9-531526 
10-00 0:316066 0-441100 3-173724 6:299257 9435493 
100-00 0-099995 0-141543 3:144807 6:284792 9-425849 
R= 10-00 ; 
0-00 2°860154 5+755204 8-700082 11-69146 14:71920 
0-01 2°858144 5-741461 8-662762 11-62193 14-61235 
0-10 2°839005 5-592048 8-207350 9-970117 10:°88596 
1:00 2:525614 3-162175 3-834039 6:484829 9-543128 
10-00 0-:999248 1-031510 3-176867 6:299630 9-435603 


100-00 0-316211 0-331269 3-144836 6:284796 9-425850 
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factor 6 were generated for the following three cases: (1) R,=R.s=R and T= | 
(2) R,=R,=R and T=T,=T,/100; (3) R= R,= R-/100 and T = T, = 73/100. for use 
in design, values of A and 6 for a wide range of values of parameters R and 7 ary 
presented in Tables 1-6. 


4. CONCLUSIONS 


Exact frequency and normal mode expressions for torsional vibrations of circular shafts 
Ot pipes constrained by unsymmetrical torsional springs and carrying unequal rotation: 
masses such as discs or heavy valves or bellows have been derived. Results for the trrs: 
tive modes of vibration for a wide range of non-dimensional parameters are presented 

From the various results presented in this note, the following can be concluded 
The torsional frequency increases significantly with an increase in the torsional spring 
stiffness. (2) An increase in the rotational mass results in a considerable decrease (n the 
torsional frequency. (3) At the design stage itself, by a judicious choice of valves 


TABLE 4 


First five values of 5 for generally restrained circular shafts for various values of Rand i 
(R,=R,=R, T-=7T,=T) 


Mode 
7 1 2 3 Bt 
R=0-10 
)-00 02255 0-0312 0-0158 0-0106 0079 
01 0-2232 0-0004 —0:046 ~()-082 “OP LES 
10 0:2058 ~0-231 ~0-S1S ~0-796 i O83 
|-00 0-1297 —1-264 —3-649 -6:570 yar 
19-00 0-0488 —4-325 ~32-01 63:13 O44 
109-00 0-0158 ~13-79 —314-8 ~628-6 “ag > 
R= 1-00 
1-00 0-7654 0-2722 0-1519 (1038 OT AE, 
204 0-7580 0: 2406 0-0901 v-01l4 09S 
10 0-6983 0-0030 -0:377 -(-699 1 OOS 
1-00 0-4279 -0-973 ~3-438 -6:440 has 
19-00 0-1555 -3:591 ~31-73 ~62:99 “94-35 
109-00 0-0499 ~11-528 —314-5 -628:5 342-6 
R = 10-00 
1-00 3-8056 1-8842 1-2396 0-9167 TERE 
3-01 3-7836 18386 1-1685 0-8183 bs S966 
10 3-5891 14596 0-6152 0-835 24g 
1-00 2-1416 0-0083 -1-771 ~S. 165 Sale 
19-00 05295 -1-657 --28-99 61-37 a3 4 
169-00 0-1591 —5-721 —311-6 ~927-3 Shy: 
R = 100-00 
1-00 32-467 16-233 10-8219 Ss 1161 & dels 
01 32-437 16-173 10-7314 79953 & 3416 
Y- 40 32-166 15-630 9-9191 69160 4 GLGU 
1-00 29-460 10:330 2-7378 0.2337 pitt 
19-00 6:6966 0-0101 5-958 -47-44 “$2.05 


100-00 0-5443 ~—1-814 —283-1 ~612 7 aap 
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TABLE 5 


First five values of 6 for generally restrained cricular shafts for various values of R and T 


(R, = R, = R, T = T, = T,/ 100) 


Mode 
———_———————  vOWm wm roOorr———ra—aXnmnmn 
T 1 2 3 4 5 
R=0-10 
0:01 0-3164 0-0279 —0-028 —0-067 —0-101 
0-10 0:7459 —0-090 —0-412 —0-711 —1:012 
1:00 2:2652 —0:798 —3-401 —6:424 —9:520 
10-00 7-1331 —2°973 —31-70 —62:98 —94°34 
100-00 22:547 —9:563 —314-4 —628-5 —942°6 
R=1-00 
0-01 1-0560 0:3911 0-1470 0-0444 —0:020 
0-10 2:6240 0-3229 —Q-229 —0-597 —0-928 
1-00 8:0772 —0-386 —3-161 ~—6°287 —9-427 
10-00 25-473 —2-134 —31-42 —-62°83 —94:25 
100-00 80°531 —7:063 —314-2 —628-3 —942°5 
R=10-00 
0-01 4-1530 2:7145 1-6185 1-0493 0:7359 
0-10 9-6628 3-1880 1-:2195 0:3900 —0:162 
1-00 30-004 1:4186 —1-220 —4-942 —8-495 
10-00 94-721 —0-601 —28-62 —61-41 —93-30 
100-00 299-48 —2:912 —311-3 —626°9 —941°5 
R= 100-00 
0-01 32-470 16-268 11-118 9-5830 7-7809 
0-10 33:977 29-416 15-402 9:7789 6:8028 
1-00 98-686 29-036 9-9831 2:1373 ~0-725 
10-00 311-58 4:7415 —4-166 —47-18 ~83°77 
100-00 985-10 —0-638 —282-7 —612°6 ~932°0 
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TABLE 6 


First five values of & for generally restrained circular shafts for various values of R and } 
(R= R,=R,/100, T = T, = T,/100) 


Mode 
r 1 2 3 4 
R=0-01 
4-00 0-0115 0:0029 0:0016 0:0010 0 O008 
Ol 0-0079 —0:016 —0:-047 —0-078 ~O- 106 
+410 0-0031 —0°143 —0-431 —Q-723 
00 0-0010 —0-860 -3-426 —6:437 
1-00 0-0003 —3-111 ~31-73 —62-99 
100-00 0-0001 —9:984 —314-5 —628:°5 
R=0:10 
7-00 0-0671 0-0231 0-0138 0-0098 0076 
Ol 0-0548 0-0001 —0-030 -0-067 “a POE 
om 10 0-0132 —0:095 -0-412 -—0-711 ~POh? 
7-00 0-0032 —0-799 —3-401 —6-424 -Q S34 
10-00 0-0010 —2-973 ~31-70 62-98 94 34 
100-00 0:0003 —9:568 —314-4 ~628-$ 942 ¢ 
R=1-00 
00 0:4970 0-2055 0-1266 0-0911 OeUTL: 
01 0-4805 0-1599 0-0524 0-0039 “O24 
+O 0-3459 0-0002 —0-232 —0:897 -O:928 
1-00 0-0148 ~—0:397 —3-16] ~6:287 -G-a0” 
19-00 0-0032 —2-144 —31-42 —62-&3 “Yqe ls 
108-00 0-0010 —7-0893 —314-2 —628-3 -942-5 
R = 10-00 
1-00 3-4963 1-7376 1-1494 0-8553 P6794 
4-01 3-4702 1-6843 1:0677 0-7442 O-S382 
10 3:2385 1-2290 0-3977 0-0060 ~QETG 
1-00 1-4338 0-0002 —1:226 -4-943 ~R- dO 
1i)-00 0-0151 —0-621 ~28-62 —61-4] -93 30 
100-00 0-0033 —2-940 -311-3 —626-9 ~94} o 


parameters R and T, the torsional frequencies of the shaft or piping system can be 
controlled in a practical situation. 
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ABSTRACT 


The post-buckling behaviour of thin-walled beams of open section subjected 
to an axial compressive load and resting on a Winkler-type continuous elastic 
foundation is discussed. We assume the strains to be small and elastic. shear 
deformations and the in-plane cross-sectional deformations to be negligible. 
The post-buckling paths are determined for simply supported and clamped 
beams with constant cross-section. The points of bifurcation in both cases are 
found to be symmetric and stable for various values of warping and founda- 
tion parameters. 


NOTATION 
AL Area of cross-section and length of the beam 
C, Torsion constant 
Cw Warping constant 
E,G Modulus of elasticity and shear modulus 
F Ip- (Ip-/A), cross-sectional property 
1 Polar moment of inertia of beam, also /,, = 1/2/, 


TR Fourth moment of inertia of beam 
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K, Torsional foundation modulus 

K Warping parameter 

P Axial compressive load 

Pars Linear and nonlinear buckling loads 
x(z) Normal function of angle of twist 

z Distance along the length of beam 


Y K,L/4ECy: foundation parameter 

) FIC, 

A’ ol, L?/ECy,; load parameter 

A. &* Linear and nonlinear buckling load parameters 
7) Angle of twist 

oO P/A, axial compressive stress 


INTRODUCTION 


The study of the post-buckling behaviour of thin-walled prismatic beams 
of open section has wide-ranging applications in aircraft structures, 
runways and railroads. In addition, many of the base-frame structures 
of rotating machinery consist of thin-walled beams of open section 
which are either continuously or periodically supported by other 
structural members or concrete foundations. Under some critical 
loading conditions these beams undergo either pure torsional or coupled 
flexural-torsional buckling which poses severe design problems in the 
power industry. 

The problem of linear torsional buckling has been extensively studied 
and the results for many cases are documented in standard books.'-? 
However, the classical linear buckling theories for elastic beams 
necessarily predict buckling at loads that remain constant as the 
buckling amplitudes increase. The nonlinear behaviour of members in 
uniform torsion was first investigated by Young’ who considered circular 
cross-sections. The related problem of torsional stiffness of narrow 
rectangular sections under uniform axial tension, was examined by 
Buckley.4 Weber* investigated the nonlinear behaviour of narrow 
rectangular strips in pure torsion. Cullimore® studied the behaviour of 
thin-walled I and Z sections. A more accurate theory of nonlinear non- 
uniform torsion of thin-walled beams of open section was presented by 
Ghobarah and Tso*’ using the principle of minimum potential energy 
and taking into account large torsional deformations under general 
loading and boundary conditions. 

Bazantand El Nimeiri,’ Epstein and Murray,? Szymzak,'° Roberts and 
Azizian!'' and Wekezer'* ® studied the nonlinear torsional behaviour of 
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thin-walled beams in a greater detail. However, in all these studies the 
effect of continuous elastic foundation was not considered. Kameswara 
Rao et al.'*'5 studied the effect of Winkler-type elastic foundation on the 
linear torsional stability of thin-walled beams of open section, but its 
effect on post-buckling behaviour was not studied. The present paper 
investigates the effect of continuous Winkler-type elastic foundation on 
the torsional post-buckling behaviour of uniform thin-walled I-beams. 


THEORETICAL FORMULATION 


Let us consider a doubly symmetric thin-walled beam of constant cross- 
section of length L undergoing pure torsion and subjected to an axial 
compressive load P. The beam is resting on Winkler-type elastic founda- 
tion. In the present formulation, we neglect the effects of (i) large and 
inelastic strains, (ii) shear deformations and (iii) in-plane cross-sectional 
deformations. The total potential energy V, consisting of the strain 
energy of deformation of the beam, the work done by the external axial 
compressive load and the reaction offered by the continuous elastic 
foundation, is given by!® '4'6 


L 
V = Z [ [ECw(o")? + (GCs — of,)(O'P + EF(9')* + k(@)] dz (1) 


where primes denote differentiation with respect to z. 
The fundamental differential equation resulting from the Euler condi- 
tion of stationary potential energy given by eqn (1) can be written as 


ECwo" — 6 EF($')’" — (GC, — o1,)6"” + ko = 0 (2) 


Two cases of simply supported and clamped end conditions are con- 
sidered here. The boundary conditions associated with these cases are 


(a) simply supported end ¢@=0; 9" =0 (3) 
(b) clamped end ¢=0;¢9' =0 (4) 


The general solution of eqn (2) with the associated boundary condi- 
tions can be obtained by numerical methods using computer techniques. 
However, in this study approximate solutions are obtained by using 
Galerkin’s technique. 


Simply supported beam 
For a simply supported beam, the boundary conditions are 
¢@=0 and ¢”=0 at Z=0 (5) 
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@=0 and @”’=0 at Z=1 (6) 


where primes denote differentiation with respect to the dimensionless 
length Z = z/L. 
Equation (2) can be written in non-dimensional form as 


9” — 68(¢')'@” ~ (K? — A2)9" + 47°76 = 0 (7) 
In the above equation the parameter 6 = F/C,,. In order to solve eqn (7) 
by Galerkin’s method. the angle of twist (Z) is assumed to be of the form 

$(Z) = Bx(Z) (8) 


where f is the torsional amplitude. The approximate function x(Z) is 
assumed to satisfy the boundary conditions. On substituting eqn (8) in 
(7), we can estimate the error é€ as 


é = B[x’ — 6B75(x')x" — (K? — A?)x” + 4y°x] (9) 
In order to minimize the error ¢, the Galerkin’s integral is given by the 
following equation: 


1 
[ex dZ = 0 (10) 
0 


Keeping in view the boundary conditions for this case, which are given 
by eqns (5) and (6), we assume 


x(Z) = sin7Z (11) 


Substituting eqns (9) and (11) into eqn (10), the expression for the 
torsional post-buckling load for a simply supported beam can be 
established: 


AX = K? +9 + 4y?/r + (3/2)r 6p" (12) 
The corresponding linear torsional buckling load is given by 

A?) = K? 4+ 92 4+ 4y?2/r? (13) 

Hence, the ratio of the nonlinear buckling load to linear buckling load 
is given by 

P*/P., = AX?/Az, = 1+ (3/2)7*5B?/[1?(K? + n°) + 47°] (14) 

In the absence of an elastic foundation, i.e. y = 0, eqn (14) reduces to 

P*/P., = AX?/A2, = 1 + 37°SB?/[2(K? + 7°)] (15) 
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Clamped beam 


The boundary conditions for a beam clamped at both ends are given as 


¢=0 and ¢'=0 at Z=0 (16) 
@=0 and ¢»'=0 at Z=1 (17) 
For this case, the function x(Z) is assumed to be of the form 

x(Z) = B(1 — cos 272) (18) 


The expression for the torsional post-buckling load for a clamped beam 
is obtained by inserting eqns (9) and (18) in eqn (10). This yields 


AX = K? + 4n? + 3y?/n? + 6n°5B? (19) 
The corresponding linear torsional buckling load for a clamped beam is 
A2. = K? + 47? + 3y2/r? (20) 


Hence, the ratio of the nonlinear buckling load to linear buckling load is 
given by 


P*/P., = AX?/Az, = 1 + 6n45B?/[7?(K? + 47°) + 3y?] (21) 
In the absence of an elastic foundation, i.e. y = 0, eqn (21) reduces to 
P*/P., = A%?/A2, = 1 + 67°5B?/[(K? + 47°)] (22) 


RESULTS AND CONCLUSIONS 


In order to demonstrate the torsional post-buckling behaviour of doubly 
symmetric thin-walled beams, an American steel I-beam of 760 mm 
length with the following cross-sectional dimensions is chosen: 


Flange width = 31-55 mm, 

Distance between centre lines of flanges = 69-65 mm, 
Flange thickness = 3-11 mm 

Web thickness = 2:13 mm. 


Using the beam properties selected above, we obtain the values of the 
non-dimensional parameters K and 6 as K = 3-106 and 6 = 1-1095S. 
Numerical values of P*/P., against values of torsional amplitude B for 
four typical values of foundation parameter y(0, 4, 8, 12) are generated 
for simply supported and clamped beams using eqns (14) and (21) and 
the resulting plots are shown in Figs 1 and 2 respectively. The selected y 
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Fig. 1. Effect of elastic foundation on the torsional post-buckling behaviour of simply 
supported thin-walled beams of open section. 


values, provide a wide range of foundation characteristics varying from 
no torsional stiffness to high torsional stiffness values. In both cases, we 
observe that the ratio of the nonlinear buckling load to linear torsional 
buckling load P*/P., increases with increasing values of the torsional 
amplitude § for a given value of y. The nonlinearity is of the hardening 
type as in the case of columns and plates and further, the equilibrium 
configurations in the torsional post-buckling region exist only for axial 
compressive loads in excess of the critical load of small deflection theory. 

It is observed that for lower values of y the nonlinear buckling load 
increases rapidly as B increases. As y increases, the P*-8 curves become 
flatter indicating that the influence of B on P* becomes gradually less 
significant. Equations (14) and (21) indicate that as 6 increases the 
nonlinear buckling load P* increases for constant values of K,y and B. 
Also, the effect of increase in the values of warping parameter K and (or) 
foundation parameter y is to decrease the nonlinear buckling load P* 
considerably. 

Comparing Figs 1 and 2 and also eqns (14) and (21), we notice that the 
rate of change in the nonlinear torsional buckling load P* due to an 
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K = 3.1060 
$= 1.1068 
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Fig. 2. Effect of elastic foundation on the torsional post-buckling behaviour of clamped 
thin-walled beams of open section. 


increase in f, for any constant values of K and 6, is more significant in 
clamped beams than in simply supported beams. Hence. simply 
supported beams lose stability earlier than clamped beams. 
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ABSTRACT 


The post-buckling behaviour of thin-walled beams of open section subjected 
to an axial compressive load and resting on a Winkler-type continuous elastic 
foundation is discussed. We assume the strains to be small and elastic. shear 
deformations and the in-plane cross-sectional deformations to be negligible. 
The post-buckling paths are determined for simply supported and clamped 
beams with constant cross-section. The points of bifurcation in both cases are 
found to be symmetric and stable for various values of warping and founda- 
tion parameters. 


NOTATION 
AL Area of cross-section and length of the beam 
C, Torsion constant 
Cw Warping constant 
E,G Modulus of elasticity and shear modulus 
F Ip- (Ip-/A), cross-sectional property 
1 Polar moment of inertia of beam, also /,, = 1/2/, 


TR Fourth moment of inertia of beam 
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Hyderabad 500593, India. 
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K, Torsional foundation modulus 

K Warping parameter 

P Axial compressive load 

Pars Linear and nonlinear buckling loads 
x(z) Normal function of angle of twist 

z Distance along the length of beam 


Y K,L/4ECy: foundation parameter 

) FIC, 

A’ ol, L?/ECy,; load parameter 

A. &* Linear and nonlinear buckling load parameters 
7) Angle of twist 

oO P/A, axial compressive stress 


INTRODUCTION 


The study of the post-buckling behaviour of thin-walled prismatic beams 
of open section has wide-ranging applications in aircraft structures, 
runways and railroads. In addition, many of the base-frame structures 
of rotating machinery consist of thin-walled beams of open section 
which are either continuously or periodically supported by other 
structural members or concrete foundations. Under some critical 
loading conditions these beams undergo either pure torsional or coupled 
flexural-torsional buckling which poses severe design problems in the 
power industry. 

The problem of linear torsional buckling has been extensively studied 
and the results for many cases are documented in standard books.'-? 
However, the classical linear buckling theories for elastic beams 
necessarily predict buckling at loads that remain constant as the 
buckling amplitudes increase. The nonlinear behaviour of members in 
uniform torsion was first investigated by Young’ who considered circular 
cross-sections. The related problem of torsional stiffness of narrow 
rectangular sections under uniform axial tension, was examined by 
Buckley.4 Weber* investigated the nonlinear behaviour of narrow 
rectangular strips in pure torsion. Cullimore® studied the behaviour of 
thin-walled I and Z sections. A more accurate theory of nonlinear non- 
uniform torsion of thin-walled beams of open section was presented by 
Ghobarah and Tso*’ using the principle of minimum potential energy 
and taking into account large torsional deformations under general 
loading and boundary conditions. 

Bazantand El Nimeiri,’ Epstein and Murray,? Szymzak,'° Roberts and 
Azizian!'' and Wekezer'* ® studied the nonlinear torsional behaviour of 
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thin-walled beams in a greater detail. However, in all these studies the 
effect of continuous elastic foundation was not considered. Kameswara 
Rao et al.'*'5 studied the effect of Winkler-type elastic foundation on the 
linear torsional stability of thin-walled beams of open section, but its 
effect on post-buckling behaviour was not studied. The present paper 
investigates the effect of continuous Winkler-type elastic foundation on 
the torsional post-buckling behaviour of uniform thin-walled I-beams. 


THEORETICAL FORMULATION 


Let us consider a doubly symmetric thin-walled beam of constant cross- 
section of length L undergoing pure torsion and subjected to an axial 
compressive load P. The beam is resting on Winkler-type elastic founda- 
tion. In the present formulation, we neglect the effects of (i) large and 
inelastic strains, (ii) shear deformations and (iii) in-plane cross-sectional 
deformations. The total potential energy V, consisting of the strain 
energy of deformation of the beam, the work done by the external axial 
compressive load and the reaction offered by the continuous elastic 
foundation, is given by!® '4'6 


L 
V = Z [ [ECw(o")? + (GCs — of,)(O'P + EF(9')* + k(@)] dz (1) 


where primes denote differentiation with respect to z. 
The fundamental differential equation resulting from the Euler condi- 
tion of stationary potential energy given by eqn (1) can be written as 


ECwo" — 6 EF($')’" — (GC, — o1,)6"” + ko = 0 (2) 


Two cases of simply supported and clamped end conditions are con- 
sidered here. The boundary conditions associated with these cases are 


(a) simply supported end ¢@=0; 9" =0 (3) 
(b) clamped end ¢=0;¢9' =0 (4) 


The general solution of eqn (2) with the associated boundary condi- 
tions can be obtained by numerical methods using computer techniques. 
However, in this study approximate solutions are obtained by using 
Galerkin’s technique. 


Simply supported beam 
For a simply supported beam, the boundary conditions are 
¢@=0 and ¢”=0 at Z=0 (5) 
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@=0 and @”’=0 at Z=1 (6) 


where primes denote differentiation with respect to the dimensionless 
length Z = z/L. 
Equation (2) can be written in non-dimensional form as 


9” — 68(¢')'@” ~ (K? — A2)9" + 47°76 = 0 (7) 
In the above equation the parameter 6 = F/C,,. In order to solve eqn (7) 
by Galerkin’s method. the angle of twist (Z) is assumed to be of the form 

$(Z) = Bx(Z) (8) 


where f is the torsional amplitude. The approximate function x(Z) is 
assumed to satisfy the boundary conditions. On substituting eqn (8) in 
(7), we can estimate the error é€ as 


é = B[x’ — 6B75(x')x" — (K? — A?)x” + 4y°x] (9) 
In order to minimize the error ¢, the Galerkin’s integral is given by the 
following equation: 


1 
[ex dZ = 0 (10) 
0 


Keeping in view the boundary conditions for this case, which are given 
by eqns (5) and (6), we assume 


x(Z) = sin7Z (11) 


Substituting eqns (9) and (11) into eqn (10), the expression for the 
torsional post-buckling load for a simply supported beam can be 
established: 


AX = K? +9 + 4y?/r + (3/2)r 6p" (12) 
The corresponding linear torsional buckling load is given by 

A?) = K? 4+ 92 4+ 4y?2/r? (13) 

Hence, the ratio of the nonlinear buckling load to linear buckling load 
is given by 

P*/P., = AX?/Az, = 1+ (3/2)7*5B?/[1?(K? + n°) + 47°] (14) 

In the absence of an elastic foundation, i.e. y = 0, eqn (14) reduces to 

P*/P., = AX?/A2, = 1 + 37°SB?/[2(K? + 7°)] (15) 
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Clamped beam 


The boundary conditions for a beam clamped at both ends are given as 


¢=0 and ¢'=0 at Z=0 (16) 
@=0 and ¢»'=0 at Z=1 (17) 
For this case, the function x(Z) is assumed to be of the form 

x(Z) = B(1 — cos 272) (18) 


The expression for the torsional post-buckling load for a clamped beam 
is obtained by inserting eqns (9) and (18) in eqn (10). This yields 


AX = K? + 4n? + 3y?/n? + 6n°5B? (19) 
The corresponding linear torsional buckling load for a clamped beam is 
A2. = K? + 47? + 3y2/r? (20) 


Hence, the ratio of the nonlinear buckling load to linear buckling load is 
given by 


P*/P., = AX?/Az, = 1 + 6n45B?/[7?(K? + 47°) + 3y?] (21) 
In the absence of an elastic foundation, i.e. y = 0, eqn (21) reduces to 
P*/P., = A%?/A2, = 1 + 67°5B?/[(K? + 47°)] (22) 


RESULTS AND CONCLUSIONS 


In order to demonstrate the torsional post-buckling behaviour of doubly 
symmetric thin-walled beams, an American steel I-beam of 760 mm 
length with the following cross-sectional dimensions is chosen: 


Flange width = 31-55 mm, 

Distance between centre lines of flanges = 69-65 mm, 
Flange thickness = 3-11 mm 

Web thickness = 2:13 mm. 


Using the beam properties selected above, we obtain the values of the 
non-dimensional parameters K and 6 as K = 3-106 and 6 = 1-1095S. 
Numerical values of P*/P., against values of torsional amplitude B for 
four typical values of foundation parameter y(0, 4, 8, 12) are generated 
for simply supported and clamped beams using eqns (14) and (21) and 
the resulting plots are shown in Figs 1 and 2 respectively. The selected y 
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Fig. 1. Effect of elastic foundation on the torsional post-buckling behaviour of simply 
supported thin-walled beams of open section. 


values, provide a wide range of foundation characteristics varying from 
no torsional stiffness to high torsional stiffness values. In both cases, we 
observe that the ratio of the nonlinear buckling load to linear torsional 
buckling load P*/P., increases with increasing values of the torsional 
amplitude § for a given value of y. The nonlinearity is of the hardening 
type as in the case of columns and plates and further, the equilibrium 
configurations in the torsional post-buckling region exist only for axial 
compressive loads in excess of the critical load of small deflection theory. 

It is observed that for lower values of y the nonlinear buckling load 
increases rapidly as B increases. As y increases, the P*-8 curves become 
flatter indicating that the influence of B on P* becomes gradually less 
significant. Equations (14) and (21) indicate that as 6 increases the 
nonlinear buckling load P* increases for constant values of K,y and B. 
Also, the effect of increase in the values of warping parameter K and (or) 
foundation parameter y is to decrease the nonlinear buckling load P* 
considerably. 

Comparing Figs 1 and 2 and also eqns (14) and (21), we notice that the 
rate of change in the nonlinear torsional buckling load P* due to an 
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K = 3.1060 
$= 1.1068 


CLAMPED BEAMS 
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Fig. 2. Effect of elastic foundation on the torsional post-buckling behaviour of clamped 
thin-walled beams of open section. 


increase in f, for any constant values of K and 6, is more significant in 
clamped beams than in simply supported beams. Hence. simply 
supported beams lose stability earlier than clamped beams. 
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ABSTRACT 


The problem of free torsional vibration and buckling of doubly symmetric 
thin-walled beams of open section, subjected to an axial compressive static 
load and resting on continuous elastic foundation, is discussed in this paper. 
An analytical method based on the dynamic stiffness matrix approach is 
developed, including the effects of warping. The resulting transcendental 
equation is solved for thin-walled beams clamped at one end and simply 
supported at the other. A computer program is developed, based on the 
dynamic stiffness matrix approach. The software consists of a master 
program to set up the dynamics stiffness matrix and to call specific sub- 
routines to perform various system calculations. Numerical results for 
natural frequencies and buckling load for various values of warping and 
elastic foundation parameter are obtained and presented. 


1 INTRODUCTION 


The vibrations and buckling of continuously-supported finite and infinite 
beams on elastic foundation have applications in the design of aircraft 
structures, base frames for rotating machinery, railroad tracks, etc. Several 
studies have been conducted on this topic, and valuable practical methods 
for the analysis of beams on elastic foundation have been suggested.'* A 
discussion of various foundation models was presented by Kerr.* 

While there are a number of publications on flexural vibrations of 
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rectangular beams and plates on elastic foundation, the literature on 
torsional vibrations and buckling of beams on elastic foundation is rather 
limited. Free torsional vibrations and stability of doubly-symmetric long 
thin-walled beams of open section were investigated by Gere.* Krishna 
Murthy and Joga Rao’ and Christiano and Salmela.’ Kameswara Rao et al.* 
used a finite element method to study the problem of torsional vibration of 
long, thin-walled beams of open sections resting on elastic foundations. In 
another publication? Kameswara Rao and Appala Satyam developed 
approximate expressions for torsional frequency and buckling loads for 
thin-walled beams resting on Winkler-type elastic foundation and subjected 
to a time-invariant axial compressive force. 

It is known that higher mode frequencies predicted by approximate 
methods are generally in considerable error. In order to improve this 
situation, a large number of elements or terms in the series have to be 
included in the computations to get values with acceptable accuracy. In view 
of the same, more and more effort is being put into developing frequency 
dependent ‘exact’ finite elements or dynamic stiffness and mass matrices. In 
the present paper, an improved analytical method based on the dynamic 
stiffness matrix approach is developed including the effects of Winkler-tvpe 
elastic foundation and warping torsion. The resulting transcendental 
frequency equation is solved for a beam clamped at one end and simply 
supported at the other. Numerical results for torsional natural frequencies 
and buckling loads for some typical values of warping and foundation 
parameters are presented. The approach presented in this paper is quite 
general and can be utilized in analyzing continuous thin-walled beams also. 


2 FORMULATION AND ANALYSIS 


Consider a long doubly-symmetric thin-walled beam of open section of 
length LZ and resting on a Winkler-type elastic foundation of torsional 
stiffness K,. The beam is subjected to a constant static axial compressive 
force P and is undergoing free torsional vibrations. The corresponding 
differential equation of motion can be written as:° 


EC,, 8° o/az4 — (GC, — PI,/A)® $/a2 + K,¢+ pl,a d/ar = 0 (1) 


in which E is the modulus of elasticity; C,, the warping constant; G, the 
shear modulus; C,, the torsion constant; /,, the polar moment of inertia; A. 
the area of cross-section; p, the mass density of the material of the beam; ¢. 
the angle of twist; z, the distance along the length of the beam and rf, the 
time. 
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For free torsional vibrations, the angle of twist @(z, f) can be expressed in 
the form. 

o(z.t) = x(z)e" (2) 


in which x(z) is the modal shape function corresponding to each beam 
torsional natural frequency p. 
The expression for x(z) which satisfies eqn (1) can be written as: 


x(z) = Acosaz + Bsinaz + Ccosh8z + Dsinh Bz (3) 
in which, 
aL, BL = (1/V2){¥(K° — A?) + [((K?- AY + 408 — 4y*)]!7} (4) 
K° = VP GCJEC,, & = PI,L?/AEC, (5) 
and 
= pl, L* pr/EC..y = K,L*/4EC, (6) 


From eqn (4), we have the following relation between aL and BL: 
(BL) = (aL +K?-& (7) 


Knowing a and £, the frequency parameter A can be evaluated using the 
following equation: 


N= (aL)(BL) + 47° (3) 


The four arbitrary constants A, B, C and D in eqn (3) can be determined 
from the boundary conditions of the beam. For any single-span beam, there 
will be two boundary conditions at each end and these four conditions then 
determine the corresponding frequency and mode shape expressions. 


3 DYNAMIC STIFFNESS MATRIX 


In order to proceed further, we must first introduce the following nomen- 
clature: the variation of angle of twist ¢ with respect to z is denoted by 6(z); 
the flange bending moment and the total twisting moment are given by M(z) 
and 7(z). Considering clockwise rotations and moments to be positive, we 
have, 


0(z) = dd/dz, hM(z) = —EC,(d’ ¢/dz*) (9) 
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and 
T(z) = —EC,(a d/dz’) + (GC, — PI,/A)dd/dz (10) 


where EC, = [,h’/2. I, being the flange moment of inertia and A the distance 
between the center lines of the flanges of a thin-walled I-beam. 

Consider a uniform thin-walled I-beam element of length / as shown in 
Fig. 1. By combining eqns (3) and (9), the end displacements, #(0) and @(0) 
and end forces, hM(0) and 7(0), of the beam at z = 0, can be expressed as: 


¢(0) 1 0 1 0 A 

A(0) | _ 0 a 0 B B (11a) 
hM(0) EC, 0 ~EC, 8 0 C 

T(0) 0 EC, a8" 0 -EC,ae BJ \D 


Equation (11a) can be written in an abbreviated form as follows: 
6(0) = V(O)U (11b) 


In a similar manner, the end displacements, @(L) and 6(L) and end forces 
hM(L) and T(L), of the beam where z = / can be expressed as follows: 


8(L) = V(L)U (12a) 
where 
{6(L)}" = {(L),O(L).AM(L). T(L)} (12b) 
{U}" = {A,B,C,D} (12c) 
and 
c s C S 
[V(D] = ae ry ee (12d) 


EC, oc EC,0s —-EC,8C —-EC,B’S 
-EC, aB's EC, afc -EC,a@ BS —EC,a’ BC 


in whichc = cosaL;s = sinaL;C = coshBL;S = sinh BL. 

By eliminating the integration constant vector U from eqns (11) and (12), 
and designating the left end of element as i and the right end as /, the 
equation relating the end forces and displacements can be written as: 
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T Ji Jip Ji3 Jis oj 

hM, Jn Jn Jus 6 
= (13a) 

T; Js3, S34 $j 

hM; Sym Ju, 6; 


Symbolically it is written 


{F} = [J]{U} (13b) 
where 

{F}" = {T,,hM,,T,,M;} (13c) 

{U}" = (6;.6;,6;,6)} (13d) 


In eqns (13a) and (13b) the matrix [J] is the ‘exact’ element dynamic 
stiffness matrix, which is also a square symmetric matrix. The elements of [J] 
are given: 


Ji, = H(o? + B’)(aCs + BSc) 


Ji, = —H[(a’ — B’)(1 — Cc) + 2aBSs] 
Ji3 = —H(c? + B’)(as + BS) 
Ji = —H(e? + B)(C-c) 
Jn, = —(H/aB)(a? + B?)(aSc — BCs) 
Jug = (H/aB)(a? + B’)(aS — Bs) a 
ts = Iu 
Ig 2 Ji 
Iu = Sy 
da = Je 
and 


H = EC, aB/[2aB(1 — Cc) + (8? — a”) Ss] 
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Fig. 1. Differential element of thin-walled I-beam. 


Using the element dynamic stiffness matrix defined by eqns (13) and (14). 
one can easily set up the general equilibrium equations for multi-span 
thin-walled beams, adopting the usual finite element assembly methods. 
Introducing the boundary conditions, the final set of equations can be solved 
for eigenvalues by setting up the determinant of their matrix to zero. For 
convenience in programming, the signs of end forces and end displacements 
used in eqns (13) and (14) are all positive and are defined as shown in Fig. 1. 


4 METHOD OF SOLUTION 


Denoting the assembled and modified dynamic stiffness matrix as [DS], we 
state that 


det| DS| = 0 (15) 


Equation (15) yields the frequency equation of continuous thin-walled 
beams in torsion resting on continuous elastic foundation and subjected toa 
constant axial compressive force. It can be noted that eqn (15) is highly 
transcendental in terms of the eigenvalues A. The roots of eqn (15) can, 
therefore, be obtained by applying the Regula—Falsi method” and the 
Wittrick-Williams algorithm" on a high-speed digital computer. Exact 
values of the frequency parameter A for simply supported and built-in 
thin-walled beams are obtained in this paper using an error factor e = 10°°. 

A computer program was developed based on the above-discussed 
approach. The software includes a master program to evaluate and assemble 
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the various element stiffness matrices and to finally solve the frequency 
equations. Various checks are incorporated in order to identify and 
eliminate any false frequencies. Care is also taken to suitably adjust the 
required number of iterations to avoid missing any frequency in the specified 
range. 


5 RESULTS AND DISCUSSION 


The approach developed in this paper can be applied to the calculation of 
natural torsional frequencies and mode shapes of multi-span doubly 
symmetric thin-walled beams of open section such as beams of I-section. 
Beams with non-uniform cross-sections also can be handled very easily as 
the present approach is almost similar to the finite element method of 
analysis but with exact displacement shape functions. All classical and 
non-classical (elastic restraints) boundary conditions can be incorporated in 
the present model without any difficulty. 

To demonstrate the effectiveness of the present approach, a single-span, 
thin-walled I-beam, clamped at one end (z = 0) and simply supported at the 
other end (z = /), is chosen. The boundary conditions for this problem can 
be written as: 


(0) = 0; (0) = 0 (16) 
$(!) = Oand M() = 0 (17) 


Considering a one element solution and applying the boundary conditions 
defined by eqns (16) and (17) gives, 


Jn = 0 (18a) 
This gives, 
(H/aB)(a" + B°)(aSc — BCs) = 0 (18b) 


As Hand (a? + 8’) are, in general, non-zero. the frequency equation for the 
clamped, simply supported beam can, therefore, be written as, 


atanhBL = BtanaL (18c) 


Equation (18c) is solved for values of warping parameter K = 1 and 
K = 10 and for various values of foundation parameter y in the range 0-12. 
Figures 2 and 3 show the variation of fundamental frequency and buckling 
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Fig. 2. Effect of elastic foundation on torsional frequencies and buckling loads of I-beams 
(N = 1.K = 1). 
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Fig. 3. Effect of elastic foundation on torsional frequencies and buckling loads of I-beams 
(N = 1, K = 10). 
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TABLE 1 
Comparison between Exact and Approximate Values of A? for the First Mode of Vibration of 
a Fixed, Simply Supported Beam Resting on Elastic Foundation 


Values of d? from exact and approximate analyses“ 
y= 40 y¥ = 80 y = 12-0 
K A Exact Approx. Exact Approx. Exact Approx. 


1-0 0-0 314-265 325-950 506-302 517-894 826-253 837-892 
2-0 268-632 276-602 460-548 468-596 780-735, 788-735 

4-0 132-226 128-557 324-676 320-624 644-378 640-655 

10-0 0:0 = 1 439-762, -1 547-3191 631-7531: 739-526 = 1 951-865 2 059-296 
4:0 1257-879 1349-926 1449-536 1541-898 1769-758 1 861-886 

8-0 712-010 757-747 904-893 949-692 1 224-926 1 269-686 


“Results from Galerkin’s technique.? 


load parameters with foundation parameter for values of K equal to 1 and 10 
respectively. To give an idea about the accuracy of the results obtained, 
comparison is made with results obtained using approximate methods such 
as Galerkin’s technique.’ Table 1 shows the comparison between the 
approximate values’ and those from the present analysis. It can be stated 
that even for beams with non-uniform sections, multiple spans and compli- 
cated boundary conditions, accurate estimates of natural frequencies can be 
obtained using the approach presented in this paper. 

A close look at the results presented in Figs 2 and 3 clearly reveals that the 
effect of an increase in axial compressive load parameter A is to drastically 
decrease the fundamental frequency A(N = 1). Furthermore, the limiting 
load where \ becomes zero is the buckling load of the beam for a specified 
value of warping parameter K and foundation parameter y. One can easily 
read the values of buckling load parameter A, from these figures for A = 0. 
As can be expected, the effect of elastic foundation is found to increase the 
frequency of vibration especially for the first few modes. However, this 
influence is seen to be quite negligible on the modes higher than the third. 


6 CONCLUDING REMARKS 


A dynamic stiffness matrix approach has been developed for computing the 
natural torsion frequencies and buckling loads of long, thin-walled beams of 
open section resting on continuous Winkler-type elastic foundation and 
subjected to an axial time-invariant compressive load. The approach 
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presented in this paper is quite general and can be applied for treating beams 
with non-uniform cross-sections and also non-classical boundary 
conditions. Using Wittrick and Williams’ algorithm'', a computer program 
has been developed to accurately determine the torsional buckling loads, 
frequencies and corresponding modal shapes. Results for a beam clamped at 
one end and simply supported at the other have been presented, showing the 
influence of elastic foundation, axial compressive load and warping. While 
an increase in the values of elastic foundation parameter resulted in an 
increase in frequency, the effect of an increase in axial load parameter is 
found to be to drastically decrease the frequency to zero at the limit when 
the load equals the buckling load for the beam. 
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FREQUENCY ANALYSIS OF TWO-SPAN UNIFORM BERNOULLI-EULER BEAMS 


1. INTRODUCTION 


Free lateral vibration analysis of single-span uniform Bernoulli-Euler beams with various 
classical and non-classical boundary conditions has been studied extensively by various 
researchers [1, 2]. Over the years, several handbooks have appeared in the literature [3-5] 
giving exact frequency and mode-shape expressions and providing detailed frequency 
tables. However, a thorough literature search carried out by the author revealed that the 
problem of multi-span beams with unequal spans is still not fully investigated. 

Harris and Crede [6], Wang [7], Gorman [4, 8], Laura et al. [9], and Pierre [10] studied 
various cases of multi-span beam problems and presented useful results. In all these 
studies, no attempt has been made to derive explicit and exact frequency expressions 
even for some simple cases. Furthermore, the problem of vibrations of two-span beams 
with guided end conditions has not been treated earlier. The present letter attempts to 
correct this situation, by providing explicit expressions for frequencies and mode shapes 
of two-span beams resting on a pinned intermediate support and with possible combina- 
tions of classical boundary conditions, including the guided ones. Frequency charts and 
tables are provided for some specific cases which permit immediate use in design. 


2. ANALYSIS 


A two-span uniform Bernoulli-Euler beam with an intermediate pinned support is 
considered here. With the beam undergoing harmonic free oscillations, the governing 
differential equation can be written as 


y"(é)— B*Y(€) =0, (1) 


where B*= pAw’L‘*/(EI), p is the mass density of the beam material, A is the area of 
cross-section, E is the Young’s modulus, I is the area moment of inertia, w is the circular 
frequency, L is the overall length of the beam, and é=x/I is the non-dimensional beam 
length. 

The spatial co-ordinates measured along the spans as well as the transverse displace- 
ments are normalized with respect to the overall beam length L. The first span length is 
designated as y with limits 0< <1. The second span length then becomes v=1- yp. 

The governing differential equation (1) is satisfied by expressing the first and second 
span deflections, respectively, as 


Y,(é,) = A, cosh BE, + B, sinh BE, + C, cos Bé, + D, sin Bé,, (2) 
Y2(&) = A, cosh Bé,+ B, sinh Bé,+ C, cos Bé,+ D, sin Bé,. (3) 


where subscripts 1 and 2 refer to the left-hand and right-hand spans respectively. 

The problem of enforcing the boundary conditions is simplified by measuring the és 
in each span from the beam outer end (see inset of Figure 1). Evidently a total of eight 
boundary conditions are required in order to determine the arbitrary constants 
A,, Bi, C,, D, and A,, B,, C,, D, of equations (2) and (3). Four of these equations can 
be written based on the boundary conditions existing at the beam outer ends. Two more 
equations can be obtained by requiring zero displacement at the intermediate pinned 

144 
0022-460X/90/040144+07 $03.00/0 © 1990 Academic Press Limited 


LETTERS TO THE EDITOR 145 


support. Finally, the last two equations can be written by enforcing the conditions of 
continuity of beam slope and bending moment across the intermediate support. 

The necessary and sufficient boundary conditions for any prescribed outer end of the 
beam can be written as follows: 


(a) free end, Y”=0, Y” =0; (4) 
(b) guided end, Y’=0, Y” =0; (5) 
(c) pinned end, Y =0, Y”=0; (6) 
(d) clamped end, Y =0, Y’=0. (7) 


The four boundary conditions at the intermediate pinned support at €, = and €, = v 
are 


Yi(u)=0, Y¥2(v)=0, Yilw)t+ ¥2(v)=0, Yi(u)— Yi(v)=0. (8,9) 


3. FREQUENCY EQUATIONS 


For each two-span beam, therefore, one obtains a set of eight homogeneous linear 
algebraic equations in eight constants A,, A, etc. In order that the solutions other than 
zero may exist, the determinant of the coefficients of these arbitrary constants must be 
equal to zero. This leads to the frequency equation in each case from which the natural 
frequencies can be determined by utilizing numerical methods in conjunction with efficient 
algorithms [11]. In the following, a total of ten common types of two-span beams are 
identified by a compound adjective which describes the end conditions at ¢;=0 and 
&,= 0: (a) pinned-pinned-pinned; (b) pinned-pinned-free; (c) clamped-pinned-pinned; 
(d) clamped-pinned-clamped; (e) clamped-pinned-free; (f) free-pinned-free; (g) 
guided-pinned-free; (h) guided-pinned-guided; (i) guided-pinned-pinned; (j) guided- 
pinned-clamped. 

The frequency equations thus obtained are as follows: 


(a), sin Bv sinh Bv (cos Bu sinh Bu —sin Bu cosh Bu) 

+sin Bu sinh By (cos By sinh Bv —sin Bv cosh Bv) =0; (10) 
(b), 2sin Bu sinh Bu(1+cos By cosh Br) 

—(cos By sinh Bu —sin Bu cosh By)(cos By sinh By —sin Bv cosh Br) = 0; 


(11) 
(c), 2 sin Bv sinh By(1—cos Bu cosh Bu) 
+(cos By sinh Bv —sin By cosh Bv)(cos By sinh Bu —sin Bu cosh Bu) = 0; 
(12) 
(d), (1-—cos By cosh By) (cos Bv sinh By —sin Bv cosh Bv) 
+(1-—cos Bv cosh Bv)(cos Bu sinh Bu —sin Bu cosh Bu) =0; (13) 
(e), (1—cos Bu cosh Bu)(cos Bv sinh By —sin Bv cosh By) 
—(1+cos By cosh Brv)(cos Bu sinh Bu —sin Bu cosh Bu) = 0; (14) 
(f), (1+cos Bu cosh Bx)(cos Bv sinh By — sin By cosh Br) 


+(1+cos By cosh Bv)(cos Bu sinh Bu —sin Bu cosh Bu) =0; (15) 
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(g), 2.cos Bu cosh Bu(1+cos By cosh Br) 
+(cos Bu sinh Bu +sin Bu cosh Bu)(cos Bv sinh By — sin By cosh Bv)=0; 


(16) 
(h), cos Bu cosh Bu (cos By sinh By +sin By cosh Bv) 
+cos Bv cosh Br(cos By sinh Bu +sin Bu cosh Bu) = 0; (17) 
(i), cos Bu cosh Bu(cos By sinh By —sin Bv cosh Bv) 
~sin By sinh Bv(cos By sinh Bu +sin Bu cosh By) = 0; (18) 
(j), 2cos Bu cosh Bu(1—cos By cosh Br) 
—(cos By sinh Bu +sin By cosh Bu )(cos By sinh By —sin By cosh Br) = 0. 
(19) 


5. MODE-SHAPE EXPRESSIONS 


For each type of beam, for various values of 4 and v = 1— p, the roots of the frequency 
equations, 8,,n=1,2,3,..., give the eigenvalues of the problem. The corresponding 
eigenfunctions, normal modes Y, and Y,, can be obtained accordingly. The mode-shape 
expressions obtained for cases (a)-(f) are the same as those presented by Gorman [4, 8] 
and hence will not be listed here. The mode-shape expressions for the rest of the cases 
(g)-(j) are as follows: 


(g), Yi(&) =cos B&,+ a, cosh Bé,, (20) 
Y,(€) = a,[sin Bé.+ sinh BE, + a3(cos Bé,+ cosh BE,)], (21) 

where 
a,=—cos Bu/cosh Bu. (22) 
a= —cos Bu(cos By+cosh Bv)/(cos By sinh By —sin By cosh Br), (23) 
a,=—(sin By +sinh Bv)/(cos By +cosh Bv); (24) 


(h), Yi(é,) =cos BE, + a, cosh BE, Y2(€2) = a2(cos BE, + a, cosh BE), (25, 26) 
where 


a,=—cos Bu/cosh By, a.=cos Bu/cos Br, a,=—cos Bv/cosh By; (27-29) 


(i), Y.(&) =cos Bé,+ a, cosh Bé,, Y2(&) = a,(sin Bé,+ a; sinh Bé,). (30, 31) 
where 
a, =—cos Bu /cosh By, a,=cos Bu/sin Br, a,=-—sin Bv/sinh Bv; (32-34) 
(j), Yi€:) =cos Bg, + a, cosh Bé,, (35) 
Y,(é) = a[sin Bé,—sinh Bé,+ a3(cos Bg, — cosh Bé,)], (36) 
where 
a,=—cos Bu /cosh Bp, (37) 
a,=cos Bu(cos By —cosh Bv)/(cos By sinh By —sin By cosh Bv), (38) 


a, =—(sin By —sinh Bv)/(cos By —cosh Br). (39) 
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6. RESULTS AND DISCUSSION 


For a given two-span beam with uw and v = 1— » known, the values of 8, (nm =1, 2,3,...) 
can be found by solving numerically the appropriate frequency equation, and the corre- 
sponding w, are then calculated by using the relation 


w? = EIp*/(pAL*). (40) 


An efficient algorithm proposed by Wittrick and Williams [11] has been utilized in 
extracting the eigenvalues. In order that the designer can immediately use these results, 
frequency charts are drawn for beams with arbitrary values of intermediate support 
position parameter yx. Frequency charts obtained for cases (a)-(f) are exactly the same 
as those presented by Gorman [4, 8] and are therefore not included here. The frequency 
charts for the rest of the cases (g)-(j) are given in Figures 1-4 respectively. Frequency 
values for the first five modes of vibration for arbitrary values of « can be easily read 
from these figures. 

As small an interval as 0-01 in y% has been found necessary in generating reliable 
frequency data plottéd in Figures 1-4. From these figures it can be clearly seen that the 
frequencies are sensitive to the changes in the position of the intermediate pinned support. 
With advantage taken of symmetry, results for case (h) are plotted in Figure 2 for values 
of yw in the range 0-0-0-5 only. The corresponding values for 4 >0-5 can be read from 
this figure by suitably choosing the axis such that w =0-5. Exact values of the frequency 
parameter 8, for the first mode of vibration are also presented in Table 1 for cases (g)-(j). 
This data will facilitate the designer’s determination of accurate values of the frequencies 
when found necessary. This data can be also utilized in assessing the accuracy of various 
approximate methods utilized by various analysts [9, 10]. 
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Figure 1. Frequency parameter values 8 for the first five modes of vibration as a function of yu for 
guided-pinned-free two-span beams. 
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Figure 2. As Figure 1, but for guided-pinned-guided two-span beams. 


Figure 3. As Figure 1, but for guided-pinned-pinned two-span beams. 
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Figure 4. As Figure 1, but for guided-pinned-clamped two-span beams. 


TABLE 1 


Values of B,, (fundamental) for guided - pinned - XX beams for various 
values of 4 and end condition XX 


End condition XX 


a 


BL Free Guided Pinned Clamped 
0-00 1-8751 2:3650 3-9266 4-7300 
0-05 1-8813 2-3778 3-9608 4:7777 
0-10 1-8990 2-4136 4-0504 4-8985 
0-15 19276 2-4696 4-1817 50691 
0-20 1-:9664 2:5447 4-3441 5-2670 
0-25 2-0153 2:6379 4-5107 5-4462 
0-30 2-0739 2:7479 4-6716 5-4800 
0-35 2-1408 2-8705 4-7000 5-2177 
0-40 2:2132 2:9956 4-5197 4-8046 
0-45 2:2842 3-0991 4-2254 4.4056 
0-50 2-3409 3-1416 3-9266 4:0590 
0-55 2-3650 3-0991 3-6582 3:7641 
0-60 2:3416 2-9956 3-4247 3-5128 
0-65 2:2725 2-8705 3+2229 3-2971 
0-70 2°1741 2-7479 3-0482 3-1102 
0-75 2:0631 2:6379 2-8960 2:9469 
0-80 1-9510 2-5447 2:7627 2-8030 
0-85 1-8438 2:4696 2-6453 2:6752 
0-90 1-7444 2-4136 2-5411 2-5610 
0-95 1-6534 2:3778 2-4482 24581 


1-00 1-5708 2-3650 23650 23650 
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7. CONCLUSIONS 


Exact frequency and mode-shape expressions for two-span beams resting on a pinned 
intermediate support with all possible combinations of classical boundary conditions 
have been presented. Frequency charts giving the first five natural frequencies of vibration 
for beams involving guided ends are provided for immediate use by designers. Exact 
frequency values for the first mode of vibration for various discrete values of intermediate 
support position parameter yu are presented in tabular form to facilitate accurate estimates 
where necessary. 

The various results presented clearly demonstrate that the natural frequencies of 
two-span beams with various end conditions are sensitive to the position of the intermedi- 
ate pinned support. The various frequency and mode-shape expressions provided can be 
used effectively in obtaining free vibration characteristics of two-span beams with an 
intermediate pinned support and with combinations of classical boundary conditions at 
the outer ends. 
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ABSTRACT 


It is assumed in this paper that the mass distribution of bellows is uniform. On 
this basis, the authors have deduced the equations for calculating the axial and 
the lateral natural frequencies of U-shaped bellows with different end 
conditions. This paper also discusses the influence of different amounts of 
axial extension and compression on the natural frequencies of bellows which 
either contain gas or are filled with liquids. Eleven U-shaped bellows 
specimens were chosen to perform experiments, applying the ‘shock’ method 
and the ‘resonance’ method respectively. The resulting experimental data have 
proven that the deduced equations are accurate enough to meet standard 
engineering requirements. 


THE AXIAL NATURAL FREQUENCY OF BELLOWS 


As shown in Fig. 1(a), it is assumed that a straight pipe with continuously 
and uniformly distributed mass is fixed at its bottom. A weight W, is 
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(a) (b) 
Fig. 1. Pipe with end condition. 


attached to its top, and the weight is connected with a spring. The differential 
equation to express the axial vibration for the straight pipe can be given by:' 


where wu is the axial displacement of the pipe (mm), T is the time (s), 
a=./Eg/v, E is the elastic modulus of the pipe material (MPa), g is the 
gravitational acceleration (9806:65mms~ 7) and v is the weight per unit 
volume of the pipe material (Nmm_ °). 

The solution of the above differential equation is: 


u(x, p= (Csin 2x + Doos x) sin(w,;T + ¢) (1) 


where ,; is the angular frequency (rad s~'), ¢ is the phase angle (degrees), 
and C and D are integration constants. From the end condition: x = 0, 
u(O, T) = 0, we can obtain 


D=0 (2) 
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When x = L (ZL is the length of the pipe, mm) as shown in Fig. 1(b), the 
equilibrium equation of force along the x-axis is 

du ~W, O7u 

AE— +— 54+ Ku= 3 

oe eure y 
where A is the cross-sectional area of the pipe (mm?) and K, is the stiffness of 
the spring (Nmm~'). 

Substituting eqn (2) into eqn (1) and then substituting eqn (1) into eqn (3) 

again yields: 


,O;, Wo 5... O; _ 0; 
AE cost L — 2? sin L + K, sin L = 0 (4) 
a a g a a 


L_ [ta _ [Ge [ee (5) 
a AEg/L \ Q/L(du/dx) \ gk, 


where G is the weight of the pipe (N), Q is the applied axial force (N) and K, is 
the axial spring rate of the pipe (Nmm~'). Therefore, G=LAv, 
E=(Q/A)((du/0x), K, = Q/L(du/6x). Substituting eqn (5) into eqn (4) yields 
the frequency equation of the system as follows: 


; W ; G ; 
AE—‘cos 7 [5-2 a? sino, [oK, + Kasin oy, [5-0 (6) 


The axial natural frequencies of bellows with three different end conditions 
may be calculated by using the following three different methods. 

(1) One end of the bellows is fixed and the other end is only attached by a 
weight W, (i.e. W) #0, K, = 0). Equation (6) becomes 


QO; G W G 
AE— . | =—2q~? sinw, /—- 
2 COS @; i @ ; sin w; aK, 


Rearranging terms in the above equation yields 


| G | G G 
QO; aK, ano, ak, W, (7) 
role and ama 


eqn (7) can be reduced to 


in which 


Assuming that 


B;tan B,; = (8) 
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Here 
B,=(— n+ ¢; (9) 
where i is the order number of the frequency, i= 1,2, 3,... 
0<é,< 2/2 


Substituting eqn (9) into eqn (8), according to the value of a and by means of 
a trial and error method, the value of ¢; can be obtained. Therefore, the value 
of 8; in eqn (9) can also be obtained. The axial natural frequency of the 
bellows, f; (Hz), is 


finst= E. j% B15: 76p, | (10) 


(2) One end of the bellows is fixed, and the other end is free (1c. Wy) = 0, 
K, = 0). Equation (6) becomes 


cos w;,./G/gK, =0 (11) 
Therefore 
f= o[2n = 49-5(i — 05), /K,/G (12) 
(3) Both ends of the bellows are fixed (i.e. Wy = 0, K, = 00). Equation (6) 
becomes 
sin w;,/G/gK, =0 (13) 
Therefore 


f= 0,/2n = 495i. /K,/G (14) 


THE LATERAL NATURAL FREQUENCY OF BELLOWS 


When both ends ofa straight pipe are fixed, the lateral natural frequency can 
be calculated for a pipe with continuously and uniformly distributed mass as 
follows:! 


j=s (15) 


When i = 1, 2, 3, 4, 5, the corresponding 4; in eqn (15) equals 4-73, 7:85, 11, 
14:14 and 17-28 respectively. EJ in eqn (15) is the bending stiffness of the pipe. 
For bellows EJ can be calculated by? 


EJ = K,nwd?/8 (16) 
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D=2R, 


Fig. 2. U-shaped bellows. 


where w is the bellows pitch (mm) (see Fig. 2), m is the total number of 
convolutions in one bellows, d, = d' + H, d’ is the outside diameter of the 
cylindrical tangent (mm, Fig. 2) and H is the convolution depth (mm). 
Substituting eqn (16) into eqn (15), and noting that G = vAL and L=nw, 
the lateral natural frequency of the bellows can be obtained as follows: 
d, |K, 


ai 6942 B/S 
f= 557k a 


or 


d, |K, 

=C,2 /— 17 

Hae IS (17) 
When i= 1, 2, 3, 4, 5, the corresponding C; in eqn (17) equals 124-63, 

343-53, 673-53, 1113-28 and 1663-13 respectively. 


CALCULATION OF BELLOWS WEIGHT 


The variable G in eqns (10), (12), (14) and (17) is the weight of the bellows. If 
the bellows contains only gas, the weight of the gas might be considered 
negligible, so that G is only the weight of the bellows material itself, G, (i.e. 
G =G,). But if the bellows are filled with liquids, the weight of liquids, G,, in 
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Fig. 3. Illustration of geometrical bodies. 


the shaded area shown in Fig. 2 will have an effect on the axial natural 
frequency of bellows. Thus in eqns (10), (12) and (14), G = G, + G,, and the 
weight of liquids in whole bellows, G3, will have an effect on the lateral 
natural frequency of bellows; so that, in eqn (17), G = G, + G3. In order to 
derive the equations for calculating the values of G,, G, and G3, attention 
must first be given to those equations to determine the volumes of four kinds 
of geometric bodies (see Fig. 3). The volume V,, of the revolutionary body, 
which is formed by rotating cross-section ABCDEFA in Fig. 3(a) around the 
Y-axis, can be calculated by 


y= 2 (B, +./7? — x*)?adx = 2ar, Bi +4nri+n7B,r? (18) 
0 
The volume, V’,, of the circular body shaded in Fig. 3(a) can be determined by 


V,=V,—2r,nB? = 1n7B,r? + Sar} (19) 


The volume, V3, of the revolutionary body, which is formed by rotating 
cross-section ABCDEFA in Fig. 3(b) around the Y-axis, can be calculated by 


r2 
y= 2 (B, — ./r3 — x*)?a dx = 2nr,B3 + 4$nr3—17B,r3 (20) 
0 


The volume, V,, of the circular body shaded in Fig. 3(b) can be determined 
by 


V, = 2r.7B3 — V,=77B,r3 — $ar3 (21) 
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Applying eqns (19) and (21), the value of G, can be obtained as follows: 
G, = 2nnvto[(Bj — B3) + n(Byr, + Barz) + Uri —73)] 
+va(R,+ R’)\imt (22) 
If r,; =r, =r, eqn (22) can be simplified to 
G, = 2anvt,(B, + B,Xar+ B, — B,)+va(R, + R)imt 


where v is the weight per unit volume of the bellows material (N mm_~ 3), fg is 
the thickness of the bellows (=mt,,mm), m is the number of plies of 
thickness ¢,, ¢, is the thickness of the bellows in one ply to correct for 
thinning during formation (=«(d’/d,)°°,mm), ¢ is the nominal material 
thickness of one ply (mm), r, is the middle radius of the crown torus (mm, 
Fig. 2), r, is the middle radius of the root torus (mm, Fig. 2), B; = 
R,—r,—t/2, R, is the outside radius of the convolution (mm, Fig. 2), 
B, = R, +r, + to/2, R, is the inside radius of the convolution (mm, Fig. 2), 
R’ is the outside radius of the cylindrical tangent (mm), and / is the total 
length of cylindrical tangent at both ends (mm). 
From eqns (18) and (20), the value of G, can be obtained as follows: 


G,= na] BHCr —to) + 5 By(2r, — to)? + 2r, — to)? + B3(2r2 + to) 


= ; B,(2r, + to)? + 2r, + to)? — Rw | (23) 


and 
G,=G,+LnRiv 


where v’ is the weight per unit volume of the liquid (N mm“). 


THE BELLOWS AXIAL SPRING RATE 


The variable K,, in eqns (10), (12), (14) and (17) expresses the spring rate of 
bellows at the corresponding vibration conditions. Since bellows have 
different values of K, when they have different amounts of axial tension and 
compression,** the larger the amount of axial compression the smaller the 
value of K,. The spring rate of bellows also changes with temperature;* it 
decreases with an increase in temperature. The deflection hysteresis of 
bellows also leads to the kinetic spring rate being slightly lower than the 
static one.* Hence the axial spring rate of bellows is not a constant under 
different vibration conditions, and it follows that the axial and the lateral 
natural frequencies are not constants. This conclusion has been proven by 
the experiments described later in this paper. 
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If the actual spring rate of bellows for the corresponding vibration 
conditions is unknown the initial elastic spring rate measured by 
experiments on bellows can be used. Alternatively K, can be calculated 
by the formula in the Standards of the Expansion Joint Manufacturers 
Association (EJMA),° as follows: 


Ed,t}m 
C,H?n 
where E is the modulus of elasticity of the bellows material at working 
temperature (MPa) and C, is a factor (see Ref. 5). However, some errors may 


be introduced when calculating the f; in eqns (10), (12), (14) and (17) by using 
the K, in eqn (25). 


K,=1-7 


(25) 


EXPERIMENTS 


The U-shaped bellows specimens used in these experiments are shown in 
Fig. 2, and are made from austenitic stainless steel (1Cri8Ni9Ti). The 
dimensions of the specimens are listed in Table 1. 

The experiments on the bellows spring rate were conducted on an 
electronic universal testing machine. The change of time rate of bellows 
deflection was 10mm min ~?. The correlation between load and deflection 
was recorded continuously and automatically on a chart. The experimental 
spring rate data for all the specimens were listed in Table 1. 

The ‘shock’ method was used to test the natural frequency of the bellows. 
Strain gauges were cemented onto the exterior of the bellows. When the 
bellows were shocked axially or laterally, they vibrated axially or laterally 
respectively, causing alternating variations of resistance in the strain gauges. 
A galvanometer-oscillograph chart was arranged to record the signals 
coming from the strain gauges as a result of vibration. The frequency of 
those signals illustrated the axial and the lateral natural frequencies of the 
bellows. 

The ‘resonance’ method was an alternative way of measuring the axial 
natural frequency of bellows, and was also used to prove the results of the 
‘shock’ method. The bellows, which was equipped with strain gauges, 
together with a vibration transducer, was mounted on the vibro-bench for 
testing. When the vertical vibration frequency of the vibro-bench equalled 
the axial natural frequency of the bellows, the ratio of resistance change 
caused by the deflection of the bellows to the vibration amplitude of the 
vibro-bench reached its maximum value. Similar recordings were taken 
subsequently at different frequencies on the galvanometer-oscillograph 
chart. A simple study of the chart enables us to determine the resonance 
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TABLE 3 
Axial Primary Natural Frequencies of the Specimens (one end fixed, the other end free or 
attached by a weight) 


Medium Specimen Weights Experimental Calculated Error 
filling the number Wo value f, value corresponding 
specimen (N) (Hz) substituting to the 

the value experimental 
(K,) in Table I value 
into eqn (10) (%) 
or eqn (12) 
Ji (Hz) 
Air 1 0 37:5 40:4 V7 
6 0 40 38-6 —35 
Water 1 0 27:5 27:5 0 
Air 6 62:76 11 12:17 10-6 
203-48 61 6:94 13-8 
7 62:76 11-5 12:22 63 
203-48 64 6:97 8-9 
11 71-6 18-8 18-4 —2-1 
2123 It 11-14 13 
Water 7 62:76 11-1 11-89 69 
203-48 6:36 6:28 69 
11 716 17-6 17 —3-4 
2123 10-7 10-96 2:4 


frequency of the bellows. The experimental data obtained by using the two 
methods were the same. 

Experimental data and calculation values of the natural frequencies for all 
specimens with different end conditions are listed in Tables 2-5. 

All experiments were carried out at room temperature. 


CONCLUSIONS 


On the basis of the above experimentation and application of the theory, 
several conclusions were reached which are summarized as follows: 


(1) When bellows contain gas or are filled with liquids, and have the 
three types of different end conditions described previously, it can be 
seen from Tables 2 and 3 that the calculated values of the axial 
natural frequencies, according to eqns (10), (12) and (14) respectively, 
are in good agreement with the experimental data. When bellows 
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TABLE 4 
Axial Secondary Natural Frequencies of the Specimens ( filled with air, having an axial pre 
movement) 
Specimen — Amount of — Experimental Natural frequency (Hz) Error of the 
number axial spring calculated 
pre-movement rate with Calculated — Experimental value 
(mm) axial value value corresponding 
pre-movement — substituting to the 
(Nmm_') the experimental 
experimental value 
value (K,) (%) 
into eqn (14) 
6 —18 40-3 158-9 152 4-5 
-9 40-40 159 155 26 
0 40-50 160-6 160 0-4 
7 —18 37:36 153 157 —2:6 
-9 40-21 158-7 160 —08 
0 40-70 160-6 165 —2-7 
4:5 41-19 160-6 171 —61 
9 41-68 161-5 175 —77 
13-5 43-64 165-3 183 —9-7 
11 -—9 63-25 135-8 130 44 
0 104-93 184-2 165 11-6 
9 145-33 205-8 200 29 
TABLE 5 
Lateral Primary Natural Frequencies of the Specimens (both ends fixed) 
Medium Specimen Experimental Calculated Error Calculated Error 
filling number value value corresponding value corresponding 
the (Hz) substituting to the substituting to the 
Specimen the measured experimental the K,, experimental 
K,, into value calculated value 
eqn (17) (%) using eqn (25) (%) 
(Hz) into eqn (17) 
(Hz) 
Air 1 325 318 —2-2 313-5 —35 
2 260 266 23 2443 -6 
3 383 428 11-7 423-6 10-6 
4 200 215 7S 174-5 —12:7 
Water 1 117 100 —148 985 ~ 158 
2 137 121 107 111-2 — 18:8 
3 177 175 = 1 173-1 —22 
4 109 98 —10+1 79-5 —27 
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contain gas or are filled with liquids and both ends are fixed, the 
values of the lateral natural frequencies of the bellows calculated by 
using eqn (17) approach the experimental data (see Table 5). 
Therefore, such equations can be considered accurate enough to 
meet standard engineering requirements. 

(2) Itcan be seen from Table 4 that the spring rate of the bellows changes 
with different amounts of axial pre-movement. In addition, the 
deflection hysteresis and the change of temperature can also cause a 
change in the spring rate of the bellows.* For these reasons, the spring 
rate corresponding to the amount of axial pre-movement, tempera- 
ture, and state of vibration should be used to calculate the natural 
frequencies. If there is no such spring rate value, both the initial 
elastic spring rate measured by experiments and the spring rate 
calculated by eqn (25) can be used. Note that the initial elastic spring 
rate should be considered first. It must be kept in mind that the spring 
rate will vary greatly in the case of large amounts of axial pre- 
movement or of high temperature. Such changes will have a great 
effect on the natural frequencies of the bellows. 

(3) The results of the theory and the experimentation listed in Tables 
2-4 have shown that the axial natural frequency of the bellows 
is a maximum in the case of both ends fixed, and is a minimum in the 
case of one end fixed and the other end being attached by a weight. In 
addition, the axial natural frequency of bellows containing gas is 
larger than that of bellows filled with liquids. Therefore, the 
corresponding equations should be used to calculate the axial 
natural frequency of bellows for different cases. 

(4) During the design and use of bellows, the natural frequency of the 
bellows should be adjusted by changing the dimensions, material, 
temperature, end conditions and amount of pre-movement, to avoid 
the coincidence of the natural frequency of the bellows with the 
frequency of the pipe system. In order to avoid a resonant response in 
the bellows, the natural frequency of the bellows should be either 
lower than that of the system or at least 50% higher. 
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FINITE ELEMENT ANALYSIS OF VIBRATIONS OF FLUID CONVEYING PIPES 
RESTING ON SOIL MEDIUM 


SUMMARY 


The effect of velocity of fluid on the natural frequencies of a straight pipe conveying the fluid is 
investigated. It is a well documented fact that the natural frequency decreases with increasing 
flow velocity. Likewise, it is generally found that the natural frequency increases with increasing 
foundation stiffness. This paper aims to analyze the dynamic behaviour of straight Bernoulli-Euler 
pipes inclusive of the effects of flow velocity and foundation stiffness by the finite element method. 
Mass and stiffness matrices are developed and numerical results obtained are presented for the 
first three frequencies for three boundary conditions : Hinged-hinged, fixed-hinged and fixed-fixed. 


The results are found to be in good agreement with previously published literature. 


INTRODUCTION 


Investigations on the effect of flow velocity on the natural frequencies of straight pipes conveying 
fluid are of considerable practical importance. In general, it is found that the natural frequency of 
vibration decreases with increasing values of flow velocity and this effect may be very important 
in industrial systems involving high fluid velocities through flexible thin-walled pipes. One such 
practical problem is the effect of flow velocity on the dynamics of feed water lines to water 
turbines and rocket motors. If the flow velocity reaches a critical value, the effective natural 
frequency becomes zero, which leads to pipe buckling. Under some critical circumstances, the 
pipe may become vulnerable to resonant vibrations leading to fatigue failure if its natural 


frequency falls below certain limits. 


In 1947, Goldenblatt [1] considered a pipeline divided symmetrically into two sections with 
counter-current equal velocity flows in each section, neglecting the influence of elastic 
medium. Ashley and Haviland [2] attempted to describe vibrations of a simply supported pipe 
span using an approximate power series solution. Feodosyev [3] subsequently demonstrated 
that the equation of motion derived did not adequately describe the governing inertial forces. He 
developed a more complete equation and solved it using the Galerkin method. Using 
Hamilton's principle, Housner [4] derived an equation of motion identical with Feodosyev's 
equation and both the authors concluded that axial buckling occurs when the flow velocity 


exceeds a critical value. Both the above authors did not consider the effects of elastic medium. 


The vibrations of finite beams subjected to various end conditions were investigated by 
Handelman [5], who analysed the structure of the differential equations of motion without resort 
to specific solutions. Naguleswaran and Williams [7] developed exact solutions for the natural 
frequencies, axial distribution of phase and modal envelopes of pinned-pinned, fixed-pinned and 
fixed-fixed pipes. Effects of internal pressure and axial applied tension were taken into account. 


They compared their results with those obtained from Galerkin, Raleigh-Ritz and Fourier series 


solutions. Their experimental results are in agreement with theoretical results at low flow 


rates, but reveal difficulty in predicting the critical flow velocity. 


Stein and Tobriner [8] developed equations of motion for a fluid conveying pipe resting on elastic 
foundation and solved the same for an infinitely long pipe. Their main study was focussed on the 
wave propogation characteristics of the system. Very recently, Dermendjian-lvanova [9] 
studied the effects of Winkler foundation on the critical flow velocities of a simply supported 
pipeline. The main concern in his study was to determine the influence of pipe length, cross- 
sectional rigidity,and the foundation spring constant on the critical flow velocities of the pipe. Ina 
recent paper, Raghava Chary, Kameswara Rao and lyengar [10] presented approximate 
solutions for the lateral vibrations of a fluid conveying pipe resting on Winkler type elastic 
medium. Solutions were presented for the natural frequencies and critical flow velocities for a 
hinged-hinged pipe using Fourier series solutions and for fixed-hinged and fixed-fixed pipes 
using Galerkin method. They have presented the results of the fundamental natural 
frequency and critical flow velocity for various values of pipe-fluid mass ratio and foundation 


stiffness parameter. 


As can be seen from the above discussion, many methods have been utilised by investigators in 
solving this problem, but the finite element method was utilised by only a few investigators such 
as Kohli and Nakra [11] and Pramila, Laukkanen and Liukkonen [12]. While Kohli and Nakra 
studied the problem of vibrations of Bernoulli-Euler pipes, Pramila, et. al. addressed the problem 
of vibrations of Timoshenko pipes, wherein the effects of shear deformation and rotary inertia 
are included in the element formulations. However, the effect of foundation modulus is not 


included in both these studies. 


As a first step, it is therefore found necessary to develop a finite element computer program to 
analyze the dynamic behaviour of long straight pipes including the effects of flow velocity and 
soil medium, based on the Bernoulli-Euler pipe theory. The effects of soil inertia along with shear 


deformation and rotary inertia are not considered. 


The present paper deals with development of a finite element program for long pipes with internal 
flow and resting on Winkler foundation. Different types of pipe end conditions are considered in 
generating results for the natural frequencies of the piping system with variations in the non- 
dimensional parameters defining the flow velocity and foundation stiffness. The generated 
numerical results are compared with closed form results given by Raghava Chary et. al. [10]. 
The comparison is found to be quite good, even for a crude mesh of finite elements utilizing six 


beam elements. The paper also presents explicitly the stiffness and mass matrices derived. 


Equations of motion 


The system under consideration consists of a pipe of length L with cross-sectional area A, flexural 


rigidity El, mass of pipe per unit length mp, constant axial flow velocity v;, mass of fluid per unit 


length m; and foundation stiffness k;. Here the extended Hamilton’s principle [6] is used which 


takes into account the energies associated with inflow and outflow. 


The extended Hamilton’s principle states that 


t2 t2 
5 |(T-v) dt - Jm,u(w+ uw’) ow| dt =0, (1) 
ti th 


where the possible free end is assumed to be the right end, x = L. In this expression, T and V 
denote the kinetic energy of the pipe with fluid and the potential energy respectively. The dot 
indicates differentiation with respect to time, t, and a prime indicates differentiation with respect to 


the spatial coordinate x. 5 is the variation symbol. 


The equation for kinetic energy is 
1 L 
The 5 J[ mow? + mp u2(we)? + my Cw + uw’)? dx , (2) 
0 
The expression for potential energy is 


v= 5 J [ewe + ew? Jo, (3) 


The displacements and rotations of the nodes are interpolated independently, i.e. 


w=N,a=[N, 0 N, O--Ja, (4) 
and 
w'=N,a=[0N, 0 Ny --Ja, (5) 


Here, the vector of nodal parameters is 

Fi T 
a= Wi, Wi, Wa W2 | ’ (6) 
and N,, No, etc. are the linear shape functions. 


The first time-integral of equation (1) yields a system of ordinary differential equations : 
Ma+Ga+Ka=0O, (7) 


The mass matrix is 
L 

M = [(m, + m,) Ny" Ny dx, (8) 
0 


The gyroscopic matrix is given by 


L 
G = fmul NTN -N, Ny) a (9) 


The stiffness matrix is composed of three parts : 


- rT r 

K, = | EIN, No dx, (10) 
0 

due to bending, 


’ 


dx , (11) 


Ww 


P rT 
Ky = - [mu? N,N 
0 


due to the centripetal acceleration of fluid particles, and 


L 
K, = [k,N,"N, dx. (12) 
0 


due to continuous elastic foundation. 


Contributions from a typical element to the stiffness and mass matrices respectively are explicitly 


given below : 


STIFFNESS MATRIX 

ky = | 12 -12v, In? +(39/105)y /n‘} n2 + ko = | 6—v, /10n? +(11/ 210)y /n‘} n 

kos = | 4-(2/15)y; In? +(1/105)y /n4 kai = | =12412ve1n? +(9/70)y /n*} n2 
k33 = | 


ks = | = 6 +v,/10n? + (13/420)y /n4} n ; 12 -12v, /n? +(39/105)y /n*\ n? 


kia = Keo “kao = | 2+v, /30n? — (1/140)y /n4 

Kag = —K> > Kaa = Koo 

MASS MATRIX 

M11 = 156/(420n’) * Mo = 22/(420n°*) * Moo = 4/(420n*) 

M31 = 54/(420n7) * M32 = 13/(420n°*) “iiss = 

Mai = - Maz ; Maz = - 3/(420n*) > M43 = - Mar ; M44 = M22 


where n is the number of elements. 


As the present investigation is limited to the study of free vibration characteristics only, the 
damping matrix [G], which effects the dynamic stability of the pipe is neglected in the 


computations carried out. 


NUMERICAL RESULTS 


Numerical results obtained from the computer program developed using the above matrices for 
the vibration of fluid conveying pipes resting on soil medium for the first three frequencies are 
listed in tables 2, 3 and 4. The results are obtained using 10 elements for beams with hinged- 
hinged, fixed-hinged and fixed-fixed boundary conditions. The tables show the frequencies for 
various values of fluid velocity/fluid mass and soil/foundation stiffness parameters. A comparison 
of the present results with those obtained from an earlier study [10], using an approximate 
method analogous to modal expansion has shown that the accuracy obtained is well within the 
allowable engineering norms. Table 1 shows the results in a typical convergence study of the 
finite element procedure used, for the case when the pipe is fixed at one end and hinged at the 


other. 


The effect of flow velocity and foundation stiffness on the frequencies can be observed from 
figures 1 to 9. While an increase in flow velocity reduces the frequencies, the foundation stiffness 
tends to increase the same. For constant values of flow velocity and foundation stiffness, it can be 
seen that increase in fluid mass ( due to an increase in fluid density ) decreases the frequencies. 
It can be clearly seen that the foundation on which the pipe rests contributes significantly to the 
dynamics of fluid conveying pipes. However, the influence of fluid velocity and foundation stiffness 


decreases for higher mode frequencies as can be observed from the tables and figures. 
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Table 1 : Fundamental frequencies for various values of v; and y for fixed-hinged pipe showing 
convergence for number of elements upto 10. 


a ae Number of elements 

viv uy P 

}o.00 | 0.00 __| 2oaoaee+o2 | ss608e+02 | ss4aese+02 | as4279E+02 | .154222E+02 | 
}9.00 | 1000.00 _| .3597226+02 | 337269E+02 | sa67e1e+02 | 336681E+02 


a Number of elements 

vit v S96 a a a ae 
}o00 | aco __| asaaoze+o2 | sa19sE+02 | .1sarese+02 | .154186E+02 | .154185e+02_ 
fe.00 | 1000.00 __| .s366a2e+02 | sa6ea7e+02 | s306a5e+02 | s3663ae+02 | 3366395402 _ 


Table 2 : First three frequencies for various values of flow velocity parameter v; and foundation 
stiffness parameter y for hinged-hinged pipe 


100.00 


pp eS S00 8 
lo.oo | .986967E+01 | .394826E+02 | .888739E+02 | .140503E+02 | .407293E+02 | .894347E+02 


.935632E+01 | .389795E+02 | .883727E+02 | .136946E+02 | .402418E+02 | .889367E+02 
.693270E+01 | .368983E+02 | .863390E+02 | .121681E+02 | .382294E+02 | .869162E+02 
lo00 | .292984E+01 | .346925E+02 | .842563E+02 | .104204E+02 | .361050E+02 | .848476E+02 


Table 2 : Contd. 


500.00 1000.00 


ES a 


244420E+02 | .453749E+02 | .916437E+02 | .331272E+02 | .505854E+02 | .943322E+02 


.242392E+02 | .449377E+02 | .911578E+02 | .329779E+02 | .501936E+02 | .938602E+02 
.234107E+02 | .431449E+02 | .891876E+02 | .323738E+02 | .485951E+02 | .919480E+02 
lo00 | .225518E+02 | .412744E+02 | .871729E+02 | .317582E+02 | .469422E+02 | .899951E+02 


Table 3 : First three frequencies for various values of flow velocity parameter v; and foundation 
stiffness parameter y for fixed-hinged pipe 


100.00 


i re). | ee ern 
}o.00 | asaiese+02 | 499734e+02 | s04szae+0a | 183774e+02 | soa64ie+02 | 1049026+03 | 
j2.00 | 1s420e+02 | asga6oe+02 | soorese+0s | as27i5e+02 | 470225e+02 | 1006836+03 | 


Table 3 : Contd. 


500.00 1000.00 


a re en nnn an 
}o00 | 27i6ize+02 | sa7aaoe+o2 | so6soae+0s | asieiae+o2 | sexg6ae+02 | 1090126+03 | 
j200 | 2si6aee+02 | siossie+02 | so26s0e+03 | s3e6a3e+02 | 557774c+02 | 105058e-+08 | 


Table 4 : First three frequencies for various values of flow velocity parameter v; and foundation 
stiffness parameter y for fixed-fixed pipe 


100.00 


ES 
0.00 | zzavarevoe | ereaese+02 | r2102ae+03 | zaso7ie+o | seanaze+o2 | 1214a5e+03 


.209498E+02 | .597914E+02 | .118961E+03 | .232141E+02 | .606219E+02 | .119381E+03 
lo00 | .197291E+02 | .582258E+02 | .117286E+03 | .221187E+02 | .590783E+02 | .117711E+03 


Table 4 : Contd. 


0.00 .316322E+02 | .656165E+02 | .123071E+03 | .387376E+02 | .693219E+02 | .125086E+03 


.314371E+02 | .652645E+02 | .122669E+03 | .385783E+02 | .689888E+02 | .124690E+03 
.306414E+02 | .638359E+02 | .121045E+03 | .379327E+02 | .676389E+02 | .123093E+03 


lo00 | .298201E+02 | .623718E+02 | .119398E+03 | .372725E+02 | .662589E+02 | .121474E+03 


Figure 1 Variation of 41 with v; for various values of y for hinged-hinged pipe 
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Figure 2 Variation of A2 with v; for various values of y for hinged-hinged pipe 
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Figure 3 Variation of 43 with v; for various values of y for hinged-hinged pipe 
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Figure 4 Variation of 41 with v; for various values of y for fixed-hinged pipe 
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Figure 5 Variation of 42 with v; for various values of y for fixed-hinged pipe 
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Figure 6 Variation of 43 with v; for various values of y for fixed-hinged pipe 
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Figure 7 Variation of 41 with v; for various values of y for fixed- fixed pipe 
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Figure 8 Variation of A2 with v; for various values of y for fixed- fixed pipe 
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Figure 9 Variation of 43 with v; for various values of y for fixed- fixed pipe 
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Abstract 


This paper deals with the vibrations of rotationally restrained straight pipes conveying fluid 
and resting on soil medium. An attempt has been made to analyse the dynamic behaviour of 
straight Bernoulli-Euler pipes rotationally restrained at either ends including the effects of 
flow velocity and foundation stiffness using the finite element approach. For the first time, 
results are presented for the first two natural frequencies of rotationally restrained fluid 
conveying pipes for varying values of the rotational restraint parameter, fluid flow velocity 
parameter and foundation stiffness parameter. For extreme values of the rotational stiffness 
parameter ( 0 and infinity), which represent the ideal boundary conditions, the results are 
found to be in good agreement with those available in published literature. 


INTRODUCTION 


It is a well known fact that the velocity of the fluid has considerable effect on the 
natural frequencies of the straight pipe conveying the fluid. There have been many 
investigations on the effect of flow velocity on the natural frequencies of straight 
pipes conveying fluid with simple boundary conditions such as hinged-hinged, 
hinged-fixed and fixed-fixed. These boundary conditions are idealised cases and are 
difficult to realise practically. A more realistic boundary condition is the rotational 
restraint at both ends of the pipe. However, results are not available for rotationally 


* Scientist, **Sr. DGM 
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restrained straight Bernoulli-Euler fluid conveying pipes resting on soil medium in 
the published literature. 


Since 1947, many investigations [1 - 7] have been carried out for studying the 
vibration behaviour of fluid conveying pipes utilising various methods such as 
Galerkin, Rayleigh-Ritz and Fourier series solutions. Stein and Tobriner [8], 
Dermendjian-Ivanova [9] and Raghava Chary, Kameswara Rao and Iyengar [10], 
have devoted their studies on fluid conveying pipes resting on elastic foundation. 


As can be seen from the above discussion, many methods have been utilised by 
investigators in solving this problem, but the finite element method was utilised by 
only a few investigators such as Kohli and Nakra [11] and Pramila, Laukkanen 
and Liukkonen [12]. However, the effect of foundation modulus is not included in 
both these studies. In an earlier paper [13], the authors have presented numerical 
results for the first three natural frequencies obtained from the mass and stiffness 
matrices developed for straight Bernoulli-Euler fluid conveying pipes resting on soil 
medium. These results were however for the three classical boundary conditions of 
hinged-hinged, hinged-fixed and fixed-fixed. 


The present paper deals with development of a finite element program for 
rotationally restrained long pipes with internal flow and resting on Winkler 
foundation. Different values of pipe rotational restraint parameter are considered in 
generating results for the natural frequency of the piping system with variations in 
the non-dimensional parameters defining the flow velocity and foundation stiffness. 
For extreme values of the rotational restraint parameter, the results are in good 
agreement with those available in published literature. The effects of soil inertia 
along with shear deformation are not considered in the analysis. 


EQUATIONS OF MOTION 


The system under consideration consists of a pipe of length L with cross-sectional 
area A, flexural rigidity EI, mass of pipe per unit length m,, constant axial flow 
velocity v;, mass of fluid per unit length m,; and foundation stiffness k;. Here the 
extended Hamilton’s principle [6] is used and states that 


t2 te 
5 [t-wat-|m, vi(W+v,w')dw|  dt=0, (1) 


tl tt 


where the possible free end is assumed to be the right end, x = L. Here, T and V 
denote the kinetic energy of the pipe with fluid and the potential energy respectively. 
5 is the variation symbol. The dot indicates differentiation with respect to time, t, 
and a prime indicates differentiation with respect to the spatial coordinate x. The 
equation for kinetic energy is 
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T [ mow? +m, vi>(w’)? +m, (W+v; w’)? Jax ; (2) 


“2 


ok 
oo IF 


Potential energy is given by 


vo3 | Let? okew? Jax, (3) 


The displacements and rotations of the nodes are interpolated independently, i.e. 


w=N,a=[N, 0 N, 0--Ja, (4) 
and 
w’=N,a=[0 N, 0 N,--a, (5) 


Here, the vector of nodal parameters is 


, 


, T 
a=| Wi W) W9 | 9 (6) 


and N,, No, etc. are cubic functions. The first time-integral of equation (1) yields a 
system of ordinary differential equations : 


Ma+Ga+Kae=0, 
(7) 


The mass matrix is 
L 

M=[(m, +my)Ny” Ny dx, (8) 
0 

The gyroscopic matrix is given by 


L 
G=fmeve( NTN, -N, Ny Jos. (9) 
0 
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The stiffness matrix is composed of three parts : 


L 4T , 
K,=[E IN No dx, (10) 
0 
L 
2 1T , 
K, =-[m, ve2 N, N, dx, (11) 
0 
L 
K, =|k, N,N, dx, (12) 
0 


Equation (10) is due to bending, equation (11) is due to the centripetal acceleration 
of fluid particles, and equation (12) is due to continuous elastic foundation. For free 
vibration analysis, we assume 


a= Ae'®", where A isaconstant and @,, is the circular natural frequency 


As the present investigation is limited to the study of free vibration characteristics 
only, the damping matrix [G], which effects the dynamic stability of the pipe is 
neglected in the computations carried out. The final non-dimensional eigenvalue 
problem solved here is 


2 
n 


3 
m,L@ 


Ka-—AMa =0, where A= is the frequency parameter 


El(m, +m, ) 


Contributions from a typical element to the stiffness and mass matrices respectively 
are explicitly given below : 


Stiffness Matrix 


ky = {121.20 /n? + 39/105)y /n4 fn? sky, ={6—v, 10m? +(11/ 210)y Jn fn 
kop ={4-(2/15)v, /n? +(1/105yy /n4 f} 

12+1.2v,/n? +(9/ 70yy /n* fn? 

6+, /10n? +(13/420)y /n* fn 

12-1.2v, /n? +(39/105)y in* tn? ska, =—-k393 


ky ={- 
k39 ={- 
K33 ={ 

kp ={2+v, /30n? —(1/140)y /n4 bkeas Sohyiky She 
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Mass Matrix 

my, = 156/(420n’) 5 m5; = 22/(420n°) 5 Mo = 4/(420n*) 
m3, = 54/(420n’) 5 M32 = 13/(420n°*) -m33= mM} 

my = - M32 5 My = - 3/(420n*) 5 My3 = - My 

M44 = M22 


where n is the number of elements and 


k Lt 
y= / hs , the foundation stiffness parameter. 


NUMERICAL RESULTS 


Figure | shows the Bernoulli-Euler pipe element conveying fluid and resting on soil 
medium. SR, and SR; are the rotational restraint stiffness parameters at either ends 
of the pipe. For the purpose of this study, both the ends are assumed to have linear 
restraint stiffness parameters ST, and ST, equal to infinity. Each node of the element 
has two degrees of freedom as shown. 


Numerical results are obtained from the computer program developed using the 
above matrices with suitable modifications in the stiffness matrix to include the 
effects of the rotational restraint stiffness parameters. The values of the first two 
natural frequency parameter A for various values of flow parameter v; and 
foundation stiffness parameter y for the case of equal rotational restraint at either 
end (SR, = SR» ) are presented in Table 1. Table 2 gives the values of the first two 
natural frequency parameter for various values of v; and y for the case of 

SR, = SR, / 100. 


Figures 2 and 3 show the variation of the first two natural frequency parameters A, 
and A, respectively for various values of SR», V; and y keeping the rotational 
restraint parameter SR, = 0.1. Similar results for SR; = 10.0 and SR; = 1000.0 are 
presented in Figures 4 and 5, Figures 6 and 7 respectively. 


The tables and figures presented in this paper give a wide range of results for the 
vibrations of rotationally restrained Bernoulli-Euler pipes conveying fluid and 
resting on elastic foundation. The authors believe that these results will be of 
considerable use in the design of such piping systems. 
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CONCLUSIONS 


The following conclusions can be drawn from the above study : 


The results for the cases when the rotational restraint SR; = SR» = 0.0 ( hinged- 
hinged ); SR; = SR» = infinity ( fixed-fixed ) and SR; = 0.0, SR» = infinity 
(hinged-fixed ) are found to exactly tally with the results for classical boundary 
conditions reported in a previous paper by the authors [13]. 


In all the cases studied here, the natural frequency of the piping system starts to 
increase appreciably for values of SR, in the range 0.01 to 10.0, for given values 
of Vs, y and SR;. Values of the natural frequency parameter remain essentially 
constant for the values of SR» < 0.01 and SR, > 10. However, in all cases, the 
natural frequency parameter decreases with increasing flow velocity parameter 
and increase consistently with increasing foundation stiffness parameter. 


The effect of foundation stiffness parameter y on the first natural frequency 
parameter A, is most profound. The frequency parameter increases appreciably 
with increasing values of y. This effect is not as appreciable for A». 


The results are presented in a non-dimensional form and hence a designer can 
obtain values of natural frequencies for any fluid conveying pipe by proper 
interpolation. 
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Table 1 Values of first two natural frequency parameters ( for various values of flow velocity 
parameter v; and foundation stiffness parameter y with rotational stiffness parameters SR; = SR, 


[SR;=SR.]_ v; y= 0.0 y= 500.0 y= 1000.0 
iy de ay Ae iy de 
1.00E-01 0 11.40749 41.14778 25.10241 46.83097 33.61742 51.89547 
1.00E-01 1 10.96567 40.66497 24.90474 46.40733 33.47007 51.51349 
1.00E-01 3 10.02374 39.68173 24.5046 45.54821 33.17341 50.74091 
1.00E-01 | 6 8.4153 | 38.15938 | 23.89178 | 44.22825 | 32.72335 | 49.55944 
1.00E-01 | 9 | 6.41534 | 36.57369 | 23.26277 | 42.86764 | 32.26696 | 48.34909 
1.00E+01 | 0 | 21.45771 | 59.2499 | 30.99086 | 63.32891 | 38.21562 | 67.16064 
1.00E+01 1 21.17999 58.87406 30.79922 62.97741 38.06037 66.8293 
1.00E+01 3 20.61224 58.11459 30.41158 62.26802 37.74737 66.16121 
1.00E+01 6 19.72708 56.95516 29.81875 61.18733 37.27141 65.14514 
1.00E+01 9 18.79645 55.77005 29.21141 60.08576 36.78732 64.11161 
1.00E+03 | 0 | 22.36453 | 61.66984 | 31.6255 | 65.59855 | 38.73206 | 69.3049 
1.00E+03 1 22.08772 61.29542 31.43036 65.24667 38.57288 68.97194 
1.00E+03 | 3 | 21.52237 | 60.53914 | 31.03566 | 64.53671 | 38.25196 | 68.30071 
1.00E+03 | 6 | 20.64247 | 59.3854 | 30.43208 | 63.4557 | 37.76389 | 67.2802 
1.00E+03 9 19.7196 58.20722 29.8138 62.35448 37.26745 66.24259 
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Table 2 Values of first two natural frequency parameters A for various values of flow velocity parameter v; and 
foundation stiffness parameter y with rotational stiffness parameters SR. = SR, / 100.0 


SR, SR. y= 500.0 = 1000.0 
ene er el ee” fe rev 
1008-01 | 1008-03 | 0 | 1065084 | 40.32901 | 2476773 | 4611322 | 3530825 | 51.2487 

: - : - , . : . 33.21975 50.86201 
1.006-01 | 1.006-05 [6 [7.35513 | 37.27635 | 2353028 | 43.46868 | 32.46687 | 48.8878 | 
[1.006-01 | 1.00-03 [9 | 4.94724 | 35,65292_ | 22,90013 | 42.08421 | 32.0065 | 7.65586 | 
“.00E+01 | 1.008-01 | 0 | 15.92336 | 49.79661 | 27.45093 | 54.58605 | 35.40556 | 58.98901 
.00E+01 [1008-01 [3] 14.83202_ | 48.51135 | 2683261 | 53.4167 | 3492834 | 57.9081 | 
Ponesot | .one-o1 [ef is.6as 7. 1905_[ as 96rt_[ sezzorg [aan | se. 80619 | 

1. 00E+01 12. 34398 25. S461 
Comes Tooeor oases | anaam[aisorne | oaaaaer [sacenie [Sara 
[anesos | tooesor | 1 [2t.szroa | .067s6_| 311054 [ 4.050 [9.31095 | 6 5308 
1. “00E+03 1. 00E+01 67. 21336 
Fiooeros | toner [6 [0 re | seiss0s [aoe [esa | 7ST1oo | woo 
T.00E+03 | T.00E+01 [9 | 19.25119| 3697138 | 29.50607 | 61.20243 | 37.02173 | 65.15933 | 
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Fig. 1 Rotationally Restrained Fluid Conveying Pipe Element 
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Fig. 2 Variation of 1, with SR, for various values of v; & y with SR,=0.1 
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Fig. 3 Variation of 1, with SR, for various values of v; & y with SR,=0.1 
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Fig. 4 Variation of 1, with SR, for various values of v; & y with SR,;=10.0 
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Fig. 5 Variation of 1, with SR, for various values of v; & y with SR;=10.0 
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Fig. 6 Variation of 1, with SR, for various values of v; & y with SR,=1000.0 
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Fig. 7 Variation of 1 with SR, for various values of v; & y with SR,;=1000.0 
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Abstract 


The paper presents the results of investigation of transverse vibrations of single bellows 
expansion joint restrained against rotation on either end using the finite element method. The 
aim of this work is to model flexible U shaped bellows using beam elements. The effect of 
rotatory inertia on the natural frequency is included in the beam element matrices. Results 
obtained from the numerical analysis are presented and compared with the exact frequencies 
for the first three modes of vibration. Experimental results are used for verification. The effect 
of variation of internal pressure and velocity on the natural frequencies are also studied and 


presented. 


Introduction 


Bellows expansion joints are commonly used in nuclear /power and chemical piping systems 
so as to absorb the axial and transverse displacements due to thermal loading. In order to 
design the bellows expansion joint along with the piping system for specified design response 
spectra, it is essential to obtain reliable solutions for the transverse vibrations frequencies of 
bellows expansion joints. Thus metal bellows have become an important component in a 


number of applications. 


The formulae presented in the EJMA code and those derived by investigators, [1,4] cover 
classical boundary conditions only. It is observed that the flange-bellow-flange junction - as 
clamped end conditions or infinitely stiff compared to the bellows stiffness is not a practical 
situation compared to the bellows welded on either end in many of the piping systems. 
Hence, this assumption of clamped-clamped will lead to over estimation of natural 
frequencies. Rao.C.K and Radhakrishna.M [6] analyzed U-shaped bellows subjected to axial 
force and internal pressure, and obtained an exact solution for the transverse vibrations of 
single bellows that are elastically restrained against rotation on either end using the Bernoulli- 


Euler beam theory. The paper presents a finite element representation of single bellows and 


to validate the frequencies obtained by exact analysis for first three modes of vibration. 


Characteristics of Bellows 


The various geometrical dimensional parameters of U-shaped bellows are given in Fig 1. R; 
is the meridional radius of the convolution root, Re is the meridional radius of the convolution 
crown and h is the convolution height. R,, is the mean radius of the bellows, that is, the 


distance from the bellows centerline to mid convolution height, and t is the bellow material 


thickness. It is assumed that t<R;, Re and h < R,. With ‘N’ as number of convolutions the 


total length of the bellows is L = 2(R;+Rz2) N. Therefore, with these assumptions bellows are 


considered as equivalent pipe / bar of radius R,, and wall thickness t. 


Le 


BELLOWS 


COLLAR 


ola 


Fig.1: Geometrical Dimensions of bellow 


Theory of Free Vibrations of Bellows 


The matrix equation for the free vibration of bellows can be written as — 


[M] {q} + [K] {q} =0 (1) 
Where 

{q} -Generalized coordinates 

[M] - Mass matrix 

[K] - Elastic stiffness matrix 


Formulations of Elastic Stiffness Matrix 


The strain energy U of a bellow element of length ‘I’ including the effect of rotatory inertia is 
given by the relation- 
| I 


U=% El J (d*y/dx*) *.dx — 2 PrRm J (d y/d x) *.dx (2) 


Where 


y - deflection of the bellow 


El -bending stiffness of bellow 
P -internal pressure and 


Rm -mean radius of bellows 


Now on non-dimensionalizing and substituting the following relations, n = x /| and o=y/|the 
above expression of strain energy becomes as follows — 


U= % Ell J (d*o/dn*) *.dn — ¥% PaRm@/f (do/dn) ?.dn (3) 
0 0 


Assuming a cubic polynomial expression for @ to be of the form — 


g=Za'n, (4) 
Now substituting in to equation (1) and replacing the coefficient of a, (r=0,1,2,3), the strain 


energy expression becomes - 


U= VY Ell {&} " [K] {&} (5) 
E is the degree of freedom (DOF) 
~.[K] =[K e] —A* [Kv] (6) 
Where 
A? = Pa Rm? I? /EI 
[K] -Elastic stiffness matrix 
[Ke] -Velocity stiffness matrix and are defined as follows — 
[Ke] = 12 -6 -12 -6 

4 6 2 

sym 12 6 

4 

[Ky] = -36 -3 -36 -3 

4 -3 -1 

sym -36 
Where & ' = {@;, 97, ist, O int} (7) 


Formulation of Mass and Rotatory Inertia Matrices 
The kinetic energy ‘T’ of a bellow element of length including the effects of rotatory inertia is 


given by — 


T=%pAP Ff (@) *dn + % pd S(g) dn (8) 


The mass of bellows per unit length is computed by using the formula given in equation (9)- 
M= Pp 27 Rm [7 (Ri+R2)+2(h-R1-R2)]t +2((Ri+Rz2) (9) 


Where 
Pb - mass density of bellows material 


Pt - mass density of fluid flowing through bellows 
A - area of cross-section of the bellow 
Now substituting for @ from equation (2) and replacing the coefficient a , (r=0,1,2,3) by the 


nodal coordinates the expression becomes- 


T= Ye pAP {}" + [M]{5} (10) 
Where 

[M] = [My] + R 2° [Mo] 

R=J/ml* 

14 = (m I* P,”) / El 


The mass moment of inertia of the bellow per unit length is given by- 


JaJx =Sy=T Rm [(2 h/q + 0.571) t pp + h/g (2R2 -t) pe] (11) 
Now the mass matrices M, and Mp are defined as follows- 


156 22 54 -13 


M, = 1/420 4 13 -3 
156 -22 
4 


M2 = 1/30 4 -3 -1 


The matrix equation for free vibration of single bellows is given by- 

{[K] - A “[M]} {&} = 0 (12) 
Where 

r4={pAMP,7}/ El 


The matrix eigenvalue equation is solved for the bellows restrained against rotation using the 
following boundary conditions 


Boundary Conditions 
At the end ’A’ - bellows are connected to a pipe nipple, and are considered to have a 
rotational stiffness of R; and Rz at either end as shown in figure 2. 


ee 
L a 
Be Bee niles ae tots ease Geen ee 
At the end A (x = 0) 
X (0) = O and (13) 
a X (0) a X (0) 
wanna----- =T, ------- (14) 


At the end B (x = L) the boundary conditions are given by - 


X (L) = 0 and (15) 

a X (L) dX (L) 

eeeertnees = eee (16) 
Ox? Ox 

T, =SR, L/EI (17) 

T,=SR,L/EI (18) 


Results and Discussion 

A single bellow with the following geometrical and physical parameters is considered —bellows 
length L = 0.0693m, mass moment of inertia per unit length, J = 0.001153kgm, El = 5.078Nm 
and total mass Mm i = 5.138kg/m respectively. The geometrical properties data specified 
above is taken from the thesis of Jakubauskas.V.F (5). The Jacobi method is used for solving 


the frequency equation. 


The first three modes of lateral natural frequencies are obtained for internal pressure of 
P=166.0 MPa and are given in Tables 1 & 2 and the same is graphically represented in 
figures 3 & 4 respectively. Firstly, it is seen that as internal pressure of the bellows increases, 


the lateral mode natural frequency decreases. For example at P =0.0MPa and mode number 


N=1, natural frequency obtained is w =1690.20 rad/s and at P=166.0 MPa and N=1, and 
@=1069.06 rad/s a drastic drop by about 37%. The same is true for even higher order of 


mode numbers of N=2 & 3 respectively. 


It is also seen that as the value of rotational restraint T (T=T,=T2) -increases from 0.01 to 
10'°, the frequencies tend to increase for all the mode numbers. As the rotational stiffness 
value Ta, the frequency value increases by about 54.1% for N=1, P=0.0 MPa and by 
68.56% for N=1 & P=166.0 MPa. However, it is observed that there is no change in frequency 
and it becomes constant from T=10* onwards. 


Table1: Natural Frequencies for T=T|=T, and N=1 to3 & PR=0.0 MPa 


# c N=1 N=2 N=3 
1 0.01 1690.2 4846.58 8112.22 
3 0.1 1717.17 4866.0 8126.83 
3 1.0 1927.65 5028.8 8252.68 
4 10 2821.56 5938.55 9104.02 
5 10° 3544.04 6944.05 10343.6 
6 10° 3669.43 7138.60 10608.4 
7 10° 3682.84 7159.61 10637.1 
8 10° 3684.19 7161.73 10640.0 
9 10° 3684.33 7161.94 10640.3 
10 10” 3684.34 7161.94 10640.3 
ll 10° 3684.34 7161.94 10640.3 
ie 10° 3684.34 7161.94 10640.3 
1B 10” | 3684.34 7161.94 10640.3 


Fig 3: Transverse Natural Frequencies of Rotationally Restrained Single Bellows 
SR=0.01 to 1.E+10, Pressure PR=0.0 MPa, RIX=0.04673 & V=0 m/s 
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Rotational stiffness, SR == N=3 


Table2: Natural Frequencies for T=T,|=T, and N=1 to 3 & PR=166.0 MPa 


# T N=1 N=2 N=3 

1 0.01 1069.06 4468.55 7837.89 
2 0.1 1111.2 4489.69 7852.98 
3 1.0 1414.32 4665.5 7983.22 
4 10 2486.92 5631.27 8862.16 
5 10° 3256.51 6672.85 10131.0 
6 10° 3385.25 6871.85 10400. 1 
7 10° 3398.95 6893.31 10429.2 
8 10° 3400.33 6895.47 10432.1 
9 10° 3400.47 6895.69 10432.4 
10 10’ 3400.48 6895.71 10432.5 
11 10° 3400.48 6895.71 10432.5 
12 10° 3400.48 6895.71 10432.5 
13 | 10” 3400.48 6895.71 10432.5 


Fig 4: Transverse frequencies of Rotationally Restrained Singles 
Bellows for SR=0.01 to 1.E+10 and Pressure PR =166.0 MPa & 
V=0 m/s, RIX=0.04673 
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Table 5 gives a comparison of the exact frequency solutions obtained using the finite element 
method for a single bellows elastically restrained at both ends with rotational restraint vis-a-vis 
to the results presented in the thesis [5] and in paper [6] by the present authors for a 


rotationally restrained case. 


Table 5 Comparison of Frequency Solutions for T=a and Pmax=166MPa 


Mode | Exact [6] @, | Thesis [5] o, FEA, @ Error, % 
# rad/s rad/s rad/s 
1 3400.159 3400.334 3400.48 0.004 
2 6890.181 6890.356 6895.71 0.077 


The first two natural frequencies are calculated for the bellows data as given above using the 
frequency formula derived in equation (12) using the FE analysis. It is seen that the results 
obtained by the FEA method is found to be in good agreement with the exact method. The 
percentage error in the frequency obtained from the present analysis and the exact bisection 
method is less and about 0.004%. Therefore, since the percent of error is found to is less it is 
precise enough to estimate the natural frequency of single bellows expansion joint using this 


formula. 


The effect of variation of velocity of flow at V= 1.0, 5.0 and 10 m/s on the first three 
frequencies is studied. It is seen that for a constant value of rotational stiffness SR = 10"° the 
frequency increases with increase in the velocity of flow and also with increase in mode 


numbers. 


Table 6 Frequencies at different velocities and constant value SR= 10'° 


Mode V=1.0 V=5.0 V=10.0 
Number | Frequency, Hz | Frequency, Hz | Frequency, Hz | 
N=I 0.08 2.0 74 
N=2 0.16 4.0 15.5 
N=3 0.25 6.0 23.7 


It is seen that the effect of variation of pressure and velocity of flow on the natural frequency 
is marginal because the dimensions of bellows given in thesis (5) are small. The effect of 
variation of pressure and flow velocity on the transverse natural frequencies for modes N=1, 2 
& 3 is significant. In order to demonstrate this clearly a large dimensioned bellow is 
considered that has the following geometric properties -D,= 1.2m, R, = 0.6395m, BL= 
0.254m, El=5449Nm’, J=1485.36kgm and mio= 912.13kg/m respectively. 


Firstly, the effect of velocity of flow for V=1.0 m/s and 5.0 m/s is studied on the natural 
frequency. It is found that for a constant value of SR-< and velocity of flow increasing the 
natural frequency decreases. It is also observed that the frequency, @, increases with 
increase in the mode number N=1, 2 & 3. Table 7 shows the frequencies in radians/s 
obtained for different velocities of flow of liquid inside the bellow and figures 5 & 6 depict the 


same. 


Table 7 Frequencies at SR=10'0=0c & varying velocities 


Fig 5: Transverse Frequency of Single Bellows 
Expansion Joint for V = 1.0m/s and N=1,2 &3 & 
SR=infinity 
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Similarly, the effect of variation of internal pressure on natural frequency is investigated for 
the same geometrical dimensions of bellows. It is found that for SR-«< and pressure 
increasing from 10.0 MPa to 150.0 MPa, the transverse natural frequencies for the first three 
modes of vibration decreases. Table 8 shows the frequencies obtained at different internal 


pressures of bellows. 


Figures 7 to 10, shows the frequencies obtained by varying the pressures by an interval of 
50.0 MPa. It is seen that for P=10.0 MPa & N=1, the percentage increase in frequency for 
SR=0.01 to SR=10° is 50% and then the frequency remains constant as SR approaches 
infinity. At same pressure of 10MPa and N=2, the percentage increase in frequency for 
SR=0.01 to 10° is 30% and for N=3 the percentage increase in frequency is 25%. Similarly for 
a maximum pressure of 160MPa and N=1, the percentage increase in frequency for SR=0.01 
to 10° is 69%. At same pressure of 160MPa and N=2, the percentage increase in frequency 
for SR=0.01 to 10° is 33% and for N=3 the percentage increase in frequency is 26%. 


Table 8 Frequencies at SR=10'0=c & varying pressures 


Pressure PR=10MPa PR=50MPa PR=100MPa PR=150MPa 
N=1 105.35 20.58 O97 6.43 
N=2 151.41 29.94 14.75 9.69 
N=3 212.60 42.28 20.98 13.81 


Fig 7: Transverse Frequency of Single Bellows Expansion Joint 
for SR=infinity and PR=10.0 MPa, N=1,2&3 
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Fig 8: Transverse Frequency of Single Bellows Expansion Joint 
for SR=infinity, PR=50MPa and N=1,2 &3 
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Hig: Transverse Hequency of Single Bellows Expansion Joint 
for SR=nfinity, PR=100.0 MPa and N=1,283 
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Fig 10: Transverse Frequency of Single Bellows Expansion Joint 
for SR=infinity and PR=150.0 MPa and N=1,2 &3 


oe a es 14 
Fat 12 2 
_ s 
= pe 1 
aor x 
Za ° 
a= 6 & 
vo 
4 
2 
0 
1.E02 1.E+00 1.E+02 1.E+04 1.E+06 1.E+08 1.EH0 
— M1 
Rotational Stiffness, SR — —N2 
— NES 


Conclusions 


Theoretical and experimental comparisons confirm that the finite element method developed 


used in this study is well adapted to the dynamic response of bellows gives fairly exact 


results. From the various results presented in this paper the following can be concluded- 


As the internal pressure of the bellow is doubled the transverse frequency of 
vibrations for the first three mode numbers is reduced by nearly 50%. 

Similar kind of analysis has been done to study the effect of velocity of flow on 
frequency. It is seen that as the flow velocity is doubled the frequency decreases by 


about 4 times for all the first three modes of vibration. 


References 


1. 


EJMA — “The Standards of the Expansion joint Manufacturers Association Inc”. New York, 
ASME, 1984, p221. 

Li Ting-Xin, Li Tian-Xiang and Guo Bing-Liang, “Research on Axial and Lateral Natural 
Frequencies of Bellows with different end conditions”, International Symposium 86 PVP- 
14, ASME, p367-373. 

Jakubauskas V.F and Weaver. D.S, “Transverse Vibrations of Bellows Expansion Joints 
Part-II: Beam Model Development & Experimental Verification’. 

Jakubauskas V.F, “Practical Predictions of Natural Frequencies of Transverse Vibrations 
of Bellows Expansion Joints”, Mechanika-Kaunas, Technologija, 1998, No.3 (14), p47-52. 
Jakubauskas.V.F, “Transverse Vibrations of bellows Expansion Joints’- PhD. Thesis — 
Hamilton, Ontario, Canada: McMaster University, 1995, PP145-150. 

Rao.C.K and Radhakrishna.M, “Transverse Vibrations of Single Bellows Expansion Joints 
restrained against Rotation”, Presented at Tenth International Conference on Nuclear 
Engineering, April 14-18, 2002, USA. 


ICONE 10 


Tenth International Conference on Nuclear Engineering 


“DRAFT” 


April 14-18, 2002 
Arlington, Virginia, USA 


ICONE 10-22092 


TRANSVERSE VIBRATIONS OF DOUBLE BELLOWS 
EXPANSION JOINT RESTRAINED AGAINST ROTATION 


KAMESWARA RAO.C 
Bharat Heavy Electricals Limited 
Hyderabad, India 


Keywords: 
Bello w vibration, double bello ws, transverse 
frequency & elastic constraints 


ABSTRACT 


The paper presents the results of investigation of 
transverse vibrations of single bellows expansion 
joint restrained against rotation on either end. A 
theoretical model is developed based on the 
Bernoulli-Euler beam theory and includes added 
mass of the fluid flowing inside the pipe-bellow- 
pipe assembly. Neglecting effects of shear and 
rotary inertia an exact frequency equation is 
derived for the transverse vibrations of single 
bellows expansion joint including the effects of end 


elastic restraints against rotation. Numerical results 


are presented for an example bellow showing the 


effects of variation of elastic restraints and internal 


pressure on the first four modes of vibration. 


Introduction 


Bellows expansion joints are designed to absorb the 
axial or transverse displacements in _ pipeline 
systems. It is observed that any piping system is 
more or less flexible, and so has the natural 
flexibility to accept small elongation or contraction. 


However, in many of the applications such as the 


fossil/nuclear power plants or in aircraft and space 


RADHAKRISHNA.M 
Indian Institute of Chemical Technology 
Hyderabad, India 


industry, the elongation/ contraction of the piping 
system is quite significant and frequent changes in 
temperature or relative mechanical motion of 
structures with respect to each other. Therefore, the 
bellows are very susceptible to vibrations that can 
be easily excited either structurally through the 
fixed ends of the expansion joints or by the fluid 
flowing inside the bellows. Most studies of 
transverse vibration of double bellows expansion 
joint consider the bellows directly welded to pipe 
flange and uses fixed-fixed beam approach for 


investigation of transverse mode shapes and natural 


frequency [1]. 


However, in real practice the bellow is welded to a 
short pipe nipple. The other end of the nipple has a 
flange and is connected to the pipe flange. Figure | 


depicts the bellow-nipple-flange assembly. 


The paper presents an analysis of estimating the 
frequency and mode shapes of transverse vibrations 
of double bellows expansion joint restrained 
against rotation on either end. The analysis forms 
the basis of development of a theoretical model for 
the bellow considering as a Bernoulli-Euler Beam. 
The model considers fluid filled bellows and 


neglects the effect of shear and rotatory inertia. 


More precise formulae are developed based on the solution of 
Bernoulli-Euler differential equation for calculating the natural 
frequency of bellows. Results obtained using the Bisection 


method are compared with results presented in thesis [1]. 


The Differential Equation 

Figure 2 shows the various geometrical dimensions of U-shaped 
bellows —where R; and R; is the inner and outer radius of bellow, 
p is the pitch, h is the convolution height, t is the thickness of 


bellows wall and Lis the length of bellow. 


LL 


Fig. 1 : Flange-Pipe Nipple-Bellow assembly 


Fig. 2 : Geometry of Bellows 


The general form of the differential equation of vibration of 


bellows for single or double bellows expansion joint is given by — 


Where EI is the bending stiffness, P-internal pressure, J-mass 
moment of inertia per unit length, mt,,—total mass of bellows per 
unit length includes bellows material mass and fluid mass, x — 
axial coordinate, R ,,—is the mean radius of bellow, W-deflection 


and t-time [2]. 


Using the technique of Separation of variables, the lateral 


deflection of the bellows axis ‘w’ can be expressed as - 


W (x, t) = X(x) T(t) 


Differentiating the above equation (2) and substituting 


into differential equation (1) — 


V(PrRn +Jo”) 


V2 HI 


(mor W*)'4 
(ED!4 


dx) ax 

-—---+ 2c” -----— 0° K =0 

dx’ dx” 

The general solution of the equation is given by- 

X=A sinh ax+ Bcoshax+Csin Bx + DcosBx (8) 
The first three derivatives of equation (8) are given as 


follows— 


d(X) 
---- =Aacoshax+ Ba sinhax+CB cos BDBsinBx (9) 
dx 


d(X) 
= Aa’ sinh ax + Ba’ cosh ax - CB’ sin Bx - DB’cos Bx 
(10) 


= Aa? cosh ax + Ba? sinh ax - CB* cos Bx + DB? sinBx 


(1) 


Where the roots of the equation are a & B and their 


values are given by - 


a=vV-c? + V(t +24) (12) 


BH=VctVCt+ a (13) 


A, B, C, D are arbitrary constants 


Exact Solution of Double Bellows Expansion Joint 


Lateral Mode Natural Frequency 


A case of vibration of bellows in lateral mode is shown in 
figure 2. It is seen that the pipe has pure translational motion 
due to the geometry and physical symmetry of the system 
provided the coriolis component of force acting on the 


bellows fromthe fluid flo wing inside is neglected. 


As a mathematical approximation one half of the system is 
considered with its left end having a rotational stiffness ‘R’ 
and right end fixed to the vertical rollers and is shown in 


figure 2. 


Mathematical model of universal expansion 
joint for lateral mode 


Boundary Conditions 

As shown in figure 3, end ’A’ of the bellow is connected to 
a pipe nipple, and considered to have a rotational stiffness 
of ‘R’,. Now the first two boundary conditions are written as 


follows - 


Deflection is zero at W (0, t) = O and 


HL &X(0) 


v L ox 


R o0xX(0) 


o X (0) 0X (0) 
sevecesess EY ceceseeneee 


ox Ox 


As the end B does not rotate the third boundary 
condition, slope is zero and given by - 


ow (L, t) 


Ox 


The fourth boundary condition at end ‘B’ is the shear 
force Q (L, t) of the bellows and is given by- 


OW(L,t) {M,+(m,+ mp) a} PW(L,t) k, WL, t) 


d°X(L) —W*{M,+(m, +m) a} k, 
= * KX (L)+ ---(L) (20) 
EI 


-W*{M,+(m,+mp)a} k, X(L) 


M, is the equivalent lateral support mass, k , is the 
equivalent spring stiffness of the lateral support, m , is 
the mass per unit length of the connecting pipe of 
length ‘a’ and m g is the mass of the fluid per unit 


length in the connecting pipe. 


Substitution of the general solution (8) and _ its 
derivatives into boundary condition expressions (14), 
(15), (16) and (17) will give a set of linear equations 


with respect to the constants A, B, C and D. 

B+D=0 (22) 

{B (aL)? —D(BL)?7-T (AaL+CBL)}=0 — (23) 

Aa cosh aL + Ba sinh aL + CB cos BL - DB sinBL=0 
(24) 

[o> cosh aL + b sinh aL] A + [o> sinh aL + b cosh 

aL] B — [B° cos BL— b sin BL] C+ [P° sin BL +b 


cos BL] D=0 (25) 


Substituting c1, co, c3, c4 for the terms in the brackets in 
equation (25) we get - 

c= a cosh aL +b sin haL (26) 
ec =a° sinh aL +b cosh aL (27) 


C3 = B° cos BL — b sinBL (28) 


C4 = B° sinBL + b cos BL (29) 


For a non-trivial solution the determinant formed by the 
coefficients of the system of algebraic equations above 
must be equal to zero- 

The expansion of the above determinant results in the 


frequency equation for the system shown in figure 2. 


T {b [(o2 =p") sinBL sinh aL + 208 (1- cos BL cosh aL] 
— a (7+ B’) (a sinh aL cos BL+ B cosh BL sin BL) +b 
ios B’) (a sinBL cosh aL - B cos BL sinh aL -af (a? 
+B”) cos BLcosh BL (31) 


Fig 4: Transverse Vibrations-Double Bellows 
(Lateral Mode) & for Net and Ne2 & M,=0 


Suppor Sines, ks kim) 
Results and Discussion 
Let us take a double bellows expansion joint having the 
following geometrical and physical parameters -bellow 
length L=0.0693m, mass moment of inertia per unit 
length J=0.001153kgm, EI =5.078Nm’, total bellows 
mass Mo = 5.138kg/m, total connecting pipe mass, 


m,+mf3 = 5.0kg/m. and assuming a= L. 


According to [1], the maximum allowable pressure in 


bellows is — 


Pox = 1 k* P 


6.666L” 
Where k is the equivalent axial stiffness of bellows - 


Substitution of the above numerical values into the 
expressions 4 & 5, we get — 

c= V 616.49 + 0.0001135a" (33) 
A= 1.0029Va (34) 
b =0.10235a (35) 


The study involves the effect of varying the equivalent 
support stiffness and mass on the frequency of vibration. 
Using expressions in (12), (13), (32), (33), (34) and (35) 
the frequency equation (31) is solved by applying 
bisection method. The results are presented in Tables 1,2 
and 3 and the same are also graphically represented in 


figures 4 and 5 respectively. 


Tables | and 2 presents the frequencies obtained by 
varying the support stiffness k, for mode numbers N=1 and 
2. It is seen that as stiffness increases from a value of 10° 
fa: 0: frequency increases from 331.40rad/s to 
3400.1597rad/s, a steep rise by almost 90%. The 
frequency attains almost a constant value from 108 


onwards. 


The effect of varying the support mass on the frequency of 
vibration is also studied and the results presented in Table 
3. It is seen that there is a steep drop of 87% in frequency 
as the support mass increases from 1.0 to 100 for N=1 and 


by a small drop of 1% for N=2. 
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Introduction 


Bellows expansion joints are used for absorbing 
thermal movements of piping that results in a 
substantial shortening of pipe length and thereby 
reducing the plant construction costs 


considerably. 


It is seen that most of the nuclear and thermal 
power plants around the world are located in the 
seismic zones. The piping in these plants consists 
of expansion bellows and needs to be analyzed 


from seis mic design point of view. 


Hence, while designing an expansion bellow 
from structural point of view, the seismic design 


aspect is also to be given utmost importance. 


The formulae presented in EJMA and those 
derived by Morishita et al, [1,3] cover classical 


boundary conditions only like the fixed-fixed 
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type of ends, which are infinitely stiff and have 
used the approximate method to determine the 
natural frequencies. Hence, it is observed that 
this assumption will lead to an over estimation of 
natural frequencies and incorrect determination 


of seismic response. 


The paper attempts to derive an exact solution 
for the seismic response of U type of single 
bellows that are considered elastically restrained 
against rotation on either end. The fundamental 
equation of motion of the equivalent 
Timoshenko beam is used to calculate the 
spectral response of the bellows to a seismic 
excitation in the lateral direction. The shear 
terms are neglected. The first and second lateral 
mode frequencies are obtained keeping the 


rotational spring stiffness values equal. 


The Differential Equation 


The fundamental equation of motion of the 


equivalent Timoshenko beam [5] is given by- 


4 2 4 
W W 
B12 Y 4 Pan? © =pA-J ol 5 
Ox x Ox O 
ow 
+ Mtot =0 


(1) 


Where EI is bending stiffness, P- internal 
pressure in bellows, J — rotatory inertia per unit 
length, w —lateral deflection x-axial coordinate, 
R »—mean radius of bellows, m,.; is the total 
mass of bellows per unit length includes mass of 


bellows and fluid mass and t-time [5]. 


Using the technique of Separation of variables, 
the lateral deflection of the bellows axis ‘w’ is 
expressed as- 


w(x, t) = X(x) T(t) (2) 


Where w (t) is a parameter of x only and T (t) is 
the time harmonic function such as - 
T(t)=X(Hye'™™ (3) 


Where‘w’ is the natural frequency 


The modal expansion technique is used to obtain 
the seismic response of the beam. Applying the 
modal expansion to equation (1) —we obtain the 


equation of motion in modal space- 


IM]¥ + [cly + [kl y = By Yo (T) (4) 


IM] y + [k]x= Bp Yo(T) (5) 
Bp is the participation factor which for the 


present study becomes equal to 1.0. 


Differentiating the above equation (5) we get- 


y(x, T) = y(x).e%°? (6) 
Y (x, T) =y(x) (ia) e&°” (7) 
V (x, T)=y(~) i wy e&°” (8) 
2“ (x, T) = @ y(x, T) (9) 


Where ‘y’ is generalized coordinate in modal 
space. Assuming damping factor is equal to zero 


ie.[c] =0 


Let the solution of equation (9) be given as- 


Y= A sinh ax + B cosh ax + CsinBx+ D cosBx 


(10) 
Where A, B, C&D are arbitrary constants 
Boundary conditions are as follows - 
i.) y=0 at x=0 
Oy / dx =+ T, dy/ox (11) 
ii.) And y =O at x= Lorx=l 
Oy / Ox = - Tp dy/Ox (12) 


Now applying B.C (i) & (ii) we get- 
B+D =0Oor B=-D 
A+C =0orA =-C 


Substituting in equation (10) and rewriting- 


y=C (sinBx-sinhax) + D (cosBx-coshax) (13) 


y = D{[T2(sinhax +sinBx) + @(coshax + cos fx) 


/ Tz (cosBx -coshax) - g(sinhax + sinBx)] 


(sinBx-sinhax) + (cosBx- coshax)} (14) 


Applying the boundary condition (ii) we get — 


y= D{(cosfx - coshax) + d(sinfx - sinha x)} (15) 
Where 


_ T(sinh ax + sinBx) + O(cosh ax + cos Bx) 


7 T2(cos Bx — coshax) — o(sinh ax + sin Bx) 


(16) 
At x=1 
5a sinB+sinha 
cosB—cosha 
(17) 
Also equation (17) can be written as - 
5a sinB—sinha 
cosB—cosha 
(18) 
We know 
V(PaRn + Jo) 
CS meeeennnannnncnnncnnnns (19) 


V2EI 


Let the roots of the equation (10) be a & B are 


given as in reference [3]- 


a=V-c?+V (t+ 9) (20) 


B=aV7+VC1+o) (21) 


Exact Analysis -Seismic Response 
The various dimensional parameters of U-shaped 
bellows are taken to be same as those that have 


been considered by Morishita et al. [5]- 


Bellows inner diameter (Dj) -—545.8mm, 
convolution height, h=30mm; convolution pitch, 
p=25mm,; bellows thickness, t,=0.563mm: 
Bellows mean diameter, D,=550.8mm: number 
of convolutions, N=20: pitch diameter of 
bellows, Dp=575.8mm and Bellows length L = 


0.5 m respectively. 


The theoretical stiffness of bellows is computed 
by using the expression given in EJMA, 
k=387.02N/m. 


According to [3] the maximum internal pressure 


in bellows and bending stiffness are given by the 


expressions - 
P mx = 1. kp / (6.666L”) (22) 
El =“.kp. Rae (23) 


Substituting the values for k, p, L and Rm, we 
get- 

Prmx =18.23Pa 

EI = 0.1834Nm’. 


Also the total mass (m jot) and rotatory inertia (J) 


of bello ws per unit length are found out as- 


M tot = 440.76kg/m. 
J = 2.3804kgm 


Substituting the above numerical values in 


equation (19), (20) and (21) we get — 


c= (0.00001184 +6.5141a) (24) 


2% = 7.0016Vo (25) Results and Discussion 


Table 1 gives a comparison of the exact frequencies 


Using the frequency expression derived and given obtained using the bisection method for a single 
in reference [4] the first and second lateral mode bellows that are elastically restrained at both ends 
frequencies are obtained using bisection method. vis-a-vis to the fixed-fixed end results presented by 


Morishita et al. [5]. 


The rotational restraint T is varied from a Table 1 Comparison of Frequencies at T= 


minimum value of 0.01 to a maximum of 10'° at Mode | Morishita [5] Exact Error, % 

maximum internal pressure of P=18.233Pa. It is Biv Ee aia 
assumed that there is equal rotations on either 
eee ee eS ee a ae ee 


It is seen that the frequencies obtained by 


Now the spectral response of the bellows to a Pera 2 : 
P P considering the ends as elastically restrained are 


seismic excitation in the lateral direction is eee 
lower than that was found out by Morishita et al. 


calculated: by:.“using: the) -mpdal’ expansion Therefore, it can be concluded that the seismic 


pechnigue....AP PINE this stechmiaie.to sequebon response by the present method is exact and not 


(1), the equation of motion in modal space is ge 
an over prediction. 


given by equation (5). From equation (5) the 
mea tes poUse. Hiee gS pC NE Or any. Table 2 presents the first two mode frequencies 


arbitrary section of bellow to a response spectrum . . 
ae P P at T,=T,, the time period for the fundamental 


is piven Bye mode frequency and the spectral acceleration. 
Sa Dp 
Y max = Bo a aN y(x) 
(2nf ) .N.p Table2: Fundamental Frequency for various 
values of restraint parameter T=0.01 to x 
2 
Bp=1.0 001 14.8635 0.0672 206.9 


0.1 14.9301 0.0669 206.9 
10 15.501 0.065 413.8 
10 17.6262 0.0567 551.7 
1 20.502 0.0487 655.2 


y(x) = ={(y(n +1) —yin)} 
y 


Where S, is the spectral gravitational acceleration 


at frequency ‘f and has units of mm/s”. 


10° 23.5662 0.0424 569.0 


(27) 73.614 0.0423 5673 
Where ‘n’ is convolution number and is equal to 23.619 0.0423 5673 
N-1. Here in this case it is 19 as N=20 23.619 0.0423 5673 


10° 23.619 0.0423 567.3 
10 23.619 0.0423 567.3 


a 10 23.619 0.0423 567.3 
24 fe] Lees 


convolutions. 


ACCELERATION 


GAL 


5000 0.0148 0.038 
H=1.3% 
4000 
The seismic gravitational acceleration obtained 
3000 + 
a at T=oc and time period of t=0.042sec is 
pis 620.68mm/s’. Substituting this value in equation 
1000 5 (26), the maximum lateral displacement is 
0 Give bak ea pace obtained aS Ymx = 0.016mm compared to 
0.02 0.05 0.10 0.20 0.50 1.00 2.00 


PERIOD 0.84mm by Morishita et al [5]. 


Fig 1:Time History Curve of Seismic Response 


It is observed that for N=1 and at T=0.01 the Conclusions 


time period found out is 0.0672sec, while at The Sect Ac end. Aso evelo ped Tan pies cars udy 


: ee : to calculate the dynamic characteristics and 
T=oc, the time period is 0.0423sec. It is seen that 


; ; . seismic response of bellows for its lateral 
as rotational stiffness increases and approaches 


eee 2 : : ; vibrations. The theoretical formulations are 
infinity, the time period of vibration decreases. A 


; . Mech based on _ the uations of an equivalent 
standard time history graph of seismic wave and rt " 


; : f hm Timoshenko beam, and the bending stress due to 
its acceleration response is used for obtaining the = 


ae ; . } these vibrations is estimated. In case of lateral 
seismic accelerations (S,) at various frequencies 


hae vibrations it is found that the influence of 
as shown in Fig 1. 


elastically rotational restraint at either ends to its 


. : ; natural frequencies is significant. 
Table 3 gives the maximum displacement, y mx q e 


and bending stress o, values for varying 
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Abstract 


Previous work by Li et al. in the area of axial vibrations of bellows dealt with fixed end 
conditions. However, it is seen on several occasions that bellow ends are welded to a small 
pipe spool that has a lumped mass such as a valve or an instrument. Hence, the present 
paper aims at finding out the effect of elastically restrained ends on the axial natural fre- 
quencies. The analysis considers finite stiffness axial restraints on the bellows, i.e. solving the 
set of equations with non-homogeneous boundary conditions. Two bellow specimens are 
considered for comparison having the same dimensions as taken by Li in his analysis. The 
transcendental frequency equation deduced is accurate as the first, second and third mode 
frequencies computed are in close agreement to the ones obtained by Li. 
© 2003 Elsevier Ltd. All rights reserved. 


Keywords: Bellow vibration; Single bellows; Axial frequency and elastic restraint 


1. Introduction 


Gerlach [1] was the first to have developed a simplified method of computing the 
natural frequencies of bellows. He represented a bellow having ‘N’ convolutions by 
a system consisting of 2N — 1 identical masses and connected to a 2N identical 
springs. By calculating the elemental mass, added mass and elemental stiffness, the 
axial natural frequencies of bellows were determined. It is reported that very good 
predictions were observed for the lowest vibration modes. EJMA [2] also provides 
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a method for calculating the axial natural frequency of single and double bellows 
by assuming the bellows as a continuous elastic rod. However, the method does 
not take into account the mass resulting from simple translation of the fluid 
between undeformed convolutions. 

Jakubauskas derived an expression for the axial natural frequency of bellows. He 
assumes the total fluid mass, m,, per unit length to comprise three components— 
rigid convolution motion in axial direction, mr,, convolution distortion component, 
Mp, and the third component associated with the motion in return flow in central 
area of cross-section of bellows, mp3. The distortion component for a half-convol- 
ution was determined using finite element analysis. The percentage error in fre- 
quency obtained by the EJMA modified method was compared with the results of 
experiments and was found to be far less than the percentage error in frequency 
obtained either from standard EJMA or Gerlach methods [3]. 

The paper contributed by Li et al. [4] presents equations to calculate the axial 
and lateral natural frequencies of single bellows with three types of end con- 
ditions—one end fixed and other end free, one end fixed and other end attached to 
weight and both ends of the bellows are fixed. The theoretical results were then 
compared with the experiments performed on bellow specimens having different 
geometrical parameters. Though the error corresponding to the experimental value 
was found to be reasonably close to theoretical value, the end conditions repre- 
sented by Li do not represent most of the practical situations. 

It is seen on several occasions that bellow ends are welded to a small pipe spool 
that has a lumped mass such as a valve or an instrument. Hence, the present paper 
aims at finding out the effect of elastically restrained ends on the axial natural fre- 
quencies of a physical system as shown in Fig. 1. A weight, Wo, is attached as 


kul) 


Fig. 1. Pipe with end condition. 
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Fig. 2. Dimension of below. 


shown and is connected to a spring of stiffness, A,. It is assumed that a straight 
pipe is partially fixed at the bottom and connected to a spring of stiffness, k,. Fig. 2 
depicts the various geometrical parameters of the U-shaped bellows used in the 
analysis. 


2. Axial natural frequency of bellows 


The differential equation to express the axial vibration for the straight pipe is 
given by [4]: 
2 2 
Cl Ue (1) 
Or Ox? 
where ‘uw’ is the axial displacement of the pipe (mm), “7” is the time (s), F is the 


elastic modulus of bellow material (MPa), g is the gravitational acceleration 
(9806.65 mm/s”), v is the weight per unit volume of the bellow material (N/mm°) 


and a = ,/Eg/v, respectively. 


3. Formulation and analysis 


When considering the axial vibrations of a single bellow expansion joint, the 
boundary conditions for the system are given by 


AE = kp-u (2) 
Ou Wo Ou _ 
AE at a ae +k,-u(x) =0 (3) 


The exact solution of the differential equation is written as follows 


u(x, T) = [CsinB + DeosBx] - (4) 
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where 


B=a;/a 


(5) 


and «, is the angular frequency in radian/s, C and D are the integration constants. 


Now applying the boundary conditions and substituting T = 0, we get 


u(x) = CsinBx + Dcosfx 


Oe. = P{Ccospx — DsinBx} 


Substituting for Ou/Ox and u(x) in Eq. (2), we get 


AE x ${CcosBx — DsinBx} = kp{ CsinBx + DcosBx} 
Applying x = 0 in Eq. (8), we get 

C = {kp/B x AE}D 
We know 

u(x, T) = u(x) el? 


Now substituting for u(x), 0u/Ox and 0?u/dt? in Eq. (3) 


(10) 


AE{B(CcosBx — DsinBx)} + {(ks — Wo - @/g) x (CsinBx = DeosBx)} = 0 


Applying x = L in Eq. (8), where L is the bellow length, we get 
AE{B(CcosBL — DsinBL)} 
+ {(k; — Wo- /g) x (CsinBL + DeosBL)} = 0 
Rearranging the terms in Eq. (12), we get 
C{AE: BoosBL + (ks — Wo - @*/g)sinBL} 
= D{AE- fsinBL — (k; — Wo - w*/g)cosBL} 
Substituting the value of C in (13) 


AEB (kp + ks — Wo x w/g) 
(BAE)? + kp(ks — Wo x w°/g) 


tanBLl = 


Dividing (13) through out by AE and multiplying by L, we get 


B(kpL/AE + k,L/AE — WoLo?/gAE) 
(BL)? + kpL/AE(K,L/AE — WoLw?/gAE) 


tanBl = 


Let 
Tp = kpL/AE 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 
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where T, is physically the ratio of the axial pipe stiffness to the effective bellow 
stiffness 


T; = k,L/AE (17) 
a= (Eg)/v (18) 
l/a= Wo/G (19) 


where « is the ratio of bellow mass to the end mass 
BL = «a;(L/a) (20) 
Now, substituting for the value of ‘a’ in Eq. (20), we get 


BL = a/G/(g + kn) (21) 


where G = LAy, A is the effective area of cross-section of bellow in mm? and ky is 
the theoretical stiffness of bellows obtained using the equation given in EJMA. 
Assuming the exact equation as 


u(x, T) s {Csinw;x/a + Deosa;x/a}el? (22) 
Applying the boundary conditions as mentioned above and repeating the pro- 


cedure, the final frequency equation is obtained as follows 


_ B{a(1 + Ts/T > — B;/Tp) } 
tanp, = (l/T, —T.) + B (23) 


4. Different end conditions 


4.1. Case 1 


One end of the bellows is fixed and the other end is free (k, = 0, T; = 0, Wo = 0 
and 7, = oo): substituting the above conditions in Eq. (23), the resulting frequency 
equation is written as Eq. (27) 


Btanp; = « (24) 
_ Bi{(4(Ts + Tp) — Bi) } 


tanp; = (25) 
{a(1—TsTp) + Tp; } 
We know 
fi = 0; /20 (26) 
therefore 


fr =49.5(i — 0.5) x \/kn/G (27) 
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Table 1 

Tp Bi, N=1 Bi, N =2 Bi, N =3 
0.01 1.502 3.17331 6.3465 
0.1 1.5023 3.4761 6.8862 
1.0 1.5022 4.4934 7.7725 
10.0 1.5044 4.6910 7.8412 
102 1.5644 4.71026 7.8527 
102 1.5701 4.71217 7.853 
104 1.5707 4.71236 7.8539 
105 1.5707 4.71238 7.8539 
10° 1.5707 4.71238 7.8539 
107 1.5707 4.71238 7.8539 
108 1.5707 4.71238 7.85398 
10° 1.5707 4.7123 7.8539 


A computer code in FORTRAN is developed to find the solution of the frequency 
equation ((23) and (25)) and compute the value of f;. The values of f; for the 
modes N = 1, 2 and 3 and increasing order of T, are given in Table 1. 

By considering one end of the bellows to be fixed and the other end free, the 
value of f; for T, = « is 1.5707 for N = 1, 4.7123 for N = 2 and 7.8539 for N = 3, 
respectively. The weight of the bellow Wo = 0, « = 0 and &, and T, = 0. It is seen 
that as the value of elastic restraint 7, of the pipe increases from 0.01 to 10%, the 
frequencies tend to increase for all the mode numbers. As the stiffness value 
T — o, the frequency value increases by about 54% for VN = 1, P= 0 MPa and by 
69% for N = 1 and P = 166 MPa. However, it is observed that there is no change 
in frequency and it becomes constant from T = 10* onwards. The same is reflected 
in Figs. 3 and 4, respectively. 


4.2. Case II 


If both ends of the bellows are fixed (Wo = 0 and k; = oo), the frequency equa- 
tion is written as 


gif — Se) — B;)/a(Ts x Tp) } (28) 


{[L/(Ts x Tp) — 1] + (B;/Ts x %) } 


fi = 49.51 X Vk /G (29) 


where ‘7’ is the order number of frequency, i= 1, 2, 3, etc. The values of f; for the 
mode numbers N = 1, 2 and 3 and different values of 7, are given in Table 2. 

The value of f; for clamped—clamped condition for T, = oo is 3.1415 for N = 1, 
6.2831 for N =2 and 9.4247 for N = 3, respectively. The weight Wo = 0, « = co 
and k, and T, = oo. 
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Fig. 3. Axial vibrations of single bellow expansion joint (one end fixed and other free) (f; for 
N =1, 2 and 3, Wo = 0, T; = 0 and « = co). 


4.3. Case II 


This represents a practical situation where one end of the bellows is welded to a 
pipe and the other end is attached to a lumped weight, Wy) (Wo 4 0 and k, = 0). It 
is commonly noticed that in a pipeline having a bellow, also has a valve for con- 
trolling the flow or an instrument for measuring the flow. Therefore, the values of 
f; for this type of end condition are different from the other two cases and are 
obtained by varying 7, and keeping 1/a (0.1, 1, 100 and 1000) a constant value. It 
depends on the value of «. The same is computed and given in Tables 3-6, respect- 
ively. We know that «= G/Wo or 1/2 = Wo/G where G = G, + Go, where G; is 
the weight of the bellow material and Gy» is the weight of liquid. 


8 
Wesrareie earn. Sie.al-m uae ean =: Rien e eee eee, Scent = ene Sei, ee Sule eee 
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zg 4 
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Fig. 4. Axial vibrations of single bellow expansion joint (both ends fixed) (f; for N = 1, 2 and 3, 
Wo =0, T; and « = ov). 
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Table 2 

Tp B, N=1 Bi, N =2 B;, N =3 
0.01 1.57713 4.71451 7.85525 
0.1 1.63199 4.733518 7.86669 
1.0 2.02875 4.91318 7.97866 
10.0 2.86277 5.76055 8.70831 
107 3.11049 6.22105 9.33172 
10° 3.13845 6.27690 9.41536 
104 3.14127 6.28257 9.42383 
10° 3.14156 6.28312 9.42468 
10° 3.14158 6.28317 9.42476 
10’ 3.14159 6.28318 9.42477 
108 3.14159 6.28318 9.42477 
10° 3.14159 6.28318 9.42477 
Table 3 

1/2 =0.1 and T, = 00 

Tp B, N=1 B, N=2 B, N =3 
0.01 1.435 4.3076 7.2289 
0.1 1.4899 4.3239 7.2366 
1.0 1.8964 4.4899 7.3172 
10.0 2.8417 5.5990 8.228 
10? 3.1101 6.2185 9.323 
10° 3.13845 6.2768 9.4152 
104 3.14127 6.2825 9.4238 
10° 3.14156 6.28312 9.4246 
10° 3.14158 6.28317 9.4247 
10’ 3.14159 6.28318 9.4247 
108 3.14159 6.28318 9.4247 
Table 4 

1/a = 1.0 and T; = co 

Tp B, N=1 B, N=2 B, N =3 
0.01 0.8645 3.42583 6.43733 
0.1 0.9014 3.42775 6.43765 
1.0 1.2077 3.44823 6.44095 
10.0 2.5293 3.82916 6.48289 
107 3.1072 6.18340 8.98748 
10° 3.1384 6.27665 9.42382 
10* 3.14127 6.28312 9.42468 
10° 3.14156 6.28317 9.42468 
10° 3.14158 6.28317 9.42476 
107 3.14159 6.28318 9.42477 


108 3.14159 6.28318 9.42477 
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Table 5 
1/a = 100 and T, = 00 
T> Bi,,N=1 B;, N=2 B, N=3 
0.01 0.1003 3.14477 6.28477 
0.1 0.1047 3.14477 6.28477 
1.0 0.1411 3.14477 6.28477 
10.0 0.3311 3.14480 6.28478 
10° 1.0031 3.1455 6.28481 
10° 3.0809 3.2236 6.285316 
104 3.1412 3.14124 6.283119 
10° 3.1415 3.14156 6.283119 
10° 3.14158 3.14158 6.283178 
10’ 3.14159 3.14159 6.28318 
108 3.14159 3.14159 6.28318 
Table 6 
1/a = 1000 and T, = 00 
T> B,,N=1 Bi, N =2 B, N=3 
0.01 0.0317 3.1419 6.28334 
0.1 0.0331 3.14190 6.28334 
1.0 0.0447 3.14190 6.28334 
10.0 0.1048 3.14190 6.28334 
10° 0.3177 3.14191 6.28334 
10° 1.0003 3.14191 6.28339 
104 1.1123 3.14151 6.28308 
10° 1.3112 3.14155 6.28317 
10° 1.4234 3.14158 6.28318 
108 1.5671 3.14159 6.28318 
10 5 
94 Pe Btai (N=1) 
." — ~ Btai (N=2) 
84 we = = = Btai (N=3) 
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Fig. 5. Axial vibrations of single bellow expansion joint (one end of the bellows fixed and other end 
attached to weight) (8; for N = 1, 2 and 3 and « = 10). 
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Fig. 6. Axial vibrations of single bellow expansion joint (one end fixed and other end attached to 


weight) (f; for N = 1, 2 and 3 and « = 1.0). 


Tables 3 and 4 present f; values for 1/a 


means the bellow weight is greater than the 


shown in Figs. 7 and 8, respectively. 


of 0.1 and 1.0, respectively. It is seen 
from Figs. 5 and 6 that the values of £; in both the cases tend to be constant from 
Tp = 10° onwards. However, for lower values of 1 /x of 0.01 and 0.001, which 


weight attached (G > Wo), the values 
of f; are almost constant for N = 1 and 2 and vary for N = 1 only. The same is 
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Fig. 7. 
(B; for N = 1, 2 and 3 and « = 0.01). 


Axial vibrations of single bellow expansion joint (one end fixed and other attached to a weight) 
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Fig. 8. Axial vibrations of single bellow expansion joint (one end fixed and other end attached to a 


weight) (f; for N = 1, 2 and 3 and « = 0.001). 


5. Theoretical verification 


Five numbers of U-shaped bellow specimens are used that have the same geo- 
metrical dimensions as considered by Li et al. [4] and are given in Table 7. The two 
specimens have austenitic stainless steel as the material of construction. D, repre- 


sents the inside diameter of cylindrical tangent, w is the convolution depth, q is the 


convolution pitch, ” is the number of plies and ¢ is the nominal thickness of the 


bellow material before forming. 


Table 7 

Geometrical dimensions of bellows (in mm) 

SP Dy w q n t N 

1 322.5 24.5 22.4 1 0.49 9 

6 192 26 22 1 0.5 9 
SP, specimen number. 

Table 8 

SP EXP Li Mod “Error 

Air 

1 37.5 40.4 40.5 0.27 

6 40.0 38.6 39.8 0.45 

Water 

1 27.5 27,5 25:5 7.0 
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Table 8 presents the frequencies obtained by the present modified for single bel- 
low expansion joint. The frequencies are in close agreement to the experimental 
and theoretical results of Li for air and water, respectively. 


6. Conclusions 


A theoretical model has been developed for determining the axial frequencies. 
The effect of considering the pipe as elastic and partially restrained and the influ- 
ence of elastic restraints on axial frequencies has not been previously dealt. It is 
found that the axial frequencies obtained from the present analysis are in close 
agreement to the ones determined by Li both by theoretical formulations and 
experiments. The percentage error is 0.27% and 0.45% for specimen numbers | and 
6 in air and 7% in water. 
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Abstract 


Consistent and simple lumped mass matrices are formulated for the dynamic analysis of 
beams with arbitrary cross section. The development is based on a general beam theory 
which includes the effect of flexural-torsion coupling, the constrained torsion warping and the 
shear centre location. Numerical test are presented to demonstrate the importance of torsion 
warping constraints and the acceptable accuracy of the lumped mass matrix formulation. 


Keywords: torsion, thin walled beam, mass matrix, free vibration 


1. Introduction 


During the torsion of bars an out of section plane, axial warping displacement takes 
place which is assumed to depend on the change of the angle of twist. The torsional warping 
has no effect on stresses if the measure of warping is the same in each section including the 
ends. This implies that the torsional rotation is a linear function along the beam axis. If the 
torsional rotation is far from the linear distribution, as it is in torsional vibration modes, or the 
beam ends are constrained, the torsional warping may have an important effect on the static or 
dynamic response of the beam structure. In addition to the torsion warping effect, the 
coupling between the bending and the tosional free vibration modes occurs when the centroid 
(mass centre) and the shear centre (centre of twist) of the beam section are non-coincident. 

The thin-walled beam theory was established by Vlasov [1] and Timoshenko and Gere 
[2]. Among others coupled bending-torsional vibrations of beams has been investigated in 
recent years by Friberg [3] and Banerje [4]. Trahair and Pi [5] summarized a series of 
investigations on this field. A consistent finite element formulation for the free vibration was 
presented by Kim [6]. In this paper an exactly integrated consistent and a lumped mass matrix 
are presented for the 7 DOF finite element beam model. The formulation includes the flexure- 
torsion coupling and the constrained warping effects. 

The equation for free vibration of an elastic system undergoing small deformations and 
displacements can be expressed in the form 


KU+MU=0, 


where K and M are the assembled elastic stiffness and mass matrices, respectively, and U(t) 
is the set of nodal displacements. The dot represents the time derivative. 


2. Kinematics of beam 


Figure 1. shows the basic systems and notations. The local x axis of the right hand 
orthogonal system is parallel to the beam straight axis and passes trough the Ni, N2 element 
nodes of the finite element mesh. The axes y and z are parallel to the principal axes, signed as 
r and s. The position of the centroid C and shear centre T relative to the node N in the plane 
of the section are given by the co-ordinates yne, Ycr, and Znc, Zcr. 


Z 7% 
YN - pst 
x ZcT | Ke yr 
y L ZNC . 7 
Ni Z YNC yYcr . 
Fig 1. 


The linear kinematics of an initially straight, prismatic beam element can be described 
on the assumption, that the cross section undergoes a rigid body like motion in the plane 
normal to the centroidal axis. Accordingly, the in plane displacements of a point can be 
expressed by three parameters, the angle of twist 6’, about the longitudinal axis passing 
trough the T shear centre and the two uy and u', displacement components of point T. The 
axial displacement is the sum of the uS, axial displacement of the C centroid, the 0%, 0%, 
rotations of planar section about the axes r and s, and the out of plane torsion warping 
displacement. Accordingly, the displacement vector is 


a uy +O, s— OF r-9o" 
u(x,r,s,t)=|uy |=] u, -O, (8—Zer) (1) 
u T 


u +0, (Yer) 


Z 


where 9(x,t)is the warping parameter and w'(r,s) is the warping function, or — for thin walled 
rping p rping 


sections — the sector area co-ordinate. 
The geometric properties of the cross section are 


I, =[s?dA, I, = (17 dA, Be =fo" da, 
A A A 
em’ da" 


or Os 


nN 
I, = {Ie@-yer y +(S—Zer yaa =I, +1, tAlyeq” hig | 
‘A 


Yor =—y-]%0 dA , are ye dA, Jt {[s 


Jes, (2) 


and the principal r, s co-ordinates on Fig. 1 were chosen such that the following integrals are 
zero: 


[rdA=0, [sdA=0, frsdA=0, fo'dA=0, [ro dA=0, [so dA=0. 
A A A A 


A A 


By using the displacement (1) and the Vlaszov and Bernoulli [7] constraints as 


du} duy do’ 
@6(x,t)=-“=*=-u7, @S(x,t)=—2=u, Ax.) = <== 07, (3) 
dx dx x 
the U strain and K kinetic energy stored in a linear elastic beam element of length L are: 
1 L 
w= [[ Aut? + BLul”? +EL,ul”? + GIO,” + EL,@f” | dx , (4) 


0 
L 


1 I I Doh. 1 
K=5 f] ug? 4uy? +0? a ae aoe Bae + 2(Zc,}O! — yep} O ) | pAdx 
0 


where E, G are the properties of isotropic elastic material and p is the mass density. The 
assumptions (3) imply that the shear deformations are neglected. A more detailed description 
of deformation including the shear effect can be found in [6] or [9]. 


3. Element Matrices 


The derivation of element matrices is based on the assumed displacement field. A linear 
interpolation is adopted for the axial displacement and a cubic for the lateral deflections and 
the twist: 


ne =ul,(1-€)+ul,é ’ 


x 


uy (E)=uy,N,(E)+ O05, LN,(€)+uy,N,(E)+ OF, LN,(E), 


- (5) 
u, (§)=u7,N,(E)- 5, LN,(E)+u7,N3(6)- Oy, LN,(E), 
@.(6)= OLN (6) +9, LN, (6) +OLN5(E) +9, LN, (E), 
in which: 
N, =1-38? +28, N, =&€-287 +8, N, =3&7 -2€?, N,=8 -& > aS 
Define the order of the element 2x7=14 local displacements at the two ends as 
u* (t)=[uS, Uy U1 On, Oh. O20 Wes WyosUz9> @7,,9%, QD. 9) . (6) 


(141) 


Substituting interpolation (5) into (4) the expression for the potential and kinetic energy may 
be defined in terms of (6) local variables as 


The explicit — exactly integrated - stiffness and consistent mass matrices, Fe and m° are 
given in Appendices A and B, respectively. The stiffness matrix — apart from sign conventions 
— is identical to the matrix published in [10], page 89. 

The lumped mass matrix can be derived from the kinetic energy expression for an 
element which undergoes a rigid body like motion and rotation. The element lumped mass 
matrix is given in Appendix C. Here the lumped mass, due to the shear centre location, is not 
a diagonal matrix. Nevertheless, it is computationally much more economical then the 
corresponding consistent mass detailed in Appendix B. 


4. Transformation from local to nodal variables 


The transformation which relates the (6) local variables to nodal displacements are: 


ie 1 0 0 0 Zee “Vue tO te 
u, 0 1 O|-(@ye+Zer) 0 0/0} uy 
u; 0 0 0} WretYer) 0 0 |O} u* 
etl=|0 0 0 i 0 0 [ojos (7) 
ef 0 0 0 0 1 0 0 oe 
e| jo 0 0 0 0 0 |o}es 
a9| [0 0 0 0 0 o fil s 


Using the above transformation at each node the stiffness and mass matrix can be transformed 
to the local x, y, z system in the corresponding mesh node. Finally, the element stiffness and 
mass matrices evaluated in the local x, y, z system, are transformed to the global X, Y, Z 
structural system in a usual manner. A detailed description of the (7) transformation process 
can be found in [8]. 


5. Numerical examples 


In order to examine the validity and accuracy of the lumped mass formulation the 
vibration analysis of a simply supported and a cantilever beam are conducted. Numerical 
solutions of the present study are compared with the analytical and COSMOS/M shell 
element results. 


5.1 Simply supported beam 
Material and sectional properties used in this example are listed on Fig. 2. Closed form 
solution for the torsional vibration with free end warping is known as [1]: 


(8) 


Z(S) 2(s) L = 2000 mm 


E=2,0e N/mm 
A = 2848 mm’ , 
- Fda cmt | G=0,8 e° Nimm? 
Ge [M43 erm oe ye 89 
y p = 8,0 N sec’/mm 


L | J = 6,847 e* mm* 
Io =1,274 e!° mm* 


Fig 2. Simply supported beam with doubly symmetric section. 


The beam was analysed with different m number of elements. At the end nodes (x = 0, L) in 
addition to the normal hinged support conditions the 7-th warping parameter was left free. 
Tables la and 1b show that the torsional frequencies — even for a coarse mesh and lumped 
mass — are in good agreement with the (8) analytical solution. As the convergence study 
shows that m = 20 element number is sufficient to get a reasonable accuracy and number of 
modes, this mesh is used in the subsequent problems. 


n | m=2 m=4 m=8 m=16 | m=20 | analytical 
1 | 66,485 | 66,349 | 66,340 | 66,339 | 66,339 66,339 
2 214,29 | 213,63 | 213,59 | 213,59 213,59 
3 462,00 | 454,91 | 454,41 | 454,39 454,37 
4 790,89 | 788,13 | 788,01 787,93 
5) 122255 1212,4 | 1212,0 1211,6 


Table la. Convergence of torsional frequencies (Hz), with consistent mass matrix. 
7 DOF results with free end warping 


m=2 m=4 m=8 m=16 | m=20 | analytical 
1 | 65,601 | 66,309 | 66,338 | 66,339 | 66,339 66,339 
2 211,83 | 213,51 | 213,58 | 213,59 213,59 
3 425,59 | 453,54 | 454,33 | 454,36 454,37 
4 782,73 | 787,71 | 787,84 787,93 
2) 1187,8 1210,8 1211,3 1211,6 


Table 1b. Convergence of torsional frequencies (Hz), with Jumped mass matrix. 
7 DOF results with free end warping 


5.2 Cantilever 


To illustrate the importance of internal and external warping constraint and the 
performance of the lumped mass matrix, the results of two test problems with the same 
material properties are detailed herein: a straight cantilever with (1) a double symmetric I and 
(2) with U section. In each case the beam structure was analysed with a 20 element mesh. A 
comparison was made with the classical — neglected warping effect - beam frequency 
solutions (columns A in tables 2.,3a.): 


. Tr, {IE 
bending: a, =—*;,/—., T, =1875°, T, =4,694°, T, =7,855’, (9a) 
2nL’ \ Ap 
torsion: 0, = zl. 2 , n=l,2.... (9b) 


4L Vp(I, +1,) 


and the results of 6 DOF beam element model (columns B in tables 2.,3a.). Moreover, the 
frequencies of the beam like torsional modes obtained by COSMOS/M thick shell finite 
element model are listed in “SHELL” columns in tables 2 and 3b. In this case the cantilevers 
were modelled by using 1280 (U section) and 1600 (I section) four-noded thick shell 
elements. 


(1) J section 


IPE 200 
L=2000 mm 
A = 2848 mm” E=2,0 e N/mm? 

1,= 1,943 e’mm* | G=0,8 e N/mm’ 

I,= 1,423 e° mm* | v=0,25 

J = 6,847 e’ mm* p = 8,0 e° N sec’/mm* 
Ig =1,274 e!° mm* 


Fig 3. Cantilever with doubly symmetric section. 


A B(cons) | B(lump) | C(cons) | C(lump) | D(cons) | D(lump) | SHELL 
22,650 | 22,650 | 22,650 | 23,889 | 23,881 33,516 | 33,494 30,29 
67,951 | 67,951 67,938 105,91 105,62 135,03 134,55 127,4 
113.25. |) 113,25 113,17 \ 272,59 | 271,05 | 326,85 324,78 317,3 
LSS: |) T5855 158,26 | 533,82 | 532,74 | 612,39 606,89 
203,85 | 203,85 203,05 | 887,57 | 878,31 989,69 | 978,28 
249,15 | 249,16 | 247,31 1330,6 1312,7 1455,5 1435,0 
able 2. Test problem 1, torsional frequencies (Hz), 6 DOF results (B) and 7 DOF results 
with free end warping (C) and constrained end warping (D). 


Aa nkwWNe 


The comparison of results in columns A, B with others in C, D shows the significant effect of 
warping inertia and internal (C) and external (D) warping constrains on torsional vibration. 


(2) U section 


8 U 200 
FK L = 2000 mm 
Zz Zz a A =3157 mm? 
x : I,= 1,972 e’ mm* 


on 200 C y(r) I,= 1,955 e° mm* 
T J = 1,025 e& mm‘ 
Io =1,227 e!° mm? 


rn ycr = -48,7 mm 


Fig 4. Cantilever with a channel section. 


Table 3a. Test problem 2, frequencies (Hz), 6 DOF results (B). 


n | mode A B (cons) | B (lump) 
1 byl 17,379 173375 17,355 
2 tl 26,635 26,635 26,635 
3 bz1 54,720 54,533 54,47] 
4 t2 79,906 79,906 79,891 
5 by2 108,92 108,66 108,23 
6 t3 133,18 133,18 133,08 
7 t4 186,45 186,45 186,11 
8 t5 239,72 239,72 238,78 
9 t6 292,99 292,99 290,82 
10 | by3 305,02 303,02 301,25 
19 al 625,00 625,16 624,84 


byi, bzi bending, ti torsion, ai longitudinal modes. 


mode | C(cons) | C(lump) | mode | D(cons) | D(lump) | mode | SHELL 
1 | byl 17375 17,355 | byl 17,375 | 17,355 | byl 17,31 
2 | bzttl | 23,314 | 23,306 | bzttl | 30,198 | 30,782 | bzttl | 29,57 
3 | bz+t2 | 63,876 | 63,791 | bz+t2 | 66,630 | 66,535 | bz+t2 | 65,34 
4 | bz+t3 | 98,621 98,324 | by2 108,66 | 108,23 | by2 105,83 
5 | by2 108,66 | 108,23 | bz+t3 | 119,90 | 179,45 | bz+t3 | 116,14 
6 | bz+t4 | 234,78 | 233,44 | bz+t4 | 279,27 | 277,40 | bz+t4 | 269,83 
7 | by3 303,20 | 301,25 | by3 303,20 | 301,25 
8 | bz+tS | 391,58 | 390,43 | bz+tS | 392,24 | 391,44 
9 | bz+t6 | 453,22 | 494,43 | bz+t6 | 517,44 | 512,14 
10} by4 | 591,23 585,93 | by4 | 591,23 | 585,93 
11} al 625,16 | 624,84 al 625,16 | 624,84 


Table 3b. Test problem 2, frequencies (Hz), 7 DOF results with free end warping (C) 
and constrained end warping (D). byi, bzi bending, ti torsion, ai longitudinal modes. 


The modes — except the byi bending modes — in consequence of the eccentric position of the 
shear centre exhibit strong flexural bending coupling. This coupling phenomenon cannot be 


predicted by the classical 6 DOF finite element model. 
All the numerical results prove the good accuracy of the simple lumped mass matrix. 
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Appendix A: The 14x14 linear stiffness matrix k° is symmetric. Only the upper triangle is 
given here. 


a 000 0 0 0};-a 0 0 0 0 0 0 
bee OO. 0 OB Oe 28. OO eo 0 
d 0 -e 0 0/0 0 -d 0 -e 0 O 
f 0 g|0 0 0 -f 0 O g 
Zhe 0) 0 sO O° ag Oe. he. Qe oO 
2h 60||\ 0s ee: SQ Qs <0> 1-0 
gee j|/ 90 0 0 -g 0 0 &k 
- a 0 0 0 0 0 0 
b 0 0 0 -c 0 
d) > €>0>-20 
f 0 O -g 
2h 0 O 
21° 20 
L iJ 
EA 12EI 6EI, 12EI 6EI 6GJ  12EI 
a= 3 PSS =o? “GS oe Sa 8 ee 
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GJ 6EI 2EI + - Dd . 2GJL 4El GJL 2EI 
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Appendix B: The 14x14 consistent mass matrix. m c = pal] = | : 
(14,14) m, m, 
| 2a 0 0 0 0 0 0 | 
b+ki? 0 DZ 0 f+mi? PZ 
b+ki? | -by, -f-mi? 0 View 
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210 420 105 140 5L 10L 
; i. : 1 ; og : I, 
ae i oy. TS +i HV + Zee iy 


Appendix C: The 14x14 /umped mass matrix. 


FQ) 0 0 0/0 

Zep «=6CO0 C0 0 

-Yo +O 0/0 

m° -|5 a eee Zz 0 o0f0 
a4i4) |O m (7,7) 2 i? of 0 
10 
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Abstract 


Pipelines are used extensively for transportation of fluids. The velocity of the fluid in the pipeline 
imparts energy to the pipeline making it to vibrate. It is well established from published literature that 
there exists a critical velocity of the fluid near which the natural frequency of the pipeline tends to 
zero. This is the required condition for buckling of the pipeline. Literature abounds with analyses, 
which give information on the influence of boundary conditions on the stability of fluid conveying 
pipes. However, much of these studies have been carried out for pipelines resting on Winkler type 
foundations. This has provided the motivation for studying the influence of non- Winkler type 
foundation on the critical velocities of a fluid-conveying pipe. The foundation considered in this study 
is a two-parameter foundation model , such as the Pasternak foundation. Expressions are derived for 
the critical flow velocity by utilizing Fourier series and Galerkin method for three simple boundary 
conditions, namely: Pinned-Pinned, Pinned-Fixed and Fixed-Fixed. Results are presented for varying 
values of the foundation stiffness parameter and interesting conclusions are drawn on the effect of the 
foundation parameters on the critical flow velocity of the pipeline. 


Introduction 


The technology of transporting fluids, especially petroleum liquids, through long pipelines which 

cover different types of terrain, has evolved over the years. Interest in studying the dynamic behaviour 
of such fluid conveying pipes was stimulated when excessive transverse vibrations were observed and 
subsequently analyzed first by Ashley and Haviland in 1950 [1] and later by Housner in 1952 [2]. 
Housner considered a simply supported beam model for the pipeline and analyzed it using a series 
solution approach and showed the existence of a critical flow velocity for a pipeline which could cause 
buckling. In 1955, Long [3] studied the influence of fixed-fixed and fixed-pinned boundary conditions 
on the critical velocity. In 1966, Gregory & Paidoussis [4] presented results on the dynamic behaviour 
of a cantilevered pipe conveying fluid. All the above studies did not consider elastic support 

conditions. 


When a pipeline rests on an elastic medium such as a soil, a model of the soil medium must be 
included in the governing differential equation. A very common structural model of the soil medium is 
the Winkler model, in which soil is represented by a series of constant stiffness, closely spaced linear 
springs. In 1970, Stein & Tobriner [5] studied the vibrations of a fluid conveying pipe resting on an 
elastic foundation. Lottati and Kornecki, in 1986 [6], studied the influence of the elastic foundation on 
the stability of the pipeline. Later, in 1992, Dermendjian-Ivanova [7] investigated the behaviour of a 
fluid conveying pipe resting on an elastic foundation and obtained the critical fluid velocity. In 1993, 
Chary [8] presented a detailed analysis of fluid conveying pipes resting on elastic foundation. He also 
considered the inertia of the foundation and alalyzed the seismic response of such pipelines. All these 
studies modeled the elastic foundation as a Winkler model. In this paper, the work of Chary has been 
extended to study the influence of a two-parameter foundation model on the critical flow velocity. 
Results are presented for various values of the foundation stiffness parameters. 


International Conference on Advances in Structural Dynamics and its Applications (ICASDA-2005), December 7-9, 2005, Visakhapatnam 
Equation of motion 


The differential equation of motion for lateral displacement w(x,t) of a uniform fluid conveying pipe 
resting on a Winkler type elastic foundation is given by [8]: 


4 2 ow 2 
ow Mo pave + 2pav ow + kw=0 (1) 


In the above equation, E denotes the modulus of elasticity, 7 is the moment of inertia of the the pipe 
section, M(=m+ pA) is the total mass of the pipe per unit length, mm is the mass of the pipe alone per 
unit length, pA is the mass of the fluid per unit length, v is the steady flow velocity and k, is the 
stiffness of the elastic medium per unit length of the pipe. In this equation, the elastic medium is 
modeled on the Winkler type foundation. Following the method given by Pantelides [9], The equation 
of motion for a fluid conveying pipe resting on a two-parameter foundation becomes: 


3+ 0° 
Wee 5 OW" 


gj w 0°w 
ox! or? 


EI Ay? = A 
+ (pay er aes Ga DEY 


+ kw=0 (2) 


In equation (2) above, k» represents the additional parameter defining the foundation, usually termed 

as the shear constant of the foundation. The model is shown in figure 1. Equation (2) is now solved for 
three simple boundary conditions. 

Pinned-pinned pipe 

The boundary conditions for a pinned-pinned pipe are 

w(0,t) = w(L, t) =0 


07 w(0,1) : 0-7 w(Lt) 


=( (3) 
ax ax? 


Taking the solution of equation (2) which satisfies the boundary conditions (3) as 


. nx, . ATX . 
w(x,t) = y dy, sin ye y a, sin ee ea (4) 
n=1,3,5,... n=2,4,6.... 


Where 0 represents the natural frequency of the j "mode of vibration. Substitution of equation (4) in 
(2) and expanding in a Fourier series we have an equation of the form: 


Ik -7 2mafa}=0 (5) 


where K is the stiffness matrix whose elements are enumerated in [8] and will not be repeated here, I 
is the identity matrix and a’ ={a1,a2,.....,a,}. Retaining the first two terms of the above equation, and 
setting the determinant equal to zero, we get 


256 
Q ;* (es sn? W" ~ yy) 17n* + 2 Ja? + 


[an‘ly? ya) fv? ~ yy \on ys +200} + lon’ +170 *y, +71 *)|-0 (6) 
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In equation (6), the following non-dimensional parameters have been used: 


4 2 
pA 2 [mM pA kL koL 

=——;Q0, =0,L*,/— , j=1,23,...;V= — 3y,= [Yo = 
B J] J] EI J ¥ V1 Y2 EI 


When the fluid velocity reaches a certain value V,,, the fundamental natural frequency becomes zero. 
Hence, setting Q,; = 0 in equation (8), we obtain: 


[anly? ae x (2 ~y> lon 2y, +20 6), len’ +17n yy, 497 ] =0 (7) 


Solving equation (7) for V, we obtain the critical flow velocity for the pinned-pinned case. 


Pinned-fixed and fixed-fixed pipe 
The boundary conditions for a pinned-fixed pipe are 
w(0, t) = w(L,t) = 0 


dw(0,t) _ 97 w(Lt) _ 


0 8 
5. 2 (8) 


And those for a fixed-fixed pipe are 


w(0,f) = w(L,t) = 0 
aw(0,t) _ Ow(L.t) _ 


0 9 
ox ox ”) 


We assume the deflection of the pipe to be of the form 


w(x,t) = = 9 = (10) 


In equation (10), It denotes the real part, ,, (= is a series of beam eigen-functions Y ;. &) 


given by: 


w ,(6)=cosh(A,€)—cos(r,€)—o, (sinh (A,€ )—sin (A,6)), 7 =1,2,3,.....3& = | (11) 


_ cosha, — cosa, 
sinh A,. — sin A,. 


r 


In the above equation, A,. is the frequency parameter of the pipe without fluid flow, which is 
considered as a beam, and it’s values are [10] 


11 = 3.926602 and A 7 =7.068583 for the pinned-fixed case and 
11 = 4.730041 and A 7 =7.853205 for the fixed-fixed case 
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Substituting equation (10) in the equation of motion (2) gives 


4 
Ts = 21S + (pAv? -k,] 


aw 


aa 2iwpav 22 + {,-Maw?} = 0 (12) 


Following the method given in [8], using Galerkin’s method and minimizing the mean square of the 
residual L,, over the length of the pipe, we have the following equations in V. 


For the pinned-fixed case: 


(Cy Co — Cyn Cr \v? eal) k - (v2 =e lh, +11 og + os syle iF 
la! +11 )ao4 ne 0 (13) 


For the fixed-fixed case: 


(Cy1Cx \v? aa a (v2 ~yo)by? +11 Cog « ee wn ky F 
la! +1 )ao4 +n }- 0 (14) 


In equations (13) and (14), the constants C,, etc. are integral values which are enumerated in [8]. 


Results 


Table 1 gives the numerical values of the critical velocity parameter. The two foundation parameters 
are varied from 1.0E-06 to 1.0E+4. The first value is equivalent to no foundation while the last value 
represents a very stiff foundation. The results are tabulated for all the three boundary conditions. 


In figures 2 3 & 4, the influence of y on the critical velocity parameter of the pipe for a pinned-pinned 
boundary condition is shown for various values of y,. The results for the other two cases of pinned- 
fixed and fixed-fixed follow a similar trend. 


Figure 5 shows the variation of the critical velocity parameter with y, for various values of y,. Finally, 
a comparison of the individual effects of each of the two foundation parameters, when the other is 
equivalent to zero, on the critical velocity parameter is shown in figure 6. 


Conclusions 


It is seen from figure 2 that there is not any perceptible change in the dynamic behaviour of the pipe 
until the shear constant of the two-parameter foundation y, takes a value of 10.0. The critical velocity 
increases slightly for the value of 2 of 10.0. For a value of 2 of 100.0, there is a sharp jump in the 
value of the critical velocity parameter and this trend continues for increasing values of ‘2, as shown in 
figures 3 and 4. Another observation from these plots is that, for lower values of ‘2, there is a sharp 
increase in the value of critical velocity for the Winkler foundation constant y, values greater than 
10.0. The critical velocity does not seem to be effected by the value of the Winkler constant y, for 
higher values of ‘>. 


This is shown in another way in figure 5. It can be seen that the Winkler constant , has little effect on 
the critical velocity especially for values of y greater than about 100.0. 
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In figure 6, a comparison between the relative effects of each of the two foundation parameters is 
shown. The top curve shows that there is a sharp increase in the critical velocity when there is a 
progressive increase in the value of y, beyond 100.0. This curve represents the case where ¥, is near 
zero. The bottom curve shows the variation of critical velocity with y, when ‘2 is near zero. It can be 
observed that the influence of the shear constant of the two-parameter foundation is more than that of 
the Winkler constant on the critical velocity. 
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Table 1- Values of the critical velocity parameter for various values of y; and y2 for the 
three boundary conditions 
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Figure 1 — Model of a pipe fluid conveying pipe resting on a two-parameter 
foundation 
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Figure 2— Pinned-pinned pipe: Variation of Vc, with ¥, for various values of 2 
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Figure 3 — Pinned-pinned pipe: Variation of Vc, with y; for various values of y2 — contd. 
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Figure 4 — Pinned-pinned pipe: Variation of Vc, with y, for various values of y, — contd. 
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Figure 5 — Pinned-pinned pipe: Influence of y2 on Vc, for various values of 1 
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Figure 6 — Pinned-pinned pipe: Comparison of the effect of y,; and y2 on Vc, 
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Abstract 

The paper presents study of the 
dynamic aspects of the multiply bellows with 
elastically restrained ends and under rotatory 
inertia. The influence of rotational restraint and 
internal pressure loading on dynamic response of 
such bellows configuration has been attempted 
here. 

An attempt has been made here to 
establish relations that are simple and compatible 
in computing the frequency of bellows. The 
“Rayleigh Quotient”, method is used for this 
purpose. The coupled responses obtained are 
compared with exact analysis for multiply 
configuration. Two cases are considered — 
bellows having same material and different 


materials for plies. 


1. Introduction 


Multiply bellows are generally used in 


applications where higher-pressure capacity is 
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Required than a single-ply construction. The 
multiply construction increases the overall 
stiffness of the system and reduces deflection. 
These bellows are manufactured as multi-layered 
tubes of plies generally ranging in number from 
2 to 20 depending on diameter and operating 


pressure. 


Each thin layer acts as a nearly neutral 
fiber that offers significantly lower resistance to 
movement in the piping system than a single 
wall bellow. Therefore, less force is required for 
actuating multiply bellows. The stresses induced 
on the individual layers of bellows are a fraction 
of the stresses induced in the single wall bellows 
of equal thickness. This results in highest 


possible service life of bellows. 


The multiply design results in lower 
spring rates for a given pressure capacity. Also 


the effective cross sectional area of multiply 


bellows is less compared to single-ply bellows 


oO 
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to accommodate a given movement. These two 
reductions would result in lower forces and 
moments on the anchors, equipment and guides 
supporting the piping system. The anchors and 
guides of the system can be dimensioned 
significantly smaller and more economically. 
The life of the connected equipment is improved 
and also raises the reliability of the overall 


piping system. 


This type of construction is well suited 
for applications with vibratory or rapid cyclic 
motion because of the inherent damping that is 


provided by the relative inter-ply movement. 


Fig. 1 shows a typical cross-sectional 
view of the bellows with number of plies and 


geometrical dimensions. 


Fig.1 : Geometrical Dimensions of Multiply Bellows 


2. Theoretical Development 


An attempt has been made here to 
establish relations that are simple and compatible 
in computing the frequency of bellows. The 
“Rayleigh Quotient”, method is used for this 
purpose. Multiply bellows with multiple or same 


materials of construction for plies are considered. 


One such case is to have the innermost ply of 
Alloy 400, which is in contact with the fluid and 
outer two plies of austenitic steel of 321, to take 


care of the pressure capacity. 


A literature search on multiply bellows 
shows relatively little work carried out on the 
subject and hence has led the authors to take up 
the work. The works contributed by Li Ting-Xin 
on axial vibration of single-ply bellows, 
Jakubauskas. V.F et al. [2] on transverse 
vibrations for a set of classical fixed-fixed 
boundary conditions and Rao.C.K et al. [3] for 


rotationally restrained ends reflect the same. 


The paper deals with flexural vibration 
characteristics of multiply bellows subjected to 
an internal pressure loading and by considering 
the ends of bellows elastically restrained against 
rotation. It is assumed that inter-ply interaction is 
neglected and the plies considered to be closely 


fit. 


The derivation of transcendental 
frequency equation of transverse vibrations for 
multiply bellows has been thoroughly dealt by 
the authors [4]. Two cases were considered- 
Case I - a multiply bellow that has same material 
of construction for all the three plies and Case II 
- a multiply bellow of different materials of 
construction. Results of the exact analysis would 


serve here for comparison purpose. 
Bellows having same dimensions as in 


[6], and having 3 numbers of plies of equal 


thickness are considered. The maximum critical 
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pressure and spring rate are calculated using the 
formulae given [3]. 


3. The Differential Equation 


The fundamental equation of motion of the 


equivalent Timoshenko beam [5] is given by- 


4 2 
w = 
ero ™ 5. par, O =A 
Ox Ox 
4 2: 
iO ME hi O Mw 26 


Ox Cr Or 


(1) 


Where EI represents bending stiffness, P- 
internal pressure in bellows, J — rotatory inertia 
per unit length, w —lateral deflection x-axial 
coordinate, R,, —mean radius of bellows, mio; is 
the total mass of bellows per unit length includes 


mass of bellows and fluid mass and t-time [4]. 


Using the separation of variables approach by 
expressing the lateral deflection, w as the 
product of a function X (t) and harmonic 
function T (t) as- 

w(x, t) = X (x) .T (t) (2) 
T(t)=X(ye'™™ (3) 
Where‘w’ is natural frequency 

Substitution of equation (2) into equation (1), we 


get the ordinary differential equation- 


d'x , (PaR,’ + Jo*)a°X 
4 2 
dx EI dx (4) 


yw? Tot ¥ = 0 
El 


At the ends ‘A and B’, the bellows are welded to 
short pipe nipples and so do not represent a 


classical case. The present set of boundary 


conditions considered to have a _ rotational 
stiffness of R; and Ro depicts the best of the 


practical situation. 


4. Approximate Analytical Solution 
(Rayleigh’s method) 

Multiplying both sides of the differential 
equation (4) by X and integrate the domain of the 
bellows, according to Voltera and Zachmanoglou 


(1965). 


1 4 l 2 
xX xX 
eif X.dx+PaR ate X.dx+ 
4 md dy? 
0 0 


, (5) 
[X?.dx=0 
0 


2 tot 


1 42 
Jo? |" Se ee 
lo 


Integrating the first integral by parts with respect 
to coordinate twice, and the second and third just 


once, we get- 


aX. d?X dX| b(aexy 
Ell — ——|+ [| | des 
dx dx” ax| “\-ax 
aX | (aX) 
Pa, x | ja ! 
dx wee 


l 2 1 
Jo? ax-(Fs) dx|-o'm,, | X*dx=0 
0 


(6) 


After substitution of bounds - 
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d*X(l) d*X(0) 
af z X(1) z X (0) 


a ie 
d*X (1) dX (I) 7 d*X (0) dX(0) di 
dx’ dx dx” dx 
L( 42y\* 
| DEY ae + PaR,| FO x 
dx d 


2 
0 X 


+ Jo'| SOx a) X (0) 
dx dx 


i(X) a 09? My, | Xd =0 
0 | 0 


(7) 


The above expression yields Oo - 


l 2 1 2 
Eif 4 =x ds— Pak,’ |Z X dx + 
eee Be Note 
«(dX \ 
Jo? S) X.dx—o’m,, | X*.dx=0 
0 dx 0 
(8) 


ee) 1 2 
Bi Tax Par, [ ) dx 
5 ak i ae 


Qe 
SS 1 32 


Jf Ta Ki tg [XP 


0 


(9) 
The above expression is the “Rayleigh 
Quotient”, applied to the fixed-fixed ends of 


bellows. To find the value of @*a certain 
deflection or mode shape function for w (x) that 
satisfies the geometric boundary conditions is 
assumed and given in equation (10). Since the 
exact eigenfunction in the quotient is not known, 
the approximate function X is assumed that 
reasonably resembles the particular mode shape 


and satisfies the boundary conditions. 


X= A (x' +Bx’ + Cx’ + Dx +E) (10) 
X=x'4+Ax+BxX +Cx+D (11) 


Differentiation of the above expression (11) 
twice, we get 

X’ =4x° + 3AxX + 2Bx+C (12) 
X” = 12x" + 6Ax+2B (13) 
Substitution of boundary conditions (14) to (17) 
into the above expression (10) and applying the 
limits the constants A, B, C and D are 


determined. 


At x=0, the B.C are 


X (x=0) = Oand (14) 
2; 

EI O XO) --1, OX (0) ae 
Ox Ox 


At x=l, the B.C. are 


X (x=1) = Oand (16) 
2 
EI 0 -_ ae) OX (1) (7) 
Ox Ox 
R Rl 
Where 7, = Re and T, = — (18) 
EI EI 
—R, -B(R, +2 
A=— Sue) (19) 
R, 
RR, +6R 
st 1% ) (20) 
12+4R, +4R,+R,R, 
C= 2B (21) 
R, 
D=0 (22) 


2 


I 42 l 2 
d°X iX 
Integrals | dx A( ) dx and X? dx 
ees y\ ax 


are evaluated in form of non-dimensional 
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coefficients Aj, Ax, A3 and A, that are written in 
terms of B, R; and R» for convenience and given 


in equations (23) to (26) respectively. 


A, = = +3[R, + BCR, +2)/ 


—18[R, + B(R, + 2)|+16B 
—6B[R, + B(R, +2)] 
(23) 


A = 2-2 [R, + B(R, +2)] 


+2 1R, + BCR, +2))? + 


2B B 
5 a + BR, +2] 
2 3 2. 
2B ps acre, 35] 4 Oe apis i 
R1 R, R, R, 
(24) 
1 1 
A, = 9 glRi + BR +2)]+ 
2 1 8 
—B+—|R,+ BCR, +2) += 
ad ge a) 3 
;2 1 2B 
— ——|R, + BCR, + 2)] | -— 
ea 5 IR + BOR, | SR, 
2 2 
[R, + BCR, +2)]+2 aces 
R, 3R, 
(25) 
16 
Ay == -2[R, + BR, +2)] 
5 5. 2B. B 
rok + B(R, + 2)] 32 ras + B(R, ah 
2 3. 2 
2B ie + BCR, 2+ mele es 
Ri RK Rk R, 
(26) 


Now by substitution of the non-dimensional 
coefficients into equation (9), will result in 


obtaining the eigenvalue, w. 


we EI.(A,)— PaR,,’(A,) 
My, (As) + I-(Ag) 


(24) 


The final frequency expression for the natural 
frequency of transverse vibration of a multiply 


expansion joint in lateral modes is derived as — 


EI.A, — PaR,,’.A, 
A, +J.A, 


m tot 


(25) 
5. Bellows Dimensions 
The various dimensional parameters of U-shaped 
bellows are assumed same as those considered 


by Jakubauskas [3] for comparison purpose. 


Mean diameter (D,) -—69.3mm, convolution 
height, h=5.71mm,; convolution pitch, q=5mm; 
bellows thickness after forming, t,=0.28mm: 
number of convolutions, N=9: pitch diameter of 
bellows, D,=62.8mm: Expo at 400 deg F 
=2.03x10''N/m*: E37,=1.82x10''N/m: operating 
pressure, P=166x10°N/m (Pa) and bellows 
length, L = 0.0693 m respectively. 


Case I: bellows having SS-321 as material of 
construction for all the three plies 
Case IT: bellows having inner ply as Alloy 400 


and two outer plies as SS-321 


The axial stiffness of bellows is computed by 


using the expressions given below- 


3 
t 
KS $REn| 2 Nasi (26) 
3 
ty 
k, =4R,, [Eatin cf Exreyh h (27) 
Where, n32; and nyo represent number of plies of 


321 and alloy 400 respectively. According to 
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equations (26) and (27), k,=8.92x10°N/m and 
ky= 9.26x10°N/m. 

The maximum critical pressure of bellows that 
can withstand without buckling and bending 


stiffness are given by the expressions - 


Gk 
Ge (28) 
El=Yk.g.Rn (29) 


Substituting the values for kj 2, q, 1 and Rp, we 
get the values for critical pressure and bending 
stiffness. mot, total mass of bellows per unit 


length. m,,; for both the cases is obtained. 


EI (y= 26.77Nnr’: 
EI (2) = 27.8Nnr: 
Mtot =3. 84keg/m 


Also, the rotatory inertia (J) of bellows per unit 
length is J = 0.00826354kgm. The influence of 
rotational restraint (T) on natural frequency is 
observed by varying from 0.01 to 10'° at 
0.0MPa, 1OMPa and up to critical pressure of 
166MPa. Equal rotations are assumed on either 


ends, so T=T\=T>. 


6. Results and Discussion 

Tables 1 and 2, gives a comparison of the first 
mode frequencies obtained using the 
approximate Rayleigh-Ritz method for multiply 
bellows and compared with the exact 


frequencies. 


Table 1: Comparison of Trans verse Frequencies 
T,=T)=T=1x10'°, P=166.0MPa & n=3 


Rayleigh 


Rayleigh 
N321 N 400 
W, W, 


radian/s radian/s 


radian/s radian/s 


7036.1 4726.8 6212.1 6212.1 


The error of frequency obtained by the Rayleigh 
quotient method is about 33% or less for case 1 
and 20% in case 2 for first mode respectively. 
Therefore, the approximate Rayleigh quotient 
formula has to be judiciously used for multiply 
bellows. However, in case of single ply bellows 
the percent error is less than half and so can be 
treated precise enough to use for the natural 


frequency estimation. 


Table 2: Comparison of Trans verse Fre quencies 
T,=T,=T=1x10'°, P=166.0MPa & n=1 
Mode No. Exact 


Rayleigh 
N31=1 Na=1 
Rao.C.K [5] 


W, radian/s 


Ww, radian/s 


Table 3 shows the influence of rotational 
restraint parameter T on the natural frequency. It 
is found that the percent variation in frequency is 
less than 10% than that obtained by exact 
method at the critical pressure. Also, for the 
conditions and bellows dimensions assumed 
there is absolutely no change in the frequency for 
plies of 321 and combination of alloy 400 and 
321 respectively. Frequency values are obtained 
for internal pressures of 0.OMPa and critical 


pressure 166MPa respectively. 
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7. Conclusions 

It is found that vibrations related to multiply 
bellows has not been dealt by previous authors. 
The approximate natural frequency for multiply 
bellows is derived using the Rayleigh-Ritz 
method. The same problem that was dealt by the 
authors [5] to determine the exact frequencies is 
considered here to compare the frequencies 


obtained using the approximate solution. 


Transverse Vibrations of Multiply Bellows 
Comparison by Exact & Approximate Methods 
For P=0.0MPa, Mode Number =1 & 
Number of plies, n=3 


, 9.E+03 


Ax sce ee A + 8.E+03 


| 6.E+03 3 


ian 


| 5.E+03 


requency, radi 


| 3.E+03 ¢ 


Fi 


—S— Rayleigh (n321=3 


| 2.E+03 


— A-— Exact (n321=3) 


r T T T T T 0.E+00 
1.E-02 2.£+09 4.£+09 6.E+09 8.E+09 1.£+10 1.E+10 


Rotational Restraint, T 


The influence of rotational restraint at either end 
is studied and the results are presented in Table 
3. It is found that the first mode frequency of 
multiply bellows is nearly 50% away than the 
exact and is supposed to be quite significant. 
Though, the method can be used as first 
approximation by the designers, it is found that it 
is not a reliable one in comparison with the exact 
method. It is found that the frequency of 
multiply bellows of for n32; and ngoo for the plies 
is same. 
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Table 3: Trans verse Frequencies for varying T (0.01 to 10!°), Internal Pressure (P=0.0 MPa, 10 MPa & 166MPa), 
Mode number N=1 & Number of plies, n=3 
P=0.0MPa P=0.0MPa | P=0.0MPa P=0.0MPa | P=166MPa | P=166MPa | P=166MPa P=166MPa 
Exact Rayleigh Exact Rayleigh Rayleigh Exact Rayleigh 
N321 n321 N400 N400 N321 N400 N400 
Ww, rad/s Ww, rad/s Ww, rad/s w, rad/s s w, rad/s w, rad/s w, rad/s 
3004.5 3743.5 3063.08 3778.0 2098.8 4451.2 2158.9 4491.4 


3690.9 4497.1 3762.9 4500.6 2999.7 5905.1 3071.7 5915.4 
4407.9 4586.2 4494.0 4586.6 3847.6 6178.5 3933.2 6179.7 
5002.5 4595.8 5100.3 4595.8 4515.5 6208.7 4612.7 6208.8 


5093.8 4596.7 5193.5 4596.7 4616.0 6211.7 4715.6 6211.7 
5103.3 4596.8 5203.0 4596.8 4626.3 6212.1 4725.6 6212.0 
7364.6 4596.8 5204.0 4596.8 7036.8 6212.0 4726.7 6212.0 
7364.8 4596.8 5204.15 4596.8 7036.9 6212.0 4726.8 6212.0 
7364.9 4596.8 5204. 16 4596.8 7036.9 6212.0 4726.8 6212.0 


7364.9 4596.8 5204.17 4596.8 7036.9 6212.0 4726.8 6212.0 


7364.9 4596.8 5204.17 4596.8 7036.9 6212.0 4726.8 6212.0 


7364.9 4596.8 5204.17 4596.8 7036.9 6212.0 4726.8 6212.0 
7364.9 4596.8 5204.17 4596.8 7036.9 6212.0 4726.8 6212.0 
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Abstract 

This paper presents the study of dynamic aspects of 
the multiply bellows with elastically restrained ends 
and under rotatory inertia. The effect of rotational 
restraint and internal pressure load on response of 
such bellows configuration is attempted. The coupled 
response obtained is compared with single ply 
configuration. Two cases are considered —bellows 
having same material and different materials for 


plies. 


1. Introduction 


Multiply bellows are generally used in 
applications where higher-pressure capacity is 
required than a single-ply construction. The multiply 
construction increases the overall stiffness of the 
system and reduces deflection. These bellows are 
manufactured as multi-layered tubes of plies 
generally ranging in number from 2 to 20 depending 


on diameter and operating pressure. Each of the thin- 


layer acts as a nearly neutral fiber that offers 
significantly lower resistance to movement in the 
piping system than a single wall bellow. Therefore, 
less force is required for actuating multiply bellows. 
The stresses induced on the individual layers of 
bellows are a fraction of the stresses induced in the 
single wall bellows of equal thickness. This results in 


highest possible service life of bellows. 


The multiply design results in lower spring 
rates for a given pressure capacity. Also the effective 
cross sectional areas of multiply bellows is less 
compared to conventional bellows to accommodate a 
given movement. These two reductions result in 
lower forces and moments on the anchors, equipment 
and guides supporting the piping system. The anchors 
and guides of the system can be dimensioned 
significantly smaller and more economically. This 
increases the life of the connected equipment and 


raises the reliability of the overall piping system. 
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This type of construction is well suited for 
applications with vibration or rapid cyclic motion 
because of the inherent damping provided by the 
relative inter-ply movement. Fig. 1, shows number of 
plies and geometrical dimensions of multiply 


bellows. 


Rm 


Fig.1 : Geometrical Dimensions of Multiply Bellows 


2. Theoretical Development 


An attempt has been made here to derive the 
transcendental frequency equation for transverse 
vibrations of multiply bellows with multiple 
materials of construction for plies. The innermost ply 
that is in contact with the fluid is of Alloy 400 and 
compatible to the fluid to resist corrosion and other 
subsequent two plies are of austenitic stainless steel - 


type 321 to take care of the pressure capacity. 


A literature search shows relatively little 
work was carried out in predicting the dynamic 
response of multiply bellows. The previous works 
contributed by Li Ting-Xin and Jakubauskas. V.F et 
al. [2] studied the effect of classical fixed-fixed type 
of boundary conditions for single ply bellows and 
obtained axial and transverse frequencies there on 
[3]. 

Therefore, the paper is an attempt to obtain 
the flexural vibration characteristics of multiply 


bellows subjected to an internal pressure and 


considers the ends of bellows as elastically restrained 
against rotation. The inter-ply interaction is not 
considered here and the plies are considered closely 
fit. 


It is also seen that no provision has been 
made to this effect in the expansion bellows [EJMA 
1] code. 


The equations for the transverse vibrations 
of multiply bellows are derived. Case I considers a 
multiply bellow that have same material of 
construction for all the three plies and Case II 
considers a multiply bellow having different 
materials of construction. Results are obtained to 
observe the effect of varying the rotational spring 
stiffness parameter T from 10 to 10’° on natural 


frequencies. 


Bellows having same dimensions as in thesis 
[6], and having 3 numbers of plies of equal thickness 
are considered here for comparison purpose. The 
maximum critical pressure and spring rate are 


calculated using the formulae given [3]. 


3. The Differential Equation 


The fundamental equation of motion of the 


equivalent Timoshenko beam [5] is given by- 


4 2 4 
Eo A sp 
4 2 Ox Ot 
2 
iio’ lid =0 


(1) 


Where EI is bending stiffness, P- internal pressure in 
bellows, J — rotatory inertia per unit length, w —lateral 


deflection x-axial coordinate, R,, —mean radius of 
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bellows, m1 is the total mass of bellows per unit 
length includes mass of bellows and fluid mass and t- 


time [4]. 


Using the technique of Separation of variables, the 
lateral deflection of the bellows axis ‘w’ is expressed 
as- 


w (x, t) =X (x).T(t) (2) 


Where w (t) is a parameter of ‘x’ and T (t) is the time 
harmonic function - 

T()}=X(@e™ (3) 
‘@’ is natural frequency 

Differentiating the above equation (Eq.2) and 
substituting in the differential equation (Eq.1), we 


get- 
4 P -R 2 2 2 
0 x | TR, + Jo Ja A yi Mo x <0 
Ox EI Ox EI 
(4) 
{Pate + Jo’) 
Ifc= 
2EI 
(5) 
Then equation (Eq.4) can be written as- 
oe 4 
wz ; p08 ——-A'X =0 
dx dx 


(6) 
The general solution of equation (6) is given by 
X(x) =A sinh ox + B cosh ax + C sinBx + D cosBx 
(7) 
Where A, B, C &D are arbitrary constants 
respectively. The first two derivatives of equation 


(Eq.7) are as follows- 


dX (x) 
dx 
+ Df sin Bx 


= Aacoshax+ Bsinhax + Cf cos fx 


(8) 


2: 
os = Aq’ sinhax + Ba’ coshax — 


CB’ sin Bx — DB’ cos Ax 
(9) 


Let the roots of the equation be a & B 
4 
a a +Vci +A 
B= Voi tvc* +1 (10) 


And 


2 
Ai =4 Hid 7 aa (11) 
EI 


At the ends ‘A and B’, the bellows are connected to 


short pipe nipples and so are considered to have a 


rotational stiffness of R; and R, respectively. 


At x=0, the boundary conditions are 


X (0) =0 
2 
EI 0 ay) sip ox (0) 
Ox Ox 
(12) 
At x=L, the boundary conditions are 
X (L)=0 
2 
EI O ake) _ 7? OX (L) 
Ox Ox 
(13) 
RL RL 
Where T;, =— and i = 
EI EI 
Applying the boundary conditions we get- 
B+D=0 (14) 
EI|B(aL)? - D( BL)’ |= T,[A(aL) + C(BL)| 
(15) 
AsinhaL + Bcoshal + Csin f£L ies 
+ Deos BL =0 
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A{(al aL sinh aL + T, coshaL) 
Bala coshaL + T, sinh aL) 


ee 
4 


C{(BLXT, cosh BL — BLsin BL)‘ 
D(BLXT, sin BL + BL cos BL) = 0 
(17) 
The above set of equations can be written in matrix 
form. 
0 1 1 1 A 
Tok -al’ TfL fl || Bl , 
sinhaL coshaL sinfL cosfL}|C 
C Cy C3 —c, ||D 
(18) 
C= (aL al sinh aL + T, cosh aL) 
c, = (al aL coshal +T, sinh aL) 
Cc, = (BLYT, cos BL + fLsin BL) 
c,= (BLYT, sin 6L + BL cos BL) 
(19) 


Expanding the matrix and substituting for c;, C2, cz; & 
c4 and on simplification, we get the final frequency 


equation as follows- 


[lca Coup) (oa? +a | 


sinh aL sin BL + 2aL.BL(1—coshal cos BL) + 
[E+ 2 leu) (a 


[(@L cosh aL. sin BL — (BL)sinh flcos BL| =0 
(20) 


The frequency equation is same for Case I and II 


respectively. 


4. Exact Analysis 
The various dimensional parameters of U-shaped 
bellows are same as those that have been considered 


by Jakubauskas [3]. 


Mean diameter (D,,) —69.3mm, convolution height, 
h=5.71mm; convolution pitch, q=5mm;_ bellows 
thickness after forming, t,=0.28mm: number of 
convolutions, N=9: pitch diameter of bellows, 
D,=62.8mm: E4o) at 400 deg F =2.03x10''N/m’: 
E321=1.82x10''N/m’: 
P=0.862x10°N/m? and bellows length, L = 0.045 m 


operating pressure, 


respectively. 


Case I: bellows have SS-321 as same material of 
construction for all the three plies. 

Case II: bellows have first inner ply as Alloy 400 and 
subsequent two plies as SS-321. 


The axial stiffness of bellows is computed by using 


the expression given below- 


t 3 
i= 4 En| Ais, (21) 


3 
t 
k, =4R,, Evcotthigs ag Bayo 2] (22) 


Where, 32; and noo represent number of plies of 
respective material of construction. According to 
equations (21) and (22), kj=8.92x10°N/m and k= 
9.26x10°N/m. 

The maximum critical pressure bellows can 


withstand and bending stiffness are given by the 


expressions - 
hen | 
max = : (23) 
6.66L 
El =Y.k.g.Rm (24) 


Substituting the values for k)», q, L and Ry, we get 
the values for maximum critical pressure, bending 
stiffness and m,, total mass of bellows per unit 
length. m,,, for both the cases is same as the thickness 


of ply assumed is same. 
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EI «= 26.77Nm’: 
EI «= 27.8Nm”: 
M jo¢=3.84kg/m 


Also the rotatory inertia (J) of bellows per unit length 
are found out as J = 0.00826354kgm 

Substituting the above values in equation (Eq.5) and 
(Eq.11) we get the values of c and A for Case I & II 


respectively. 

c* a) = 732 + 0.000154.0° (25) 
r (1) = 0.3788. (26) 
C* (2) = 720 + 0.000148.a° (27) 
M «y= 0.5127. (28) 


The first lateral mode fundamental frequency is 
obtained by using bisection method. The rotational 
restraint T is varied from a minimum value of 0.1 to a 
maximum of 10'° at maximum and minimum internal 
pressure as calculated. Equal rotations are assumed on 


either ends and hence T=T\=T>. 


5. Results and Discussion 

Table 1 gives a comparison of the frequencies obtained 
using the bisection method for multiply bellows vis-a-vis 
to the single ply bellows having elastically restrained 


ends presented by Rao.C.K et al. [5]. 


Table 1 Comparison of Frequencies at T,=T,=T= « 


Mode Pressure Rao.C. K. [5] N37}=3 Nygo=3 
N P, MPa n=l, @, o, Q, 
Radian/s Radian/s | Radian/s 
1 0.0 3684.1 7364.8 | 5204.1 
1 10.0 3400.16 7036.9 | 4726.8 


It is seen that the frequencies obtained by considering 
the ends as elastically restrained are higher than that 


were found out for single ply bellows. Table 1 


presents frequencies obtained for n32; and n4go 


respectively. 


Table 2 presents the first mode frequencies by 


varying the rotational restraint parameter T. 


Table2: First Mode Frequency for various values 
of T and at P=0.0Mpa 


T, Rotational | «@, Radian/s, | «, Radian/s, 

Restraint N37|=3 N=1, 
N4oo=3 

0.01 3004.5 3063.08 

1.0 3690.9 3762.9 

10 4407.9 4494.0 

10° 5002.5 5100.3 

10° 5093.8 5193.5 

10° 5103.3 5203.0 

10° 7364.6 5204.0 

10° 7364.8 5204.15 

107 7364.9 5204.16 

10° 7364.9 5204.17 

10° 7364.9 5204.17 

10” 7364.9 5204.17 

Fig 2: Transverse Vibrations of Multiply bellows 


at P=0.0MPa 


Transverse Vibrations of Multiply Bellows 
P=0.0MPa, number of plies n32; & nygo=3, 
T=T|=T) and 
Mode Number =1 


8.E+03 

Le ee ee | 
6.E+03 

ye | oe ee Y 
Peal 4.E+03 


Frequency, radians/s 


2.E+03 


0.E+00 
1.E-02 1.E+01 1.E+04 1.E+07 1.E+10 


Rotational Restraint, T 


——— 321=3 
= f= = n400=3 
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Table 3 presents the first mode frequencies by 


varying the rotational restraint parameter T. 


Table 3: First Mode Frequency for various values 
of T and at P=10MPa 


T, Rotational w, Radian/s, @, Radian/s, 
Restraint ny7|=3 N=1 

N4oo=3 

0.01 2098.8 2158.9 
1.0 2999.7 3071.7 

10 3847.6 3933.2 
10° 4515.5 4612.7 
10° 4616.0 4715.6 
10° 4626.3 4725.6 
10° 7036.8 4726.7 
10° 7036.9 4726.8 
10’ 7036.9 4726.8 
10° 7036.9 4726.8 
10° 7036.9 4726.8 
10" 7036.9 4726.8 


It is seen that as rotational stiffness, T increases and 
approaches infinity, the lateral frequencies increases 
in both the cases. It is interesting to note that the 
transverse frequencies of multiply bellows having 
different materials of construction for plies lie 
midway between single-ply and multiply bellows 


with same materials of construction for plies. 


Fig 3: Transverse Vibrations of Multiply Bellows 
at P=10MPa 


Transverse Vibrations of Multiply Bellows 
P=10.0MPa, number of plies n,,, & n,,)=3, 
T=T ,=T, and 
Mode Number =1 
8.E+03 | 
ee ee | a 
6.E+03 .& 
3 
ae ey ey ey ee ey 
cae 4.E403 5 
- I 
a 2.E+03 3 
3 
ca) 
0.E+00 © 
1.6202 1.6402 1.6406 1.E+10 
Rotational Restraint, T 
—— n321=3 
---a---n400=3 


6. Conclusions 

The exact method developed would determine the 
dynamic characteristics of multiply bellows for its 
lateral vibrations. The theoretical formulations are 
based on the equations of an equivalent Timoshenko 
beam. The influence of elastically rotational restraint 
at either end is considered and the first fundamental 


mode frequency is quite significant. 
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Abstract 
In this paper the exact frequency and mode shape expressions are derived for universal 
bellows type of expansion joint in lateral and rocking modes of vibration. The effect of 
equivalent support stiffness and mass on the natural frequencies and mode shapes are 
studied in detail and the results for a range of non-dimensional parameters are presented 
in graphical forms which should be useful for piping and bellows designers. 


Keywords: Double bellows, elastic restraint, lateral, rocking, vibration 


1. Introduction 


A universal double bellows type of expansion joint has two single bellows in series and 
is joined by a short pipe spool piece. The primary purpose of this kind of an arrangement 
is to have a unit that will accept large amounts of lateral deflection. The amount of 
lateral deflection that it can accept is a function of the amount of angulations of each 
bellows can absorb and the distance between the bellows. So, for a given bellows 
element, the amount of lateral deflection capability can be increased or decreased by 


simply changing the length of the center spool [1-2]. 


Most of the previous studies on transverse vibration of double bellows consider the 
classical fixed-fixed end condition [3-4]. In an earlier publication by the authors and 
others, axial vibrations of elastically restrained U-shaped single bellows were analyzed 
[5-6]. However, based on practical experience the bellows expansion joint is generally 


subjected to equal 


i Corresponding Author 


or unequal rotations at the ends. Therefore, the study focuses in investigation of the effect 
of elastically restrained ends on vibrations of double bellows expansion joint in lateral 
and rocking modes. Universal expansion joint has two single bellows joined by a 
connector pipe and generally installed to absorb combination of the three basic 
movements ie. axial, lateral and angular. However, there are different types of expansion 


joints, specifically designed and developed to meet the desired end functionality. 


The design analysis of an expansion bellow is quite complex because it is stressed due to 
operating pressure and axial deflection. At the same time the bellows have to be stable 
and work-up to the designed fatigue life. Any assumed bellows geometry which is 
defined by diameter, depth of convolution, pitch, number of convolutions, thickness and 
number of plies for a given material of construction and manufacturing technique has to 
satisfy the above criteria. All the factors are interdependent and so the overall bellows 


design is affected if any one of the variables changes [7-9]. 


Fig 1: Universal Double Bellows 


2. Modeling of Problem 


Figure 2 shows a mathematical model that depicts the vibration problem of double 
bellows type expansion joint. It comprises of an expansion joint of length ‘L’ for the 
bellow, a short pipe connector piece of length ‘a’ and elastic rotational restraints at the 


ends 


=< 


Pipe connector piece 
Expansion Joint BY 
eae 
Yo J 
fe Sk, 
‘a TIT 
va 
VA w&® 
NBS = xX 
R L : 


Fig 2: Mathematical Model of Double Bellows in Lateral Mode 


3. Governing Differential Equation and Solution Method 


The effect of rotatory inertia is considered here in the present study, while the effect 
of transverse shear deformation is neglected. 1. Since the transverse vibration of a 
bellows is being modeled as a relatively short beam in bending, only rotary inertia is 
considered to be important and so Timoshenko Beam Theory is used. For short beams 
in bending, the effect of shear deformation is either equal or greater than the rotary 
inertia. Also, it was shown by Morishita et al, [10] that the effect of shear deformation 
on bending of bellows was negligibly small. The calculation of ratio of shear to rotary 
inertia, was shown to be of the order of 10° by Jakubauskas, 1996 [11], confirmed 
further that the effect of shear deformation is negligible and hence, the shear term in 


the equation below is neglected 


The general form of equation of motion is 


O*w O°w EI) d‘w  p’l d*w on 
re ny -[ pane =) Bee GR ar 7 Pr Ame Bayt 
2 
(Pak,? + p,A,,V2)o” =0 
Ox (I) 


Where EI is the effective bending stiffness of bellows, mo; is the mass per unit length 


of the bellows, pl in the third term is effective rotary inertia of bellows and contained 


fluid. 


The terms containing Gk’ accounts for shear and the fifth term is the coriolis force and 
the sixth term accounts for the curvature effects of pressure and centrifugal forces. 
Additionally, since the research was motivated by bellows vibrations excited by internal 
fluid flow, the beam is represented by a pipe conveying fluid of density, velocity V, 


pressure P and net flow area Amin. 


The influence of variation of rotational restraint T on the natural frequency and mode 
shape is discussed. The variable separable method is used in computation of the natural 
frequencies. The frequencies are obtained by exact analysis and compared with the 


approximate methods considered by the previous authors on the subject. 


The differential equation of vibration of bellows for double bellows expansion joint after 


neglecting the shear and coriolis terms in Eq. (I) is given by (11) 


() 


Where EI is the bending stiffness; P internal pressure; J is the mass moment of inertia per 
unit length; mor the total mass of bellows per unit length including bellows mass and 
fluid mass; x is axial coordinate; Rm is mean radius of bellow; w is the deflection and t 
the time. Using the variable separable method, the lateral deflection of the bellows axis 


‘w’ can be expressed as 
w(x,t) = X (x).e" (2) 


By differentiating Eq. (2) and substituting into Eq. (1), we get 


OX (PR +S.) OX a mui 


X =0 
ax! EI a2 ” EF 


(3) 


By introducing the following non-dimensional parameters 


Eq. (3) may be expressed as 


4 2 
OX sagt PX poxa 
Xx Xx 


The general solution of Eq. (5) is given by 


X (x) = A sinha x + B coshax + C sinBx + D cosBx 


Where A, B, C and D are constants and a, B are roots of Eq. (6) and are given by 


aay-ctye +n 
Bade + ee 


4. Lateral Mode of Vibration 


(4) 


(5) 


(6) 


(8) 


The pipe that connects the two bellows undergoes a pure translation motion due to the 


geometry and physical symmetry of the system. The coriolis component of the force 


acting on the bellows from the fluid flowing inside is neglected. A simple mathematical 


model is developed. It depicts a bellow connected to a short pipe spool Now by 


considering one half of the system, where the left end of bellows has a rotational spring 


of stiffness ‘R’ and right end is fixed to vertical rollers. 


4.1 Derivation of Frequency Equation 


The boundary conditions for such a system are given by 


w(0,t) = 0; atx = 0 


(9) 
2 
Be aR (10) 
Ox Ox 
2 
Let T = aS isi Eq. (10) is written as g = cee 
EI Ox Ox 
Ow(L, t) . eae 
As end B does not rotate, we have a = (as the third boundary condition (11) 
x 
The fourth boundary condition at B, is the shear force Q (L, t) of the bellows 
d’w(L) —w'\M,+\(m,+m k 
dx EI EI 
2 
—w \M,+\m,+m, X(L 
peru tli tintma)a}_ kX) ™ 


EI EI 


Where My is equivalent lateral support mass, ks is equivalent spring stiffness of lateral 
support, mp is the mass per unit length of the connecting pipe of length ‘a’ and mg3 the 
mass of the fluid per unit length in the pipe 


Substitution of Eq.6 and derivatives into boundary condition expressions (9) to (12), 


would yield a set of linear equations with respect to the constants A, B, C and D 


B+D=0 (14) 
\B(aL) — D(BL)* -T(AaL+C BL)}=0 (15) 
Aa cosh aL+ Ba sinhaL+CB cosBL - DB sinBL = 0 (16) 


c; A+ C2 B—-C3C +c4 D=0 (17) 


Where 


cj = o coshaL + b sinhaL (18) 
c) =a? sinhaL + b coshaL (19) 
c3 =B° cosBL —b sinBL (20) 
c4 =B° sinBL + b cosBL (21) 


Equations (14 to 17) can be expressed in matrix formas 


0 1 0 1 A 0 

+Ta a +TB B° B|_J0 ish 
acosh@L) asinh(alL) fBcosfL —fsin BL\|C 0 
Gj Cs C3 Cy D 0 


For a non-trivial solution, the determinant is formed by the coefficients of algebraic 
equations and is equal to zero. By expanding the determinant and equating it to zero can 


obtain the frequency equation of double bellows in lateral mode. 


T {b [a - B*) sinBL sinhaL + 2aB8 (1- cosBL coshaL)}- af (a? + B*) (a cosBL sinha + 
B sinBL coshaL)} + b (a? + B*) (a sinBL coshaL - B cosBL sinhaL)} - aB(a* + B*) 


cosBL coshB L = 0 (23) 


4.2 Results 

A double bellows having dimensions similar to the one considered by Jakubauskas is 
considered for comparison purpose. The bellow length L = 0.0693 m,; the mass moment of 
inertia per unit length, J = 0.001153kgm; the bending stiffness EI = 5.078 Nm”; the total 
mass of bellows mo, = 5.13kg/m; the total connecting pipe mass, mpt+mr3 = 5.0kg/m; and 


a= Lis assumed. 


The maximum allowable pressure [5] in bellow is 


7k P 


tas 6 666L2 ae 


Where k is the equivalent axial stiffness of bellows. Substitution of numerical values in 


Eq. (8) yields 


c =,/616.49 +0.0001 135° (25) 
A=1.0029/ (26) 
b =0.10235 «? (27) 


The frequency Eq. (23) is solved by using the bisection method and results presented in 


Tables | and 2 respectively. 


Table 1: Exact Frequencies for T=oc; Mode number N=1, 2; M,=0 and 
Variable Support Stiffness k, 


Stiffness N= N=2 
k, 
a a a ae 


3500.68 


3500.69 
| 3500.81 


3500.81 


3501.97 


4195.03 


3515.09 
6856.60 


Table 2: Exact Frequencies for mode numbers N =1, 2; T=; k,= 0 and 
Variable Support Mass M, 


mast mass Frequency, rad/s Frequency, rad/s 
N=1 N=2 


a 
3059597 3803.29 


0 2) 0) 
8) 
80 30225 3800.96 
[90 8S S—«8T 


Table 2 presents frequencies obtained by varying the support stiffness k, for first and 
second modes of vibration, N=1 and N=2. It is seen that as stiffness increases from 107 to 
10'°, the frequency increases from 331.40rad/s to 3400.15rad/s, which is a steep rise of 
almost 90%. It is found that the transverse frequency of the bellows remains constant 


from stiffness of 10° onwards. 


The effect of varying the support mass on the frequency of vibration is studied and the 
results presented in Table 3. By varying the support mass, it is found that there is a steep 
drop in the frequency by about 87% as the mass increases from 1 to 100 for the first 
mode of vibration, N=1. For the second mode of vibration ie. N=2., the frequency drops 


to about 1%. 


4.3 Mode Shape 


As given above, we know the boundary conditions of double bellows subjected to 
transverse mode of vibration 
Atx=L 


dX (x = L) 


he =0 (28) 


Differentiation of Eq. (6) gives 


AacoshaL+ BasinhaL + Cf cos BL-— Df sin BL=0 


(29) 

Substitution of boundary conditions in Eq. (29) 

aX 0 (30) 
dx 
We know 

a? (coshaL + bsinhaL)A + (a? sinhaL + bcoshaL)B — (f° cos BL — bsin BL)C 

+(B° sin BL + bcos BL)D = 0, (31) 
Where c), C2, c3 and cy have already been defined 

2 2 2 R,L 

L'(Ba* — DB’) = (aLA+ CL) (32) 
B(aL)* — D( BL)’ -T,(AaL+CLB) (33) 
Substitution of B = -D in Eq. (33) 

~T,(AaL + CBL) = D\aL)° + (BL)°} (34) 
We know, 

AacoshaL+ BasinhaL+CpBcosBL—DBsinBL =0 (35) 
Substitution of B= -D in Eq. (35) 

AacoshaL—DasinhaL+CpcosBL— DB sin BL =0 (36) 
AacoshaL + CBcosBL = DiasinhaL + BsinBL] (37) 


Multiplying Eq. (34) by coshaL and Eq. (37) by T)L and cancellation of like terms A and 


A 
C, the ratios S and — are obtained 
D D 


aoe {len corms coshal|-[o sinh oL +Bsinh ur] 


D BL(coshaL +T, cosBL) (38) 


ee A ss [less cosBL+ (BLY cosBL|- [x sinhaL+Psinh eu 


D (T,aLcosBL + aLcoshaL) (39) 
Substitution = =-1 
D 
A B_., Cc , 
Yinax = | A acoshatg +—asinhaLé + — Bcos BLE - prinpLé 
Cc 
h ete 
whereé : 
_ = A'acoshaLé —asinhaLé + C' BcosfLé — Bsin BLE 
(41) 
A'= A (at) cos BL + (BLY cos pL} {aL sinhaL + 6Lsin BL} 
D (T,aL cos BL + aLcoshaL) (42) 
C= C (at) coshaL + (BLY coshal}+ i {aL sinhaL + #Lsin BL} 
D PL(coshaL +T, cos PL) (43) 
Therefore, the final mode shape equation is 
= = A'acoshaLé —asinhaLé +C' Bcos BLE — sin BLE 
(44) 


Figures 3 and 4, are mode shapes of double bellows obtained with support stiffness of 
k,=100 and k= «. The support mass M.= 0 and rotational restraint parameter, T = . The 
values y/D are obtained for two modes of vibration, N=1 and N=2. The ordinate in 
Figures 3 & 4 is ratio of minimum to maximum values of y/D and are plotted for € 
ranging from 0 to 0.5 for half mode shape. It is found that as € varies between 0 to | and 
support stiffness increases, the mode shape follows an upward trend with slight drop and 
rise at €=0.2 and 0.3 and then remains constant approaching infinity. This feature is 
observed for both the modes of vibration N=1 and N=2. Figure 5, is mode shape of 


double bellows obtained by varying rotational restraint T from 0.01 to 100. The support 


stiffness k, =100 and support mass M,= 0. It is found that as T increases the ratio y/D 
decreases. It is observed that there is a sharp rise in y/D at T=100, and €=0.1. Further, 


there is no significant change in y/D by varying T from 0.01 to 10. 


Table 3: y/D at T=oc, M,=0 and N=1 


y/D, k=100 yD, k= 
0.9x10° ~0.14x10° 
0.18x10" -0.27x10° 


0.4x10° -0.39x10° 
0.37x10 -0.55x10° 
0.66x10" -0.72x10° 


Table 4: y/D at T=<, M,=0 and N=2 


Table 5: y/D for T=0.01 to 100 
Po y/0,T=0.01_ | y/D,T=0.1_ | y/DT=1.0 | y/D,T=10__ | y/D,T=100_| 
a ey | ee ee ee 


= — 10's - = | ae ae 


y/D 


0 of 02 038 04 05 Sx/L 


Fig. 3: Mode Shape at T=; k, = 100 and k, = <; M,=0 and N=1 


=x L 


Fig. 4: Mode Shape at T=; k, = 100 and k, =x; M;= 0 and N=2 


y/D 


Fig: 5 Mode Shape for T varying from 0.01 to 100; k =100 M,=0 


5. Rocking Mode of Vibration 


The physical representation of the model of bellows subjected to vibrations and in 
rocking mode is shown in Fig.6. The mid point of the connecting pipe does not translate 
because of the geometrical symmetry of the system with respect to the imaginary vertical 
axis. Therefore, the system at left end ‘A’ 1s elastically restrained having a rotational 
stiffness ‘R’ while the right end ‘B’ is simply supported and held at the midway of the 
connecting pipe. The coriolis forces acting on the bellows due to the fluid forces are 


neglected. 


mp < 


Expansion yom Pipe connector piece 


m X 


Fig 6. Mathematical Model of Double Bellows in Rocking Mode 


5.1 Derivation of Frequency Equation 


As shown in Fig. 6 the boundary conditions at ends ‘A’ and ‘B’ are given by 


dX(L)__ X(L) 


dx a 
(45) 
3 2 2 2 
a’X(L)__ d?X(L)L_PaR, aX(L)_ Jo? dX(L) _ op? lim X(L)+ k, XU) 
dx dx a EI dx El dx 18 EI 
(46) 
w (0, t)= Oat x=0 
B+D=0 (47) 
EI (Ba? - DB’) = T; (Aa - CB) (48) 
Ow (L,t) oo (Lit) (49) 
Ox a 


a [Aa coshaL + Ba sinhaL + CB cosBL- DBsinBL]+ [A sinhaL + B coshaL + C sinBL 


+ DcosBL] = 0 (50) 
d; A+ d2 B+ d3C —dy D=0 (51) 
Where 

d, = (aa coshaL + sinhaL) (52) 
dz = (aa sinhaL + coshaL) (53) 
d3 = (Ba cosBL + sinBL) (54) 
da = (Ba sinBL - cosBL) (55) 


The other boundary condition at end ‘B’ is derived from the differential equation for one- 


half of the pipe OB. 


w(t) OwLt1 Pak, dw(Lt) kwh | J.O°o(L,t) i J,,0°o(L,t) 
6x* ox? as Ox EI EI.6xot? El.’ Ot” 


(56) 


The total mass moment of inertia of fluid and bellows (of one-half of the connecting 


> 


pipe) about the point of rotation ‘O’, including the inertia of lateral supports is expressed 


as 


m.+m 2m.+m 
£3 £3 
=—? a’ +— 


‘ee ; A aR*+M,a* (57) 


By eliminating the time harmonic function and rewriting the expression 


X (0) =0 (58) 
axl) 1d°*x@) > dX(L) 
dx? as dx” dx oa oe) 


Where ‘c’ and ‘A’ are defined in equations (7) & (8) and b is given by 
k 
b=a’. Ye. 8 
Ela“ El 
Eq. (59) is written as 


{a> cosh aL + (a.7/a) sinha L + 2c? coshaL + b sinhaL}A + {a> sinha L + (a7/a) coshaL 
+ 2c? a sinhaL + b coshaL} B— {B° cosBL + (B7/a) sinBL — 2c”B cosBL — b sinBLC + 
{B° sinBL + (B7/a) cosBL — 2c”B sinBL + b cosBL}D = 0 (60) 


Grouping all like terms and rewriting 


{a(a* +c’) cos haL + (a*/at+b) sin haL} A+ {a(a? + 2c’) sin haL + (a*/a +b) cosh BL} 
B— {B(B* — 2c”) cos BL +(B*/a-b) sin BL} C + {B(B? — 2c”) sinBL— (B?/a—b) cos BL} D 
-0 (61) 


If 


2 


a 
ma a+b 7) 
ay = a(a + 2c”) (63) 
ie 
b, = 64 
aD ee 
bz =B(B* — 2c’) (65) 
c, = a; sinhaL + az coshaL (66) 
C2 = a; coshaL + a2 sinhaL (67) 
c4 = bz snBL— b; cospL (68) 
Eq. (61) is written as 
cy; A+ CoB-—c3C +caD=0 (69) 


The determinant formed by the coefficients of this system of algebraic equations is set 


equal to zero 


0 1 0 1 A 
+T (al) (al)? +T (BL) -(fL?| |B 
(aL) (aL) \(BL) —(BL) _0 (70) 
d, d, d, dy 
CG Cy C3 C4 D 


Expanding the above matrix, we get the final frequency equation of double bellows in 


rocking mode 


(- apab, — Ba, + afaa, + ab, \(l —coshaLcos BL) —(—f,aa, — Bb, +a,ab, + aa,) 
(sin BLsinhaL) + (fab, +aB°a, +aa, +ab, \coshaLsin BL)+ =0 (7 
(6a, + pb, -aa’b, + aa,a)sinh aLcos BL 


5.2 Mode Shape in Rocking Mode 


Boundary conditions are 


X(0) =0 
2: 
EI o x0) =R, eX) atend A 
Ox Ox 
OED) 2 Per at ena 
Ox a 
4 5) P R PF 2 
Pw(Lt) __Ow(bet) 1 _ PaRy! OwLet) . ke wer 94 
Ox Ox a EI Ox EI 
J O’w(L,t) 


Ela’ ot’ 


Eq. (75) can be written as 


3 2 
d*X(L)__ 1 d*X(L) oe axtL) 
X 


dx° a dx 


Assuming X(L) = A sinhaL + BcoshaL +C sinBL + DcosBL 


Substitution of X (0) = 0 and differentiation of Eq. (77) we get 


B+D=0 

ee) = R(Aa+CP) 
dx 
2 

ee =”) = Ba’ -—Dp’ 
dx 


Equating Eq. (78) and (79), multiplying both sides by Land substitution of T, = El 


B =-D, we get 


-D[(aL)’- D(BL)*] — T\(Aa +CB) = 0 


J 0’ w(L,t) 
EI 6x? .6t? 


(72) 


(73) 


(74) 


(75) 


(76) 


(77) 


(78) 


(79) 


RL , 


(80) 


We know, 


d X (L) 
dx 


= AacoshaL + Ba sinhaL + Cf cos BL — DB sinBL (81) 
And uly (L) is written as 
a 


1 
——(AsinhaL + BcoshaL + Csin BL + Dcos PL) (82) 
a 


a(acoshaL+ BasinhaL+CfcoshaL + sin BL) +(AsinhaL + BcoshaL 


(83) 
+ Csin 6L+ Deos BL) =0 
A(aacoshaL + sinh aL) + B(aasinhaL + coshaL) + C(af cos 6L + sin BL) (84) 
— D(a sin BL —cos BL) = 0 
Writing B =—D, and —T,(Aa + CB) = D(a)’ + (BL)’| , we get 
A(aacoshaL + sinhaL)+ C(af cos 6L + sin BL) = D(aasinaL + coshaL (85) 


+afsin BL—cos BL) 


Multiplying left hand side of Eq. (85) by (aacoshaL + sinhaL) and right hand side of Eq. 


(85) by (T,Aa) and cancellation of ‘A’ terms to get the ratio - 


C T, B(aacoshaL + sinh aL) + T,a (aBcos BL + sin BL) 
D (aacoshaL + sinh aL)[(a@L)* + (BL)? -T,alaasinh aL + cosh aL + af sin BL — cos BL] 


(86) 


; . . A 
Cancellation of ‘C’ terms to obtain the ratio a 


T,a (aBcoshfL + sin BL) + B(aacoshaL — sinhaL) 
(a fa’ sinhaL coshBL + aBcos BL coshaL + cos BLsin BL(a? —1) 
—afp+aasin P sinh aL + coshaLsin £L] + Blaa sinh aL+ coshaL + 
af sin BL — cos BL] 


S|> 


(87) 


If 
eee 
D 
ou 
D 
ae) 
D 
(88) 
The final mode shape expression is 
we = A'sinhaL— BcoshaL+C'sin BL+ Dcos BL 
(89) 


5.3 Results 


The fundamental frequencies are obtained for the rocking mode of vibration by varying 
the support stiffness k, and support mass M, and are presented in Tables 6 and 7. It is 
seen that as support stiffness increases from 107 to 10!°, the frequency increases from 


936.10rad/s to 3856.172rad/s by about 75%. 


Results are also obtained by varying the support mass and frequencies of vibration are 
presented in Table 8. It is found that the frequency drops by 87% as the support mass 
increases from | to 100 for N = 1 and by 2% for N = 2. The frequencies obtained by the 
exact method are compared with the work of previous authors and we found that at 


k,=100 the percentage error is as low as 0.01%, given in Table 8. 


Table 6: Rocking mode frequency for N=1,2; T=0c and M,=0 


Support Stiffness, k, Exact fre quency (rad/s) Exact frequency (rad/s) 
N=1 N=2 


3856.1 


3400.02 6889.80 


a 3100 5880 
3856.17 6889.80 


7000 + . = 
6000 + —a—N=1 = 
a— N=2 
nw 5000 + 
LP 
<o) 
s 
a 4000 + . = = . a 
Se) 
c= a a 
r0) a’ 
> 3000 + fs 
oO 
2 
LL 
2000 4 a 
1000 4 ‘g = a « 
ie) T T T T 1 
1.E+00 1.E+02 1.E+04 1.E+06 1.E+08 1.E+10 


Spring Support Stiffness, k, 
Fig 7: Frequency for N=1, 2; T=oc and M,=0 


Table 7: Rocking mode frequency for N=1, 2 and T= & k,=0 


Support Mass, M,; | Exact frequency (rad/s) Exact fre ae (rad/s) 
N=1 


— 109.17 ROR 
164.62 3411.48 
117.96 3405.95 


96.75 3404.05 


Table 8:Comparison of Frequencies at T= 


Mode number Exact method Percentage Error 
N @, rad/s 
k, = 100 


1 


4000 


3500 -—= 


3000 + 


N 
wn 
jo) 
f=) 


N 
jo) 
j=) 
f=) 


—a—Ne=1 


—s_N=2 


Frequency, rad/s 
a 
S 


1000 + 


O 20 40 60 80 100 120 
Support Mass, M, 


Fig 8: Frequency for N=1,2;T=cc and k,=0 
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Fig 9: Mode Shape in Rocking Mode for M=0 & N=1, T= 
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Fig 10: Mode Shape in Rocking Mode for M,=0, T=oc and N=2 


The first and second mode shapes of double bellows in rocking mode are shown in Fig 9 
and Fig.10 respectively. By varying the value of € from 0 to | for full cycle, the response 
is observed at T=oc; k,=100 and k,= «. It is found that as support stiffness k, increases the 


response is negative. 


6. Concluding Remarks 


Exact expressions for frequency and mode shapes of double bellows expansion joints in 
transverse and rocking modes are derived. It is found that the support stiffness and 
support mass play a vital role in the response of bellows. It is found that the percentage 
error in the frequency of bellows with lateral supports is very small in comparison to a 
bellow without lateral supports. This could be a possible method of controlling vibration 


of bellows expansion joints by suitably altering the stiffness of the supports. 
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ABSTRACT: Circular plates are commonly used as Structural elements in many Aeronautical, Civil, 
Mechanical and Naval applications. It is worth noting that these find applications in modeling various 
fluid-structure interaction problems. Even though the circular symmetry of the problem allows for its 
significant simplification, additional difficulties often arise due to uncertainty of boundary conditions. This 
uncertainty occurs because, in many practical applications, the edge of the plate is not free, simply 
supported or clamped. When the plate’s boundary conditions depart from the classical cases, elastic 
translational constraint should be considered. This paper is concerned with the elastic buckling of circular 
plates with an internal ring support and elastically restrained guided edge against translation. The classical 
plate theory is used to derive the governing differential equation for circular plate with internal ring 
support and guided elastic edge support system. This work presents the existence of buckling mode 
switching with respect to the radius of internal ring support. The buckling mode may not be axisymmetric 
as previously assumed. The plate may buckle in an axisymmetric mode in general, but when the radius of 
the ring support becomes small, the plate may buckle in an asymmetric mode. The optimum radius of the 
internal ring support is also determined. Extensive data is tabulated so that pertinent conclusions can be 
arrived at on the influence of translational restraint, Poisson’s ratio, and other boundary conditions on the 
buckling of uniform isotropic circular plates. The numerical results obtained are in good agreement with 
the previously published data. 

Keywords: Buckling; Circular Plates; Ring Support; Elastically Restrained Edge; Guided Edge; Mode 


Switching; Translational Spring Stiffness. 


1. INTRODUCTION 


Buckling of plates is an important topic in structural engineering. The prediction of 
buckling of structural members restrained laterally is important in the design of various 
engineering components. In particular, circular plates with internal ring supports find 
applications in aeronautical (instrument mounting bases for space vehicles), rocket 


launching pads, aircrafts and naval vessels (instrument mounting bases). Based on the 


Kirchhoff’s theory, the elastic buckling of thin circular plates has been extensively 
studied by many authors after the pioneering work published by Bryan [1]. Since then, 
there have been extensive studies on the subject covering various aspects such as 
different materials, boundary and loading conditions. Also the buckling of circular plates 
was studied by different authors [2, 3]. However, these sources only considered 
axisymmetric case, which may not lead to the correct buckling load. The elastic buckling 
capacity of in-plane loaded circular plates may be increased significantly by introducing 
an internal ring supports. Laura et al. [4] investigated the elastic buckling problem of the 
aforesaid type of circular plates, who modeled the plate using the classical thin plate 
theory. In their study only axisymmetric modes are considered. It is an accepted fact that 
the condition on a periphery often tends to be in between the classical boundary 
conditions (free, clamped and simply supported) and may correspond more closely to 
some form of elastic restraints [5 — 7]. In a recent study, Wang and Wang [8] showed that 
when the ring support has a small radius, the buckling mode takes the asymmetric form. 
But they have studied only the circular plate with elastically restrained edge against 
rotation. The purpose of the present work is to complete the results of the buckling of 
circular plates with an internal ring support and elastically restrained guided edge against 
translation by including the asymmetric modes, thus correctly determining the buckling 
loads. 


2. DEFINITION OF THE PROBLEM 
Consider a thin circular plate of radius R, uniform thickness h, Young’s modulus E 


and Poisson’s ratio v and subjected to a uniform in-plane load N along its boundary, as 
shown in Fig. 1. Circular plate is assumed to be made of linearly elastic, homogeneous 
and isotropic material and the effects of shear deformation and rotary inertia are 
neglected. The edge of the circular plate is guided and elastically restrained against 
translation and supported by an internal ring support, as shown in Fig. 1. The problem at 
hand is to determine the elastic buckling load of a circular plate with an internal ring 
support and the edge is guided and elastically restrained against translation. 


3. FORMULATION OF THE SYSTEM 


The plate is elastically restrained against translation on the guided edge of radius 
Rand supported on a ring of smaller radius bR as shown in Fig. 1. Let subscript I denote 


the inner region 0 <7 < band the subscript II denote the outer region b <r <1. Here, all 


Fig. 1. Buckling of a Circular plate with an Internal ring Support and Elastically Restrained Guided edge 


against Translation 


lengths are normalized by R. Using classical (Kirchhoff’s) plate theory, the following 
fourth order differential equation for buckling in polar coordinates (r, 0). 
DV+w+NV?w=0 (1) 
Where w is the lateral displacement, N is the uniform compressive load at the edge. 
After normalizing the lengths by the radius of the plate R , Eq. (1) can be written as 
DV‘*wt+k’?V>w=0 (2) 


2 2 
Where vy? = é =+ ee + e é ; is the Laplace operator in the polar coordinates r and @. 
or ror Fr 00 


Where 7 is the radial distance normalized by R. D = Eh*/12(1-v’) 1s the flexural 
rigidity, w = w/R, is normalized transverse displacement of the plate. k? = R*N/D 1s 
non-dimensional load parameter. Suppose there are n nodal diameters. In polar 


coordinates (7,0) set 


W(F,0) =a(F)cos(nd) (3) 
The general solution [9] to Eq. (2) is 


i(r) = CJ, (kF) + CoY, (kF) + Cyr” + oe | (4) 


po 
Where top form of the Eq. (4) is used for n = Oand the bottom form is used for 1 #0, 


C,,C,,C, & C,are constants, J, (.) & Y,(.)are the Bessel functions of the first and seconds of 


order n, respectively. Substituting Eq. (4) into Eq. (3) yields the following 

=e _ _ = logr 

W(7, 0) =| C,J, (KF) +C,Y, (kF) + C7" scfm i cos(n) (5) 
r 


The boundary conditions at outer region of the circular plate in terms of slope and 


translational stiffness (K,,) is given by the following expressions 


OWA) (6) 
Or 
V, (r, A) =. —-K7,W, (7, ~) (7) 


The radial Kirchhoff shear at outer edge is defined as follows 


r.@.0--2 vm @.0)00 yee i: Ne) | (8) 

R*| Or FOO\F OFroo r° 00 

From Eq. (6), 

Owi(7,8) _ 9 (9) 

or 

From Eqs. (7) and (8) yields the following 

Lowcova We [22 me) uO) Ea W,(F.0) (10) 
or ro@0\r  oro@ rs 00 D 


Apart from the elastically restrained guided edge against translation, there is an internal 
elastic ring support constraint and the continuity requirements of slope and curvature at 


the support, i.e. at 7 =b 


W,(b,0) =0 (11) 
Ww, (b,0) =0 (12) 
WW! (b,0) = W'(b, 8) (13) 
"(b,0) = 9" (b,0) (14) 


Where denotes the differentiation with respect to 7. The non-trivial solutions to Eqs. (9), 
(10), (11)-(14) are sought. The lowest value of k is the square root of the normalized 
buckling load. From Eqs. (5), (9), (10) and (11)-(14), we get the following equations. 


Bae E 0, |e  [n]c, 4 {. if =0 (15) 


| 2 


[ 73 2 2 
- P,4 . P, (30 +n?(2—-v)4 IR | ?(3-v) - r, 66. 


ey eee 2) Ke (16) 
i Q,4 i QO, x(34° +n?(2-v)4 io, fre v) 5 ry rll) es 
n°(2-v) 
n(n wae Tk | n’(nt+)lvten> ,,e+=9 
logh 
J, (kb)C, + Y, (kb)C, +b"C, + ae C,=0 (17) 
J, (kb)C; +b"C, (18) 
k , k a ft 
n-l 
he CG +52 C, +nb C,; + ne C; (19) 
Ee 6 nb ea 
2 
ae Roo 
a —2T,,(kb))C, + ae (Q, —2Y,(kb))C, 
oD 
+n(n—1l)b"2C, -2b? C, (20) 
n(n+1)b ie 


| aan 
Soy a PTO 


—n(n—-1)b"°C, =0 


3 
Where, 7, = a1 3C,,C,,C,,C,,C; & C, are constants. 


Pet OMS (OB = SiO tS OB = Sis) - Sis (Os 
0, =Y, 0) - YQ, = YA) + YAO; = YF) - Yi (5 
Ey. = J,(kb) - Sis (kb); P; = J, (kb) + J, (kb); 
QO; = Y,_,(kb) — Y,,,,(Ab);Q5 = Y,_, (kb) + Y,,,. (kb); 


n+l 


The top form of Eqs. (17)-(20) are used for n=0 (axisymmetric buckling) and the 


bottom form is used for n # 0 (asymmetric buckling). 


4. SOLUTION 


For the given values of n,v,b&7,, the above set of equations, gives an exact 
characteristic equation for non-trivial solutions of the coefficients C,,C,,C,,C,,C; &C,- 


For non-trivial solution, the determinant of [c],,,must vanish. Mathematica, computer 


6x6 
software with symbolic capabilities is used to solve the buckling load parameter k by a 


simple root search method. 


5. RESULTS & DISCUSSIONS 
There is a lot of flexibility of the code developed in Mathematica. It is used to 


determine the buckling load parameter for any range of translational constraints. This 
code is also implanted for various plate materials by adjusting Poisson’s ratio. Since 
Poisson’s ratio occurs as a parameter in most of the equations, the effect of this ratio on 
the roots of the equations is also considered. The findings are presented in both tabular 
and graphical form. The buckling loads are calculated for various internal ring support 
radii b, and translational spring stiffness parameter. Poisson’s ratio adopted in the 
present work is 0.3. 

Figures. 2 — 4 shows the variations of buckling load parameter, k with respect to the 
internal ring support radius, b for various values of translational spring stiffness 
parameters. It is observed from Figures 2 - 4 that for a given value of translational spring 
stiffness parameters, the curve in each case is composed of two segments. This is due to 
the switching of buckling modes. For a smaller internal ring support radius b, the plate 
buckles in an asymmetric mode (i.e. n #0). In this segment (as shown by dotted lines in 
Figures 2 - 4) the buckling load decreases as b decreases in value. For a larger internal 
ring support radius 5, the plate buckles in an axisymmetric mode (i.e. n=0). In this 
segment (as shown by continuous lines in all the Figures) the buckling load increases as 
bdecreases up to a peak point corresponds to maximum buckling load and thereafter 
decreases as b decreases in value as shown in Figures. 2-4. As 7,, >, the edge of the 
plate becomes clamped and as 4-1, the buckling solution for this case is 3.83163. This 
is in good agreement with that of Wang and Wang [8]. It is also observed from the 


Figures 2 — 4, all curves converge to k = 3.83163 as b> 1. 


Fig. 2, shows the variations of buckling load parameter & , with respect to the internal 
ring support radius b, for translational spring stiffness parameter 7,,=1000. The cross 
over radius in this case is b=0.1514. Fig. 3, shows the variations of buckling load 
parameter &, with respect to the internal ring support radius b, for translational spring 
stiffness parameter 7,,=100000. The cross over radius in this case is b =0.15226. Fig. 4. 
shows the variations of buckling load parameter k, with respect to the internal ring 
support radius b, for translational spring stiffness parameter 7,,=0. The cross over 
radius in this case is b =0.1532. Of interest in the design of supported circular plates is 
the optimal location of the internal ring support for maximum buckling load. The optimal 
solutions for this case are presented in Table 1, for various translational spring stiffness 


parameters (7,, =1000,100000& « ). 


Buckling Load Parameter, 


0 0.2 0.4 0.6 0.8 1 
Internal Ring Support Parameter, b 


Fig. 2. Buckling Load Parameter, k versus Internal ring Support Radius, b for T,, = 1000 


Buckling Load Parameter, 


0 0.2 0.4 0.6 0.8 1 
Internal Ring Support Parameter, b 


Fig. 3. Buckling Load Parameter, k versus Internal ring Support Radius, b for T,, = 100000 


Buckling Load Parameter, 


0 0.2 0.4 0.6 0.8 1 
Internal Ring Support Parameter, b 


Fig. 4. Buckling Load Parameter, k versus Internal ring Support Radius, b for T,, = 


The optimal internal ring support radius is found to be independent of the Poisson’s ratio 
and it is affected by the translational spring stiffness parameter. There is no influence of 
Poisson’s ratio on buckling load parameters, for a given values of translational spring 


stiffness parameters and internal ring support radius parameter, as shown in Fig. 5. 


Buckling Load Parameter, 


0 0.1 0.2 0.3 0.4 0.5 


Poisson's Ratio, n 


Fig. 5. Buckling Load Parameter, & versus Poisson’s Ratio, V, for 7,, =1000 and internal ring support 


radius parameter, b 


However, it is observed from the Figures 2 - 4, that the affect of translational spring 
stiffness parameters, on buckling load parameter is less as compared to rotational spring 
stiffness parameter [12]. The results of this kind were scarce in the literature. However, 
the results are compared with the following cases. The buckling load parameters &, for 
clamped and simply supported edges are compared with those obtained by Wang et al. 
[10] and Wang et al. [11] as shown in Tables 2. and 3 respectively. 


Table 1. Optimum location of the ring support and the corresponding buckling load parameters 


i 1000 100000 00 
i 0.3001 0.2995 0.2994 
6.994 6.995 6.996 


opt 


Table 2. Comparison of Buckling Load Parameter k , with Wang et al. [10] and Wang et al [11] for 
Clamped Edge for v =0.3 


Ring support radius, b Wang et al (1993) Wang et al (2005) Present 
0.1 ---- 6.5009* 6.50095* 
0.2 6.9559 6.9558 6.95582 
0.3 6.9948 6.9947 6.99475 
0.4 6.6627 6.6625 6.66248 


0.5 6.0749 6.0745 6.07454 


0.6 5.476 5.4755 5.4755 
0.7 4.9532 4.9526 4.95263 
0.8 4.5134 4.5127 4.51266 
0.9 4.1448 4.1436 4.1436 
0.99 3.8667 3.8604 3.86061 


* Asymmetric buckling load parameters 


Table 3. Comparison of Buckling Load Parameter k, with Wang et al. [10] and Wang et al [11] for 
Simply Supported Edge for v = 0.3 


Ring support radius, b Wang et al (1993) Wang et al (2005) Present 
0.1 ---- 4.5235 4.52341 
0.2 4.7703 4.7702 4.77018 
0.3 5.0711 5.071 5.07091 
0.4 5.3297 5.3296 5.32964 
0.5 5.3667 5.3666 5.36659 
0.6 5.1264 5.1261 5.12606 
0.7 4.773 4.7727 4.77266 
0.8 4.4219 4.4215 4.42141 
0.9 4.1069 4.1063 4.10629 
0.99 3.8603 3.8573 3.85742 


6. CONCLUSIONS 


The paper introduced a Mathematica code for calculation of buckling load. The 
buckling problem of thin circular plates with an internal ring support and elastically 
restrained guided edge against translation has been solved analytically. Also the buckling 


loads are given for various translational spring stiffness parameters [7,,] at the edges that 
simulate the translational restraints where 7,, > «, represents a clamped edge. It has been 


observed that the buckling mode switches from an asymmetric mode to an axisymmetric 
mode at a particular ring support radius parameter. This cross over radius depends on the 
translational spring stiffness parameter. The cross - over radius varies from 5=0.1514 for 


T,, =1000 to b=0.1532 for 7,,=0. The optimal internal ring support varies from 


b,, 0.3001 for 7,, =1000 to b,,=0.2994 for T,,=0. Two-dimensional plots are drawn 


opt 
for a wide range of translational constraints. In this paper the characteristic equations are 
exact, therefore the results can be calculated to any accuracy. These exact solutions can 
be used to check numerical or approximate results. Comparison of studies demonstrates 
the accuracy and stability of the present work. The effect of various parameters such as 


translational stiffness parameters on buckling loads of circular plate - internal ring 


10 


support - elastic guided edge system is studies in detail. The tabulated buckling results 


are useful to designers in vibration control, structural design and related industrial 


applications. 

NOMENCLATURE 

w(r, 0) Transverse deflection of the plate 

h Thickness of a plate 

R Radius of a plate 

b Non-dimensional radius of ring support 

Vv Poisson’s ratio 

E Young’s modulus of a material 

D Flexural rigidity of a material 

Ky Translational spring stiffness 

Li Non-dimensional translational Flexibility parameter 
N Uniform in - planeload 

k Non-dimensional Buckling Load Parameter 
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Abstract 


Analytical expressions are derived for computation of critical velocity of a fluid flowing in a pipeline and resting on a 
two-parameter foundation like the Pasternak foundation. Fourier series and Galerkin methods have been utilized in 
computing the results for three simple boundary conditions, namely: pinned—pinned, pinned—clamped and clamped— 
clamped. Results are presented for varying values of both the foundation stiffness parameters and comparison is made 
with available literature for the case of the second parameter equal to zero, and new results are presented for varying values 
of the second foundation parameter. Interesting conclusions are drawn on the effect of the foundation parameters on the 
critical flow velocity of the pipeline. 
© 2006 Elsevier Ltd. All rights reserved. 


1. Introduction 


The technology of transporting fluids, especially petroleum liquids, through long pipelines, which cover 
different types of terrain, has evolved over the years. The velocity of the fluid in a pipeline transporting fluids 
imparts energy to the pipeline making it to vibrate. It is well established from published literature that there 
exists a critical velocity of the fluid near which the natural frequency of the pipeline tends to zero. This is the 
required condition for buckling of the pipeline. Literature abounds with analyses, which give information on 
the influence of boundary conditions on the stability of fluid conveying pipes. Interest in studying the dynamic 
behaviour of such fluid conveying pipes was stimulated when excessive transverse vibrations were observed 
and subsequently analysed first by Ashley and Haviland in 1950 [1] and later by Housner in 1952 [2]. Housner 
considered a simply supported beam model for the pipeline and analysed it using a series solution approach 
and showed the existence of a critical flow velocity for a pipeline, which could cause buckling. In 1955, Long 
[3] studied the influence of clamped—clamped and clamped—pinned boundary conditions on the critical 
velocity. In 1966, Gregory and Paidoussis [4] presented results on the dynamic behaviour of a cantilevered pipe 
conveying fluid. All the above studies did not consider elastic support conditions. 


*Corresponding author. Tel.: +91 402373 2194; fax: +9140 2373 2394, 
E-mail addresses: ckrao@patent-art.com (K.R. Chellapilla), simha@iictnet.org (H.S. Simha). 
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Nomenclature 

Ap mass of pipe/unit length Greek symbols 

Cy integration constants 

E modulus of elasticity pb non-dimensional mass-ratio parameter 

I moment of inertia v1 non-dimensional Winkler foundation 
ky winkler foundation stiffness/unit length parameter 

ko shear foundation constant/unit length Y2 non-dimensional shear foundation para- 
L length of the pipe meter 

m mass of pipe/unit length A, beam frequency parameter 

M total mass of pipe plus fluid/unit length Wy beam eigenfunctions 

v steady flow velocity of fluid O; frequency function 

V non-dimensional flow velocity parameter @; jth mode of vibration 

Vex critical velocity parameter Q non-dimensional frequency parameter 

w lateral displacement of the pipe 

x dimension along the length of pipe 


When a pipeline rests on an elastic medium such as a soil, a model of the soil medium must be included in 
the governing differential equation. A very common structural model of the soil medium is the Winkler model, 
in which soil is represented by a series of constant stiffness, closely spaced linear springs. This model is 
extensively used in engineering analysis because of its simplicity and also because it is possible to obtain 
closed-form solutions for uniform stiffness. In 1970, Stein and Tobriner [5] studied the vibrations of a fluid- 
conveying pipe resting on an elastic foundation. Lottati and Kornecki, in 1986 [6], studied the influence of the 
elastic foundation on the stability of the pipeline. Later, in 1992, Dermendjian-Ivanova [7] investigated the 
behaviour of a fluid conveying pipe resting on an elastic foundation and obtained the critical fluid velocity. In 
1993, Raghava Chary et al. [8] presented a detailed analysis of fluid conveying pipes resting on elastic 
foundation. In a recent paper, Doaré and de Langre [9] studied instability of fluid conveying pipes on Winkler- 
type foundation. The focus in their paper was on instability of infinitely long fluid conveying pipes using wave 
propagation approach, wherein results are interpreted in terms static neutrality as criteria for pinned—pinned, 
clamped—clamped ends and dynamic neutrality for clamped-free ends. All these studies modelled the elastic 
foundation as a Winkler model. 

A real soil medium, however is more complex in its elastic behaviour than what the above model 
considers. The Winkler model assumes that the deformation of the foundation is only in the loaded 
region and hence implies a deformation discontinuity between the loaded and unloaded parts. Also, this 
model is inadequate when a lift-off takes place between the soil and the structure. To address such 
deficiencies, many researchers suggested an interaction between the springs of the Winkler model to 
obtain a more realistic model of the soil. Hence, two-parameter foundation models were developed, 
of which, the Pasternak model is considered closer to the soil behaviour than other models—for example, 
see Dutta and Roy [10]. In the Pasternak model, an incompressible shear layer is introduced between 
the Winkler springs and the pipe surface. The springs are connected to this shear layer, which is 
capable of resisting only transverse shear, thus allowing for “shear interaction” between the Winkler 
springs. Pipelines, especially those carrying petroleum products, traverse varied terrains like sand, gravel, 
mud and rock. The Pasternak model is considered to be closer to these real media. Analysis of fluid 
conveying pipes has been extensively performed for the case of one-parameter elastic foundation 
models like the Winkler model, and there is a good amount of literature on the behaviour of beams 
on two-parameter foundations. However, to the best of authors’ knowledge, no study has been published 
dealing with the behaviour of fluid-conveying pipes resting on a two-parameter elastic foundation. 
It is therefore felt necessary to study the dynamics and stability of fluid conveying pipes resting on 
two-parameter foundation such as Pasternak foundation for pinned—pinned, clamped-clamped and 
clamped—pinned ends. 
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In this paper, the work of previous authors [5-8] has been extended suitably to include the influence of a 

two-parameter foundation model on the vibration and stability characteristics of the fluid conveying pipes. 
Results are presented showing the variation for various values of the foundation stiffness parameters. 


2. Equation of motion 


The differential equation of motion for lateral displacement w(x, ft) of a uniform fluid-conveying pipe resting 
on a Winkler-type elastic foundation is given by 


—t+hiw=0. (1) 


The symbols in the above equation are defined in the nomenclature. In this equation, the elastic medium is 
modelled on the Winkler-type foundation. The equation of motion for a fluid-conveying pipe resting on a two- 
parameter foundation becomes: 


fw ow 2 ow ow 


In Eq. (2) above, kz represents the additional parameter defining the foundation, usually termed as the shear 
constant of the foundation. The model is shown in Fig. 1. Eq. (2) is now solved for three simple boundary 
conditions. 


2.1. Pinned-pinned pipe 


The boundary conditions for a pinned—pinned pipe are 
w(0, t) = w(Z, t) = 0, 
07(0, 2) 7 oO w(L, 2) _ 


Ox? Ox? us G3) 
Taking the solution of Eq. (2) which satisfies the boundary conditions Eq. (3) as 
w(x, t) = S- Qn Sin sin t+ SS dy Sin = Comet, - 7 = 1,2, 3, aes (4) 
n=1,3; 53 n=2,4,6.... 


where cw; represents the natural frequency of the jth mode of vibration. Substitution of Eq. (4) into Eq. (2) and 
expanding in a Fourier series we have an equation of the form: 


K = oj7MI] {a} = 0, (5) 


W 


Fig. 1. Model of a fluid-conveying pipe resting on a two-parameter foundation. 
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where K is the stiffness matrix whose elements are enumerated in Ref. [8] and will not be repeated here, I is the 
identity matrix and a! = {a), a2,...,d,}. Retaining the first two terms of the above equation, and setting the 
determinant equal to zero, we get 


256 
QF — (= - sv? = y9)+ 1708 + 2» Q5 


+ [4n*(V? — 2)? — V? = yo) (5x7y, + 200°) + (1608 + 17n*y, + y3)] = 0. (6) 


In Eq. (6), the following non-dimensional parameters have been used: 


PAD Bann gee 25 ~ peop /P4. » hE | ek? 
= 7 Q) = aL Er J=1,2,3,...5 V=vL er l= gp? 2 = Er 


When the fluid velocity reaches a certain value V,,, the fundamental natural frequency becomes zero. Hence, 
setting Q; = 0 in Eq. (6), we obtain 


[42°(V? — yo)? — (V? = 92) (Say, + 202°) + (1628 + 1724), + y7)] = 0. (7) 


Solving Eq. (7) for V, we obtain the critical flow velocity for the pinned—pinned case. Doaré and de Langre 
[9], have used Eq. (8) below, for computing the critical velocity, considering only the Winkler foundation. This 
equation is based on the relations for a column under compressive load [11] 


: 1/2 
Vor= Na( 14 m1 ) (8) 


where N is the smallest integer satisfying N?(N + 1)? Sy, /n'. 


2.2. Pinned—clamped and clamped- clamped pipe 


The boundary conditions for a pinned—clamped pipe are 
w(0, t) = w(Z, t) = 0, 
dw(0, 1) — Ow(L, ft) _ 
Ox iC a ©) 
And those for a clamped—clamped pipe are 
w(0, t) = w(L, t) = 0, 
ow(0,4) = Ow(L, 2) (10) 
= = 0. 
Ox Ox 


We assume the deflection of the pipe to be of the form 


w(x, f) = l¢, (=) al (11) 
In Eq. (11), 9 denotes the real part, ¢,(x/L) is a series of beam eigenfunctions y,(é) given by 
WA) = cosh(/,¢) — cos(4,¢) — o,(sinh(A,¢) — sin (A,¢)), 


x 
(1a eS 
cosh /, — cos /, 
~ ‘sinh d, — sin A,” (12) 
In the above equation, /, is the frequency parameter of the pipe without fluid flow, which is considered as a 
beam, and it’s values [12] are: 
A, = 3.926602 and 2, = 7.068583 for the pinned—clamped case and 4, = 4.730041 and A, = 7.853205 for the 


clamped—clamped case. 
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Substituting Eq. (11) in the equation of motion Eq. (2) gives 


oo ‘ ow ap j 
Ly = EI] + (pAv — ka) aa + 2iwpAva + (ki — Mo )p = 0. (13) 

Following the method given in Ref. [8], using Galerkin’s method and minimizing the mean square of the 
residual L,, over the length of the pipe and using only the first two terms, we have the following equations in V. 


For the pinned—clamped case: 


(Ci1Ci2 — CxpCu (V? — 93)" + V? = yy) 


x [Af + Coo +. 03 + Cul + 1A + 1G} + 7)] = 0. (14) 
For the clamped—clamped case: 
(CuCray(V? = 99)? + (V? = yo) [AF + Coa + 43 + Cu] + [AE + ES + y)] = 0. (15) 


In Eqs. (14) and (15), the constants C},, etc., are integral values, which are enumerated in Ref. [8]. Solving 
the above equations for V, we obtain the critical flow velocities for the pinned—clamped and clamped—clamped 
cases, respectively. In Doaré and de Langre [9], Eqs. (16) and (17) below have been used for obtaining the 
critical flow velocity for the clamped—clamped boundary conditions, considering the Winkler foundation 
model only 


3y, \ 1/2 
Var = 2n( 1 + ots) (16) 
Eq. (16) is used for y; <(84/11)x*, and Eq. (17) below, 
4 244 ; 1/2 
v= “(~ atl + ie ) (17) 
N° +1 m4(N~ + 1) 


otherwise. Here, N is the smallest integer satisfying N*+2N°+3N°?+2N+6>yj/z°. 
3. Results and discussion 


In the present work, for the pinned—pinned case, the first two terms of the equation resulting from using 
Fourier series have been considered in obtaining the numerical results. For the clamped-clamped case, the 
present work has used the assumed modes in the Galerkin method, again retaining the first two terms while 
Doaré and de Langre [9], have used Eq. (8) for the pinned—pinned case and Eqs. (16) and (17) for the 
clamped—clamped case. For both the boundary conditions, they have considered the Winkler foundation 
model only. Since the mode shapes of the pipe will not appreciably change with fluid flow, the modes that are 
assumed in the present work are for a pipe or beam without fluid flow. 


3.1. Case 1: y2 =0, y; varying 


It is useful to compare the results of the present work for the condition where y, = 0, which represents the 
Winkler foundation model, with those of Doaré and de Langre [9]. Tables 1 and 2 show the comparison. It is 
seen that for all the boundary conditions, the variation in the results is not significant, especially for lower 
values of the Winkler parameter, even though only the first two terms of the respective equations have been 
considered. 

In Figs. 2 and 3, here, a comparison is made with Fig. 3 of Doaré and de Langre [9], for the pinned—pinned 
and the clamped—clamped boundary conditions, respectively, for the condition where the parameter yz equals 
zero. Eq. (8) has been used for pinned—pinned case and Eqs. (16) and (17) for the clamped—clamped case. As 
shown in Fig. 2, for the value of the shear parameter yz equal to zero, there is very good agreement with the 
curve given in Fig. 3 of Doaré and de Langre [9] for the pinned—pinned case, up to a value of y, = 4500. 
Higher values of y, give higher values of critical velocity as compared to the work of Doaré and de Langre [9]. 
This deviation could be attributed to the use of only the first two terms of Eq. (5). As the value of y, is 
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Table | 

Values of the critical velocity parameter for various values of y, with y2 = 0.0 for the pinned—pinned case 

V1 Doaré and de Langre [9] Present work % Variation 
1.00E+ 00 3.1577 3.15768 0.0 
1.00E+01 3.2989 3.29891 0.0 
1.00E+ 02 4.4723 4.47233 0.0 
2.00E + 02 5.4894 5.48943 0.0 
3.00E+ 02 6.3455 6.34555 0.0 
4.00E + 02 7.0435 7.04347 0.0 
5.00E +02 7.2211 7.22105 0.0 
6.00E + 02 7.3944 7.39436 0.0 
7.00E + 02 7.5637 7.5637 0.0 
8.00E+ 02 7.7293 7.72934 0.0 
9.00E + 02 7.8915 7.89149 0.0 
1.00E+ 03 8.0504 8.05039 0.0 
1.10E+03 8.2062 8.2062 0.0 
1.30E+03 8.5093 8.50928 0.0 
1.50E+ 03 8.8019 8.80192 0.0 
1.70E+ 03 9.0851 9.08515 0.0 
2.00E + 03 9.4942 9.49416 0.0 
2.50E +03 10.1392 10.13924 0.0 
3.00E + 03 10.7457 10.74566 0.0 
3.50E+ 03 11.3196 11.31965 0.0 
4.00E + 03 11.5697 11.8659 2.6 
4.50E +03 11.8105 12.38809 49 
5.00E + 03 12.0464 12.88914 7.0 
5.50E+ 03 12.2778 13.37143 8.9 
6.00E + 03 12.505 13.83691 10.7 
7.00E + 03 12.9473 14.72381 13.7 


increased, more and more modes should be taken into consideration [13]. Fig. 3 shows the comparison for the 
clamped—clamped case. In this case also, for higher values of y, there is a deviation in the results obtained here, 
due to the same reason. 


3.2. Case 2: yj, yz varying 


In Tables 3-5, the effect of the shear parameter y2 on the critical velocity is clearly brought out. 
The comparison is made for two values of the Winkler parameter y,; = 10.0 and 1.0E4. It is seen that, 
percentage-wise, compared to the value of y. = 0.0, there is a very high increase in the value of V., for 
increasing values of y2. This increase is somewhat lower for the pinned—clamped and the clamped—clamped 
conditions. In Figs. 4-6, the influence of y2 on the critical velocity parameter of the pipe for the three boundary 
conditions is shown for various values of y;. There is not any perceptible change in the behaviour of the pipe 
until the shear constant of the two-parameter foundation y. takes a value of 10.0. The critical velocity 
increases slightly for the value of yz of 10.0. For a value of 2 of 100.0, there is a sharp jump in the value of the 
critical velocity parameter and this trend continues for increasing values of y2, as shown in the figures. Another 
observation from these plots is that, for lower values of 2, there is a sharp increase in the value of critical 
velocity for the Winkler foundation constant y, values greater than 10.0. The critical velocity does not seem to 
be effected by the value of the Winkler constant y, for higher values of 7». 


3.3. Case 3: y; = 0.0, y2 varying and y2 = 0.0, y; varying 


Finally, a comparison of the individual effects of each of the two foundation parameters on the critical 
velocity parameter, when the other is equivalent to zero, is shown in Fig. 7, for the pinned—pinned case. 
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Table 2 
Values of the critical velocity parameter for various values of y, with y2 = 0.0 for the clamped—clamped case 


Nn Doaré and de Langre [9] Present work % Variation 
1.00E +00 6.2892 6.38505 1.5 
1.00E+01 6.3434 6.44208 1.6 
1.00E+ 02 6.8613 6.98684 1.8 
2.00E + 02 7.3944 7.54614 2.1 
3.00E+02 7.8915 8.06676 22 
4.00E +02 8.3591 8.55576 2.4 
5.00E +02 8.8019 9.01828 2.5 
6.00E + 02 9.2235 9.45821 2.5 
7.00E+02 9.6266 9.87856 2.6 
8.00E+ 02 8.9447 9.9984 11.8 
9.00E + 02 9.2235 10.10641 9.6 
1.00E+ 03 9.4942 10.21328 7.6 
1.10E+03 9.7573 10.31904 5.8 
1.30E+03 10.2634 10.52738 2.6 
1.50E+ 03 10.5512 10.73167 1.7 
1.70E+ 03 10.7415 10.93215 1.8 
2.00E + 03 11.0209 11.22615 1.9 
2.50E +03 11.4713 11.69976 2.0 
3.00E +03 11.9048 12.15492 2.1 
3.50E+ 03 12.323 12.59364 2.2 
4.00E+03 12.7274 13.01758 2.3 
4.50E+03 13.1194 13.42815 2.4 
5.00E +03 13.5001 13.82653 2.4 
5.50E+ 03 13.7824 14.21375 3.1 
6.00E+ 03 13.9649 14.5907 4.5 
7.00E+ 03 14.3231 15.31678 6.9 


0 - - 
1.E+00 1.E+01 1.E+02 1.E+03  1.E+04 1.E+05 
V4 


Fig. 2. Comparison of results for yz = 0.0, with Fig. 3. of Doaré and de Langre [9] —-C—, pinned—pinned pipe (present work); 
——~—, pinned—pinned pipe [9]. 


The top curve shows that there is a sharp increase in the critical velocity when there is a progressive increase in 
the value of y beyond 100.0. This curve represents the case where y, is near zero. The bottom curve shows the 
variation of critical velocity with y; when jy, is near zero. It can be observed that the influence of the shear 
constant of the two-parameter foundation is more than that of the Winkler constant on the critical velocity. 
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V4 
Fig. 3. Comparison of results for y2 = 0.0, with Fig. 3 of Doaré and de Langre [9] —A—, clamped—clamped pipe (present work); 
clamped-clamped pipe—Eq. (16); —- -—, clamped—clamped pipe—Eq. (17). 
Table 3 
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Pinned—pinned case: Variation in V., for y; = 10.0 and 1.0E4 


1.E+05 


Y2 Vev-10.0 % Variation Vev-1.0E4 % Variation 
1.0E—06 3.2989 0.0 17.1108 0.0 
1.0E—04 3.2989 0.0 17.1108 0.0 
1.0E+01 4.4586 35.2 17.4006 7 
1.0E+02 10.4823 217.8 19.8187 15.8 
1.0E+03 31.7786 863.3 35.9552 110.1 
5.0E+ 03 70.7875 2045.8 72.751 325.2 
1.0E+04 100.054 2933.0 101.4533 492.9 

Table 4 

Pinned-clamped case: variation in V.. for yj = 10.0 and 1.0E4 

Y2 Ver—10.0 % Var. Ver—1.0E4 % Var. 
1.0E—06 4.5908 0.0 16.9195 0.0 
1.0E—04 4.5908 0.0 16.9195 0.0 
1.0E+01 5.5745 21.4 17.2125 le 
1.0E+02 11.0034 139.7 19.6537 16.2 
1.0E+03 31.9542 596.0 35.8646 112.0 
5.0E+ 03 70.8595 1443.5 72.7067 329.7 
1.0E+04 100.105 2080.5 101.4213 499.4 
Table 5 

Clamped—clamped case: variation in V., for y; = 10.0 and 1.0E4 

Ya Ver—10.0 % Var. Ver—1.084 % Var. 
1.0E—06 6.4420 0.0 17.3133 0.0 
1.0E—04 6.4420 0.0 17.3133 0.0 
1.0E+01 7.1763 11.4 17.5997 17 
1.0E+02 11.895 84.7 19.9937 15.5 
1.0E+03 32.2722 401.0 36.0520 108.2 
5.0E +03 71.0035 1002.2 72.7993 320.5 
1.0E+04 100.207 1455.5 101.487 486.2 
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Fig. 4. Pinned—pinned pipe: Variation of V.. with y. for various values of y,; —x—, y; = 0; —O—, y; = 1.0; —A—, y, = 100.0; 
» y1 = 1000.0; » 1 = 10000.0; —- --, y) = 9.9E+4. 
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Fig. 5. Pinned—clamped pipe: Variation of V., with y2 for various values of 7; x—, py, = 0; —O—, y, = 1.0; —A—, 9; = 100.0; 
» Y1 = 1000.0; » Y1 = 10000.0; —- --, y, = 9.9E+4. 
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Fig. 6. Clamped-clamped pipe: Variation of V., with y2 for various values of y,; — x —, y,; = 0; —O—, y; = 1.0; —A—, y, = 100.0; 
» y1 = 1000.0; » ¥1 = 10000.0; —- --, y) = 9.9E+4. 
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Fig. 7. Pinned—pinned pipe: Comparison of the effect of y,; and y2 on V..; —@—, y, = 0.0, —A—, y2 = 0.0. 
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4. Conclusions 


The critical flow velocity of fluid-conveying pipes has been computed for three simple boundary 
conditions—pinned—pinned, pinned—clamped and clamped—clamped, when such a pipe is resting on a two- 
parameter elastic medium like the Pasternak foundation. Results have been presented for varying values of 
both the foundation parameters. From the foregoing discussion, we can conclude the following: 


(a) A comparison shows that the results from the present study are satisfactorily close to the results obtained 
by earlier researchers Doaré and de Langre [9], for the case where y2, the shear foundation parameter, 
equals zero, even though only two terms are considered for the computations. They have given results for 
pinned—pinned and clamped—clamped boundary conditions. In the present work, a single expression for 
the critical flow velocity is used to cover the entire range of foundation parameter values, while Doaré and 
de Langre [9] have used two equations to compute the critical flow velocity parameter for different ranges 
of the foundation parameter y,, for the clamped—clamped conditions. 

(b) Results are also given for the pinned—clamped boundary condition. From the expressions for critical flow 
velocity parameter, one can compute the values of the parameter for conditions like y. = 0.0 (only Winkler 
foundation), y; = 0.0 (absence of Winkler foundation) and both y; and y2 varying. 

(c) New results are presented for a fluid-conveying pipe resting on a two-parameter foundation. The effect 
of the second parameter on the critical flow velocity is investigated. The results show that the influence of 
the shear parameter yz, cannot be ignored. The variation in the critical flow velocity is higher in the 
presence of 7. 
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ABSTRACT: Circular plates mounted on intermediate ring supports are commonly 
observed in structures such as ships, submarines, pressure vessels and boilers. Structures 
resting on elastic foundations have wide applications in modern engineering practices, 
such as highway pavements, base plates and continuously supported pipelines. Many 
structural components in aerospace, mechanical, marine and civil engineering are 
supported on elastic medium. The vibration characteristics of plates resting on an elastic 
medium are different from those of the plates supported only on the boundary. This 
paper describes a study of vibration characteristics of circular plates on elastic foundation 
with internal, concentric, e/astic ring support and elastically restrained edge against 
rotation. The Winkler model describes the foundation. The classical plate theory is used 
to derive the frequency equation of the plate - elastic foundation — internal elastic ring - 
elastic edge support system. The solutions are obtained in terms of Bessel functions for 
the complete plate - elastic foundation - internal elastic ring - elastic edge support system. 
Parametric investigations on the behavior of circular plates with internal elastic ring 
support, elastic foundation and flexible edge conditions have been carried out with 
respect to various rotational stiffness, translational stiffness of internal ring, foundation 
modulus and various boundary conditions. Extensive data is tabulated so that pertinent 
conclusions can be drawn on the influence of an internal elastic ring support, foundation 
modulus, and rotational edge restraints on the vibration of uniform isotropic circular 
plates. 

Keywords: Vibrations; Circular plate; Flexible edge; Elastic ring support; Rotational 


stiffness; Elastic foundation. 


1. INTRODUCTION 


Circular plates are widely used in modern aerospace technology, naval structural 
engineering and aircraft structures. Circular plates with internal e/astic ring supports find 
applications in aircrafts, rocket launching pads, and instrument mounting bases for space 
vehicles. A few authors considered the problem circular plates with rigid internal ring 
supports, which add to stabilize or to increase the frequency. But, in many cases the 
supports are not entirely rigid, such as those made of rubber. Vibrations of circular plates 
have been of practical and academic interest for at least a century and half [1, 2]. A lot of 
literature exists for the free vibrations of circular plates. But, the majority of literature 
deals with classical boundary conditions representing Clamped and Simply supported or 
free edges, and only a small number deals with edges which are restrained against 
rotation or/and translation, or with other non- classical boundary conditions. Earlier 
published investigations in this area were mainly confined to the determination of 
frequency of circular plates with various edge conditions [3, 4]. Kunukkasseril and 
Swamidas [5] are probably the first to consider internal ring support. They have 
presented only the case of a circular plate with a free edge. Chou and Wang [6] also 
studied vibration of circular plates with internal ring support with classical boundary 
conditions. The problems of circular plates on elastic foundation in general are important 
in engineering design. The response of circular plates supported by a Winkler foundation 
has been studied widely by assuming that the foundation reacts in compression as well as 
in tension. The vibration of a circular plate supported laterally by an elastic foundation 
was discussed by Leissa [7]. Leissa deduced that the effect of a Winkler foundation 
merely increases the square of the natural frequency of the plate by a constant. The same 
conclusion was considered by Laura et al [8], in which case a simple frequency relation 
no longer holds. The most general soil model used in practical applications is the Winkler 
model [9] in which the soil layer is represented by unconnected closely spaced elastic 
springs. The effect of the rotational stiffness, foundation stiffness and various boundary 
conditions on the plate natural frequency is studied in detail. The purpose of this paper is 


to present accurate and extensive numerical results for the case of an elastic plate with 


internal, concentric, elastic ring support and partial elastic foundation, which are useful 


to both designers and researchers. 


2. DEFINITION OF THE PROBLEM 

Consider a thin circular isotropic plate of radius R, uniform thickness, Young’s 
modulus £, density p and Poisson’s ratio v as shown in Fig.1. The plate is elastically 
restrained against rotation with an internal, concentric, elastic ring support and partial 
elastic foundation at a smaller radius of bRas shown in Fig.1. The present problem is to 


determine the frequencies of this plate with flexible edge conditions. 
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Fig. 1. A Circular Plate with Elastically Restrained Edge Against Rotation and Simply Supported and 


Supported on Internal Elastic Ring and Elastic Foundation 


3. MATHEMATICAL FORMULATION OF THE SYSTEM 


Here, all lengths are normalized by R . The normalized outer and inner radii are 1 and 
b respectively. Let the subscript I denote the outer region b < F <1 and the subscript II 
denote the inner region 0 < 7 <b. In the classical plate theory [3] the following fourth 
order differential equation describes free flexural vibrations of a thin circular uniform 


plate for region I is 


V ‘W(F,0)—k*W, (7,0) =0 (1) 
Wherew=w/R;r,@ are polar co-ordinates, w is the transverse displacement. 
k* = R*w?p/D is a parameter representing the frequency, a; ? = Eh’ 120. —V) ig flexural 
rigidity of the plate. 

The plate equation [10] for region IT is 

Vw, (7,0) —k'w, (7,0) + €'W,, (F,0) = 0 (2) 
Where £* = R*K,,/D represents the stiffness K,, of the foundation. 

Let ii(7,0) = u(F )cos(n8) (3) 
Where ris the radius normalized by R, 1 is the number of nodal diameters. The general 


solution to equation (1) is a linear combination of the Bessel functions 

J (KF )Y, (AF ).L, (AF) & K, (KF). 

u,(r) = CJ, (KF) + CY, (kF) + Cyl, (KF) + C,K, (KF) (4) 
Where C,,C,,C, & C, are constants. 

J, (Jandy, (.) are the Bessel functions of the first and second kinds of order n respectively. 
I, (andK,,(.) are the modified Bessel functions of the first and second kinds of order n 
respectively. 

Substituting equation (4) into equation (3) yields the following 

W, (7,0) =[CJ, (KF) + CLY, (A) + C,L, (KF) + C,K, (kF )]cos(n 0) (5) 


The general solution to equation (2) is given by 


Uy, (F)=C J, (k 7) + Col, (kr) (6) 
1 

Where k* =(k* + €7)4 (7) 
Substituting equation (6) into equation (3) yields the following 

wh? Q) = [CVO + CV" (KEY) Jorg) (8) 
The boundary conditions at the edge of the plate is given by the following expressions 
w/(F,@)=0 (9) 
M,@,0)=Ky 2,6) (10) 

Yr 


Where the bending moment is defined as follows 


= D | 0°, (F,0) 100, (7,0) 1 0°, (7,0) 
M (7,0) = 2] ae ze 3 1 ag? (11) 


From equations (9), (10) & (11) we get the following 


mee Hf} aw,(F,0) 1 75C-0))| al OW = gy (12) 


OF? 7 F FF OP D & 
The plate is continuous in terms of displacement, slope and moment at 7 =b for which 


the boundary conditions are 


w,(b) = w,,(b) (13) 
i (b) = W, (b) (14) 
W7(b) = Ww, (b) (15) 
W7(b) = Wiy'(b) — TW (0) (16) 


From equations (5), (9) and (12) we obtained the following equations at 7 =1 


Ea rkoemme-(Com Jie «| Eo keaia-(Com fc. 6 

ee v an a[ mes aC asi (§ m)k)fe,=0 

UW, (A)Ic, +1Y, @)lc, +1, Ic, +1K, (AIC, =0 (18) 

Where, R,, = Sak l= KR? (19) 
D D 


PaT Sn @O3 Ps = In alk) + Sn OP = In) - Fn (3 

Q, = YA) — Yi 3 Q, = YA) + Yi OQ; = Ys (K) - Via (Os (20) 
Ri = Lk) t+ Ly (W)s Ry = Ln) + Linge 3 Rs = Ly (A) + Linas (A) 

S, = K(k) + K,..(4)3S5 = K(k) + Kio (K)3 83 = K,, (4) + K,43(4); 


Equations (8), (13), (14), (15) and (16) yield the following expressions 


J, (kb)C, + Y, (kb)C, +1, (kb)C, + K,, (KB)C, — J, (k*b)C, —1,(k*b)C, =0 (21) 
a ne ae RL ee ee 
a PIC, + 5 O1Ce + RCs - FSiCq — PCs — F-RiCe = 0 (22) 


KE’ (er—2s, (eo))c, + (0% -2y, (eo) c, + (Rt +21, ())C, + 
4 4 4 (23) 
ke 


2 
. 7 ls +21, (kb), =0 


“(81 +2, (ko)}C, (Ps, -24, (8), - 


3 


k ' r ke ' ' ke ' ' ke? ' ' 
8 (P; BPC, | 8 (OQ; ST ear Cae eer ea 


(24) 


3 43 


' ' * k ' ’ * 
8 (P33 3P i) Ty J (k oe 8 (R33 + 3Ri,) ToT, (k b) C. =0 


Where, 

Pla J, (kb) — Jy, (Kb); Pl = J, (KD) + Jy.9(kb)3 Ph = J, (kB) J.4(B); 

Of =, ,(kb)-Y,,, (kb); Ol = Y, (kb) + ¥,,.9(kb);O4 = Y,..(kb) -Y, .4(kb); 

Ry = Ly hb) + Diy B)3 Ry = Tyg (KD) + Liga (kb) R= Li, (kb) + T,,,3 (kb); (25) 
S| = K,, (kb) + K,,,.(kb),S3 = Ko (kb) + Ky. (Kb)3S5 = K,,_3(kb) + K,,,3 (kb); 

Pi = J (kb) = Jit (kb); Py, = Ji (kb) a Jv (k"b), Ps = Ji3 (kb) = : ie (k’b); 

Ri, =1,,(k°b) + 1, (kb); R3 = 1,9 (kb) + T,,,9 (Kb); Ry, = 1,3 (kb) + 1,3 (kK); 


4. SOLUTION 


For the given values of n,v,b,R,,,T,,andé,the above set of equations, gives an exact 
characteristic equation for non-trivial solutions of the coefficients C,,C,,C;,C,,C;,C,. For 
non-trivial solution, the determinant of [C],,, must vanish. A simple bisection algorithm 


finds the roots. The problem is solved using Mathematica computer software with 


symbolic capabilities. 


5. RESULTS & DISCUSSIONS 

The frequency values for the plate with elastically restrained edge against rotation and 
supported on an internal elastic ring and elastic foundation, at various values of the 
rotational stiffness parameter, R,, and for constant 7,, &&, have been calculated and the 
results are shown in the Table 1. As observed from the data, the frequency parameter 
increases with rotational stiffness parameter, R,,. The variation of frequency parameter 
with ring support is shown in the Figure. 2. It is found that the fundamental frequency 
parameter is completely governed by the axisymmetric mode, i.e., n =0. For other values 
of R,,, the fundamental frequencies are shown in the Table 1. The variation of frequency 
parameter with internal elastic ring support radius for R,,=0.2&0 by keeping 
T,, =€=10 is shown in Figures 2 and 3. The frequencies at various values of foundation 


stiffness parameter, £ and for constant R,, & T,,, have been calculated and the results are 


shown in the Table 2. As observed from the data, the frequency parameter increases with 


increase in value of foundation stiffness parameter at higher values of ring support radius. 
It is also observed from the data, that the frequency increases with ring support radius up 
to certain extent and thereafter decreases. The variation of frequency with internal elastic 
ring support radius for €=0.2 & o by keeping R,, =10 is shown in Figures 4 and 5. It is 
found that the fundamental frequency parameter is completely governed by the 
axisymmetric mode, 1.e., n=0. For lower values of foundation parameter, the frequency 
increases up to certain extent and thereafter decreases with ring support radius as shown 
in Figure 4. For higher values of foundation parameter, the frequency increases with 
increase in ring support radius as shown in Figure. 5. For other values of &, the 


fundamental frequencies are shown in the Table 2. 


Table 1. Frequency Parameter for different Rotational stiffness Parameter R,, when T,, =€ =10&v =0.3 


b R,, =0.2 R,, =10 R,, =100 R,, = 1000 R,, =0 
0.0 2.28322 2.95841 3.16535 3.19308 3.19627 
0.1 2.35119 3.00028 3.20383 3.23117 3.23436 
0.2 2.26638 2.94435 3.15089 3.17852 3.18171 
0.3 1.95864 2.78075 3.00312 3.03234 3.03574 
0.4 5.40619 2.49326 2.76454 2.79894 2.80283 
0.5 5.40865 2.0323 2.44952 2.49667 2.50195 
0.6 5.41273 5.89256 2.07327 2.1509 2.15947 
0.7 5.39667 5.87065 1.64827 1.80072 1.81627 
0.8 5.3605 5.8383 1.19924 1.52742 1.55432 
0.9 5.32563 5.81624 0.849963 1.41872 1.45349 
1.0 5.31285 5.81115 0.787793 1.40955 1.44522 


Table 2.Frequency Parameter for different Elastic Foundation Stiffness Parameter, when 
R,, =T,, =10&v =0.3 


b €=0.2 €=10 E=100 € =1000 E=00 

0.0 2.95838 2.95841 2.95841 2.9579 4.45181 
0.1 3.04141 3.00028 5.11984 3.90296 4.85243 
0.2 3.10142 2.94435 4.90024 4.14212 5.43559 
0.3 3.13161 2.78075 4.71527 4.55186 6.18388 
0.4 3.12922 2.49326 7.60098 5.11977 71703 

0.5 3.09962 2.0323 7.3758 5.9337 8.54229 
0.6 3.05507 5.89256 7.14134 7.15464 10.5768 
0.7 3.01051 5.87065 5.13314 9.05963 13.9339 
0.8 2.97772 5.8383 10.8454 12.0551 20.5821 
0.9 2.96137 5.81624 10.4075 16.3459 40.3462 
1.0 2.95789 5.81115 10.2815 23.7849 696.957 


Table3.Frequency Parameter for different Elastic Ring stiffness Parameter T,, when R,, = €=10&v=0.3 


b T,, =0.2 T,, =10 T,, =100 T,, = 1000 Ty, = 
0.0 2.95831 2.95841 2.95921 2.96738 4.45182 
0.1 5.1124 5.11984 5.19826 4.20749 4.64494 
0.2 4.90023 4.90024 4.90018 4.90042 4.90001 
0.3 4.7082 4.71527 4.77722 5.21827 6.26752 
0.4 7.59484 7.60098 7.65954 5.5423 6.72788 
0.5 7.37578 7.3758 7.37584 7.37582 7.37572 
0.6 7.13414 7.14134 7.20758 7.81146 9.88581 
0.7 5.08738 5.13314 5.50829 7.57724 10.953 

0.8 10.8414 10.8454 10.8829 3.64841 8.91977 
0.9 10.4043 10.4075 10.437 10.7068 5.51368 
1.0 10.2815 10.2815 10.2815 10.2815 11.0721 


Table 4. Frequency Parameter for different Three Elastic Stiffness Parameters, R,,¢ & T,, when v =0.3 


b Ry g Ty =0.2 Ri, g T,, =10 R,, g T,, =100 R,, g T,, = 1000 Ry =o =Ty =0 
0.0 2.28306 2.95841 3.16608 3.20092 4.76824 
0.1 2.28595 3.00028 5.55784 4.31689 5.22303 
0.2 2.28834 2.94435 5.23702 4.67256 5.88294 
0.3 2.28974 2.78075 5.11466 5.20658 6.73387 
0.4 2.29023 2.49326 8.13405 5.92596 7.86585 
0.5 2.28954 2.0323 7.91249 6.92951 9.4472 
0.6 2.28804 5.89256 7.71051 8.39387 11.816 
0.7 2.28615 5.87065 6.21319 10.6031 15.7608 
0.8 2.28416 5.8383 11.3494 13.8306 23.6466 
0.9 2.28276 5.81624 10.9788 18.0775 47.2988 
1.0 2.28226 5.81115 10.9065 25.4765 695.6 


The frequencies at various values of internal ring spring stiffness ratios, 7,, and for 
constant R,, & €, have been calculated and the results are shown in the Table 3. It is 
observed from the data that the frequency increases with ring support radius up to certain 
extent and thereafter decreases. The variation of frequency with internal elastic ring 
support radius for 7,, =0.2 & 0 by keeping R,, &&=10 is shown in Figures 6 and 7. It is 
found that the fundamental frequency is completely governed by the axisymmetric mode, 
i.e., =0. For lower values of foundation parameter, the frequency increases up to certain 
extent and thereafter decreases with ring support radius as shown in Figure 6. For higher 
values of foundation parameter, the frequency increases with increase in ring support 
radius as shown in Figure 7. For other values of 7,,, the fundamental frequencies are 


shown in the Table 2. 
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The frequencies at various values of rotational spring stiffness Parameter, R,, 
internal ring spring stiffness Parameter, 7,, and foundation stiffness parameter, have been 
calculated and the results are shown in the Table 4. It is observed from the data that the 
frequency Parameter increases with ring support radius up to certain extent and thereafter 
decreases. The variation of frequency Parameter with internal elastic ring support radius 
for R,, =&=T,, =0.2 &w is shown in Figures 8 and 9. It is found that the fundamental 
frequency is completely governed by the axisymmetric mode, i.e., » =0. For lower values 
these parameters, the frequency Parameter increases up to certain extent and thereafter 
decreases with ring support radius as shown in Figure 8. For higher values, the frequency 
increases with increase in ring support radius as shown in Figure 9. For other values, the 
fundamental frequencies are shown in the Table 4. The results of this kind are scarce in 
the literature. However the results are compared with the following cases. (i) The 
Clamped boundary conditions could be accounted for by setting K,, >0&&=0as shown 
in Fig. 10. When b is zero or one the fundamental frequency Parameter in this case is 
3.1962 and this is in good agreement the results published by C. Y. Wang and C. M. 
Wang [11]. Also the comparisons of the present exact results and those of C. Y. Wang 
and C. M. Wang [11], S. Azimi [12], Z. Ding [13] and Bhaskara Rao and Kameswara 
Rao [14, 15] and for Clamped plate are presented in Table 5. However, present results 


denote by substituting €=0 and the results from the References [12] and [13] are 


approximate. 


Fig. 10. A Circular Plate with Clamped Edge and Internal Ring Support 


(11) Simply supported boundary conditions could be accounted for by setting K,, > Oas 


shown in Fig. 11. When b is zero or one the fundamental frequency in this case is 


| 


2.22151 and this is in good agreement [2.2215] with the results published by C. Y. Wang 
and C. M. Wang [11]. Also the comparisons of the present exact results and those of C. 
Y. Wang and C. M. Wang [11], S. Azimi [12] and Bhaskara Rao and Kameswara Rao 
[14] & [15] for simply supported plate are presented in Table 6. However, present results 
denote by substituting ¢ =0. The present results are in excellent agreement with those 
earlier published results. 


Table 5. Comparison of results with those of Ref. 11, 12, 13 & 14 for the Clamped plate 


ie b=0.2 b=0.4 b=0.6 b=0.8 

10 3.32555 3.33835" 3.26218" 3.20406" 
3.3256[11] 3.3384[11] 3.2622[11] 3.2041[11] 
3.32612] 3.33812] 3.262[12] 3.199] 12] 
3.32213] 3.334] 13] 3.262[13] 3.204] 13] 
3.32555[14] 3.33835] 14] 3.26218[14] 3.20406[ 14] 
3.32555[15] 3.33835[15] 3.26218 15] 3.20406[ 15] 

1000 5.17567" 6.11075" 4.50325" 3.53919" 
5.1757[11] 6.1108[11] 4.503311] 3.5392[11] 
5.187] 12] 6.12912] 4.512[12] 3.547] 12] 
4.929[13] 6.114f 13] 4.492[13] 3.547] 13] 
5.17567[ 14] 6.11075[14] 4.50325[14] 3.53919 14] 
5.17567[ 15] 6.11075[15] 4.50325[15] 3.53919] 15] 


Fig. 11. A Circular Plate with Simply Supported Edge and Internal Ring Support 


Table 6. Comparison of results with those of Wang and Wang [11], Azimi [12] and Bhaskara Rao and 
Kameswara Rao [14] for Simply Supported plate 


iy b=0.2 b=0.4 b=0.6 b=0.8 

10 2.46063" 2.54709" 2.47884" 2.32102" 
2.4607[11] 2.5472/11] 2.4788[11] 2.3211[11] 
2.461[12] 2.547[12] 2.47912] 2.321[12] 
2.46063[14] 2.54709[14] 2.47884[ 14] 2.32102[14] 
2.46063[15] 2.54709[15] 2.47884[ 15] 2.32102[15] 

1000 4.20239" 5.27635" 4.47991" 3.5321" 
4.2025[11] 5.2764[11] 4.4799[11] 3.5323[11] 
4.2108[12] 5.282[12] 4.486[12] 3.537[12] 
4.20239[14] 5.27635[14] 4.47991[14] 3.5321[14] 
4.20239[15] 5.27635[15] 4.47991[15] 3.5321[15] 


* Denote the present results 


(iii). Also the results are in good agreement with the results published by Bhaskara Rao 


and Kameswara Rao [15] for different values of Rotational spring stiffness ratio, r,, and 


elastic ring stiffness parameter, 7), . 


6. CONCLUSIONS 
In this paper, a detailed study on the effect of various parameters such as rotational 


stiffness ratio, Foundation stiffness parameter, and internal spring stiffness ratio on the 
frequency has been done. Frequencies are given for various rotational spring stiffness 
parameters [R,] at the edges that simulate the rotational restraints where R,, 50, 
represents a clamped edge and R,, +0, represents a simply supported edge. Two- 
dimensional plots of frequency values are drawn for wide range of elastic edge 
constraints and internal spring stiffness ratio. It is observed that the influence of internal 
spring stiffness ratio on frequency is much more predominant than that of rotational 
stiffness ratio. It is also observed that the influence of foundation stiffness parameter on 
frequency is more at higher ring support radius and foundation parameter. In this paper 
the characteristic equations are exact, therefore the results can be calculated to any 
accuracy. These exact solutions can be used to check numerical or approximate results. 
The tabulated results are useful to designers in vibration control and structural design. All 
comparisons produced an excellent agreement with that of earlier published results. 
NOTATION 


Thickness of a plate 


Radius of a plate 
Poisson’s ratio 


Young’s modulus of a material 
Density of a material 


Angular frequency 
Flexural rigidity of a material 
rp Rotational spring stiffness at outer edge 


AAKHS ovr a> 


i] 
Ne 


Translational spring stiffness of internal elastic ring 


RG Non-dimensional rotational flexibility parameter at outer edge 

Tes Non-dimensional translational flexibility parameter of internal ring support or ring support 
parameter 

K,, Elastic Foundation Stiffness Constant 

& Non-dimensional Foundation Stiffness parameter 

k Non-dimensional frequency parameter 
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k Non-dimensional frequency parameter with foundation 
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Abstract: This article is concerned with the elastic buckling of circular plates 
with a support and elastically restrained guided edge against translation. The 
classical plate theory is used to derive the governing differential equation 
for circular plate with internal elastic ring support and elastically restrained 
guided edge support system. This work presents the existence of buckling 
mode switching with respect to the radius of internal elastic ring support. 
The buckling mode may not be axisymmetric as previously assumed. In 
general, the plate may buckle in an axisymmetric mode, but when the 
radius of the ring support becomes small, the plate may buckle in an 
asymmetric mode. The optimum radius of the internal elastic ring support 
is also determined. Extensive data is tabulated so that pertinent conclusions 
can be arrived at on the influence of translational restraint, Poisson’s ratio 
and other boundary conditions on the buckling of uniform isotropic circular 
plates. The numerical results obtained are in good agreement with the previously 
published data. 
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1. INTRODUCTION 


Buckling of plates is an important topic in structural engineering. The 
prediction of buckling of structural members restrained laterally is 
important in the design of various engineering components. In particular, 
circular plates with internal elastic ring supports find applications 
in aeronautics (instrument mounting bases for space vehicles), rocket 
launching pads, aircrafts and naval vessels (instrument mounting bases). 
Based on Kirchhoff’s theory, the elastic buckling of thin circular plates 
has been extensively studied by many authors after the pioneering 
work published by Bryan (1891). Since then, there have been extensive 
studies on the subject covering various aspects such as different 
materials, boundary and loading conditions. Also, the buckling of 
circular plates was studied by different authors (Brushes and Almroth, 
1975; Wolkowisky, 1969). However, these sources only considered an 
axisymmetric case, which may not lead to the correct buckling load. 
Introducing internal elastic ring supports may increase the elastic 
buckling capacity of in-plane loaded circular plates significantly. Laura 
et al. (2000) investigated the elastic buckling problem of the aforesaid 
type of circular plates, and modeled the plate using the classical thin 
plate theory. In their study only axisymmetric modes are considered. 
Kunukkasseril and Swamidas (1974) are probably the first to consider 
elastic ring supports. They formulated the equations in general, but 
presented only the case of circular plate with a free edge. Although the 
circular symmetry of the problem allows for its significant simplification, 
many difficulties very often arise due to complexity and uncertainty 
of boundary conditions. This uncertainty could be due to practical 
engineering applications where the edge of the plate does not fall 
into the classical boundary conditions. It is an accepted fact that the 
condition on a periphery often tends to be in between the classical 
boundary conditions (free, clamped and simply supported) and may 
correspond more closely to some form of rotational and translational 
elastic restraints (Kim and Dickinson, 1990; Wang and Wang, 2001; 
Yamaki, 1958). In a recent study, Wang and Wang (2001) showed that 
when the ring support has a small radius, the buckling mode takes the 
asymmetric form. But they have studied only the circular plate with 
rigid ring support and elastically restrained edge against rotation and 
showed that the axisymmetric mode assumed by the previous authors 
might not yield the correct buckling load. In certain cases, an asymmetric 
mode would yield a lower buckling load. Recently, Wang (2003) studied 
the buckling of a circular plate with internal elastic ring support by 
considering only the classical boundary conditions. The purpose of the 
present work is to complete the results of the buckling of circular 
plates with an internal elastic ring support and elastically restrained 
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guided edge against translation by including the asymmetric modes, thus 
correctly determining the buckling loads. 


2. DEFINITION OF THE PROBLEM 


Consider a thin circular plate of radius R, uniform thickness h, Young’s 
modulus E and Poisson’s ratio v and subjected to a uniform in- 
plane load, N along its boundary, as shown in Fig. 1. The circular 
plate is also assumed to be made of linearly elastic, homogeneous and 
isotropic material. The edge of the circular plate is elastically restrained 
guided edge against translation and supported by an internal elastic ring 
support, as shown in Fig. 1. The problem at hand is to determine the 
elastic critical buckling load of a circular plate with an internal elastic 
ring support and elastically restrained guided edge against translation. 


3. ANALYTICAL FORMULATION OF THE SYSTEM 


The plate is elastically restrained against translation and guided at the 
edge of radius R and supported on an internal elastic ring of smaller 
radius bR as shown in Fig. 1. Let subscript I denote the outer region 
b <r <1 and subscript II denote the inner region 0 <7 < b. Here, all 
lengths are normalized by R. Using classical (Kirchhoff’s) plate theory, 
the following fourth order differential equation is for buckling in polar 
coordinates (r, 0) 


DV+w+NV’w =0 (1) 


where w is the lateral displacement, N is the uniform compressive load 
at the edge. After normalizing the lengths by the radius of the plate R, 
Eq. (1) can be written as 


DVv+krVw=0 (2) 


=a 


Y \ 
8 a 


K K Elastic Restraint 
3 Te Ne Against Translation, K 74 
AN Z 7. as 


Figure 1. Buckling of a circular plate with an internal elastic ring support and 
elastically restrained guided edge against translation. 
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where VW = & al © is the Laplace operator in the polar 


F OF 7 ag 
coordinates r and 0, where i is the radial distance normalized by R. D = 
Eh? /12(1 — v’) is the flexural rigidity, w = w/R, is normalized transverse 
displacement of the plate. k? = R*N/D is the nondimensional load 
parameter. Suppose there are n nodal diameters. In polar coordinates 
(r, 8) set 


w(7, 0) = u(r) cos(nd) (3) 


General solution for the two regions are 


i, (r) = CyJ,(kF) + CY, (kr) + Cyr" + C, ee log | (4) 
U(r) = CsJ, (kr) + Cor” (5) 


where the top form of Eq. (4) is used for n = 0 and the bottom form 
is used for n 4 0, C), C), Cy, Cy, Cs and C, are constants, J,(-) and Y,(-) 
are the Bessel functions of the first and seconds of order n, respectively. 
Substituting Eqs. (4) and (5) into Eq. (3) gives the following: 


ue 6)= E I,(KF) + CaY,(KP) + CP" Cy {7227 | | eoscne 6) 
w(7, 0) = [C5J,, (kr) + Cor”] cos(n) (7) 


The boundary conditions at outer regions of the circular plate in terms 
of slope and translational stiffness (K;,;) is given by the following 
expressions 


Oi, (7, 0) 
Sep 8) 


V(r) = —Ky\w,(7, 0) (9) 
The radial Kirchhoff’s shear at outer edge is defined as follows: 


12w,(7,0) 1 ei, (7, 0) 
aro0tCi:~CS*«O 
(10) 


é 
V.7=- y ak V-u,(7) + (1 —v)- al 


From Eqs. (9) and (10) we derive the following expressions: 


a Lee ey. Aa 
v- dy+(1 ok a 
E WC) AW) alg ae ) 


_ KyR? 


w,(r, 0) (11) 
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Apart from the elastically restrained guided edge against translation, 
there is an internal elastic ring support constraint and the continuity 
requirements of slope and curvature at the support (i.e., at 7 = b) 


u,(b) = u,,(b) (12) 
u,(b) = ui, (b) (13) 
uj (b) = u7,(d) (14) 
uy’ (b) = Wi, (b) — Tx2ty,(b) (15) 


The nontrivial solutions to Eqs. (8), (11), and (12)-(15) are sought. The 
lowest value of k is the square root of the normalized buckling load. 
From Eqs. (6)-(8), (11), and (12)-(15) we derive the following equations: 


Bag + Fa + [n]C; + a C,=0 (16) 


kB ke k (3 
Feeeeee cea 


+ ag =~ =11) 409 Je 
3 3 

+{5 o,+4 0,-5(Fe +r O-¥ +1) 0, 

+ ct ae + [n 2(n— Iver = Ty lC; 
n?(2— 

- eo peewee. (17) 


J,(kb)C, + ¥, (kb) Cy + b"Cy + ee C,—J,(kb)C;—b"C, =0 (18) 


1 
k 
=PiC,+ = 50) C, + mbt 1, + {7 b lc, 
2 —nb- n—-1 
k / —1 
— 5PiCs — nb" C,=0 (19) 


k2 k? 
GPa — 2Iy(kb)IC, + (Ds ~ 2¥,(Kb)) Cy + n(n — 1b" *C, 


1 2 
bec? k 
+) Pp C, — —(P, — 2J,(kb))C, — n(n — 1)b" °C, = 0 

n(n a lb"? 4 
(20) 
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k? / / ke? / / n— 
(Ps — BPG, + (Ds — OCs + n(n — I)(n — 2)b"7C 


2 k2 
Z cy ~ | CP ~ 38%) ~ Testk0)|C, 
—n(n+1)(n+2)b-"°3 
[n(n — 1)(n — 2)b"> — T,.b"]C, = 0 (21) 
where T,, = KR Ty = nk. 


Py = Sn (k) = Ing (K)s Po = In2(k) + Ing2(k)s 
P3 = Jy_3(k) — Jnya(k); 
QO; = Y,-1(kK) — Yugi (K)s  Q2 = Yi-2(k) + Yngo(k)s 
QO; = Y,_3(k) — Yays(k); 
Py = J, (KB) = Ing (Kb)s Py = Ino (KD) + Sng (kb); 
Py = Jy_3(kb) — Jn43(kb); 
QO = Y,-1(kb) — Yi4i(Kb)s QS = Y,-2(Kb) + Yi42(kb); 
Qs = Y,_3(kb) — Y,43(kb); 


The top forms of Eqs. (17)-(21) are used for n = 0 (axisymmetric buckling) 
and the bottom forms are used for n 4 0 (asymmetric buckling). 


4. SOLUTION 


For the given values of n, v, T,;, Ty» and b, the above set of 
equations gives an exact characteristic equation for nontrivial solutions 
of the coefficients C,, C,, C;, Cy, C; and Cy. For a nontrivial solution, 
the determinant of [C],, must be factored out. The value of k is 
calculated from the characteristic equation by a simple root search. 
Using Mathematica, computer software with symbolic capabilities, solves 
this problem. 


5. RESULTS AND DISCUSSIONS 


There is a lot of flexibility of the code developed in Mathematica. It is used 
to determine the buckling load parameter for any range of translational 
constraints and also various translational spring stiffness constraints of an 
internal elastic ring support. This code is also implanted for various plate 
materials by adjusting Poisson’s ratio. Since Poisson’s ratio occurs as a 
parameter in most of the equations, the effect of this ratio on the roots of 
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the equations is also considered. The findings are presented in both tabular 
and graphical form. The buckling loads are calculated for various internal 
elastic ring support radii b, translational spring stiffness parameter and 
translational spring stiffness parameters of an internal elastic ring support. 
Poisson’s ratio used in these calculations is 0.3. 

Figures 2 and 3 show the variations of buckling load parameter k, 
with respect to the internal elastic ring support radius b, for various 
values of translational spring stiffness parameters and for a given 
translational spring stiffness parameters of an elastic ring support. It is 
observed from Figs. 2 and 3, that for a given value of T,, and T,,, 
the curve is composed of two segments. This is due to the switching of 
buckling modes. For a smaller internal elastic ring support radius b, the 
plate buckles in an asymmetric mode (1.e., 7 = 1). In this segment (as 
shown by dotted lines in Figs. 2 and 3) the buckling load decreases as b 
decreases in value. For larger internal elastic ring support radius b, the 
plate buckles in an axisymmetric mode (i.e., n = 0). In this segment (as 
shown by continuous lines in Figs. 2 and 3) the buckling load increases 
as b decreases up to a peak point corresponds to maximum buckling load 
and thereafter decrease as b decreases in value as shown in Figs. 2 and 3. 

Figures 2 and 3 show the variations of buckling load parameter k, 
with respect to the internal elastic ring support radius b, for various 
values of translational spring stiffness parameters (7,,; = 1000 and oo) 
and keeping translational spring stiffness parameter of an internal elastic 
ring support constant (T,, = 1000). The cross-over radius varies from 
b = 0.23134 for T;, = 1000 and T,, = 1000 to b = 0.23283 for T,; = co 
and T,, = 1000 as shown in Figs. 2 and 3. Note that when b — 1, all 


Buckling Load Parameter, k 


—O— T1F 000,T22=000[n=0] 
- - -D- - - T1#000,T22=N00[n=]] 


0 0.2 0.4 0.6 0.8 1 
Internal Elastic Ring Support, b 


Figure 2. Buckling load parameter k, versus internal elastic ring support radius 
b, for various values of T;,; = Ty, = 1000. 
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Buckling Load Parameter, k 


—o— Tt? T22=00[n=0] 
1 - - -O- - - TH#?,722=000[n=4 


0 0.2 0.4 0.6 0.8 i! 
Internal Hlastic Ring Support, b 


Figure 3. Buckling load parameter k, versus internal elastic ring support radius 
b, for various values of T,; = co and T>, = 1000. 


curves (as shown in Figs. 2 and 3) converge to k = 3.83163, which is the 
first root of J,(k) = 0 of the clamped plate (i.e., the buckling solution 
approaches that of a clamped plate without any internal ring support, 
k = 3.83163). This is in well agreement with those of Wang et al. (2005). 
Of interest in the design of supported circular plates is the optimal 
location of the internal elastic ring support for maximum buckling load. 
The optimal solutions for this case are presented in Table 1. Analysis of 
asymmetric modes of buckling (various values of n) are also determined; 
however, it is observed that the fundamental buckling load corresponds 
to asymmetric mode of n = 1. 

Figures 4 and 5 show the variations of buckling load parameter k, 
with respect to the internal elastic ring support radius b, for various 
values of translational spring stiffness parameters of an elastic ring 
support and for a given value of translational spring stiffness parameters. 
It is observed from Figs. 4 and 5, which for a given value of T,, and 
Ty, the curve is composed of two segments. This is due to the switching 


Table 1. Optimal location of an internal 
elastic ring support b,,, and the corres- 


ponding buckling load parameter k,,,, 


Ty) = 1000 
Fi 1000 oo 
b 0.300 0.2993 


6.991 6.99308 
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Figure 4. Buckling load parameter k, versus internal elastic ring support radius 
b, for various values of T,; = Tr = 1000. 


of buckling modes. For a smaller internal elastic ring support radius 5, 
the plate buckles in an asymmetric mode (i.e., n = 1). In this segment 
(as shown by dotted lines in Figs. 4 and 5), the buckling load decreases 
as b decreases in value. For larger internal elastic ring support radius b, 
the plate buckles in an axisymmetric mode (i.e., n = 0). In this segment 
(as shown by continuous lines in Figs. 4 and 5), the buckling load 
increases as b decreases up to a peak point corresponds to maximum 


Buckling Load Parameter, k 


—O— T1F000,T22=? [n=0] 
-- -O- - - T1#000,T22=? [n=] 


0.2 


0.4 


0.6 0.8 1 
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Figure 5. Buckling load parameter k, versus internal elastic ring support radius 
b, for various values of T;,; = 1000 and T,) = oo. 
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buckling load and thereafter decrease as b decreases in value as shown in 
Figs. 4 and 5. Analysis of asymmetric modes of buckling (various values 
of n) is also determined, however it is observed that the fundamental 
buckling load is corresponding to asymmetric mode of n = 1. 

Figures 4 and 5 show the variations of buckling load parameter 
k, with respect to the internal elastic ring support radius b, for 
various values of translational spring stiffness parameters of an internal 
elastic ring support (T,, = 1000 and oo) and keeping translational spring 
stiffness parameters constant (7,, = 1000). The cross-over radius varies 
from b = 0.23134 for T,,= 1000 and 7,, = 1000 to b=0.1522 for 
T,, = oo and T,, = 1000 as shown in Figs. 4 and 5. Note that when b > 
1, all curves (as shown in Figs. 4 and 5) converge to k = 3.83163, which is 
the first root of J;(k) = 0 of the clamped plate (i.e., the buckling solution 
approaches that of a clamped plate without any internal ring support; 
k = 3.83163). This is in well agreement with those of Wang et al. (2005). 
Of interest in the design of supported circular plates is the optimal 
location of the internal elastic ring support for maximum buckling load. 
The optimal solutions for this case are presented in Table 2. Results of 
this kind were scarce in the literature. However, the results are compared 
with the following cases: 


(i) The buckling load parameters k, for clamped edges (by considering 
T,;, = 10° and T,, > ov, ie., circular plate with clamped edge and 
internal concentric rigid ring support) are compared with those 
obtained by Wang et al. (1993, 2005) and Bhaskara Rao and 
Kameswara Rao (2007) as shown in Table 3. Wang et al. (1993) is 
considered because the plate can be considered as thin for t = 0.001. 

(ii) When 7,, and 7,, > oo, or rigid support, the optimum location is 
at a radius of b = 0.2663, with a buckling load of k = 7.01554 and 
that agrees with the results of Wang and Wang (2001). 

(iii) T;, > c and T,, =1, or rigid support with internal elastic ring 
support, the optimum location is at a radius of b = 0.290, with a 
buckling load of k = 3.8711 and that agrees with the results of Wang 
(2003). 


Table 2. Optimal locations of an internal 
elastic ring support b,,, and the corres- 
ponding buckling load parameter k 


opt 


T,, = 1000 


TE 1000 oo 


b 0.3 0.2993 
6.991 6.995 
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Table 3. Comparison of buckling load parameter k, with Wang et al. (1993, 
2005) and Bhaskara Rao and Kameswara Rao (2007) for clamped edge for 


rotational stiffness parameter R,; = 10° and v = 0.3 

Ring Bhaskara Rao 

support Wang Wang and Kameswara 

radius, b et al. (1993) et al. (2005) Rao (2007) Present 
0.1 _- 6.5009* 6.50095* 6.50095* 
0.2 6.9559 6.9558 6.95582 6.95582 
0.3 6.9948 6.9947 6.99475 6.99475 
0.4 6.6627 6.6625 6.66248 6.66248 
0.5 6.0749 6.0745 6.07454 6.07454 
0.6 5.476 5.4755 5.4755 5.4755 
0.7 4.9532 4.9526 4.95263 4.95263 
0.8 4.5134 4.5127 4.51266 4.51266 
0.9 4.1448 4.1436 4.14357 4.14357 
0.99 3.8667 3.8604 3.86061 3.86061 


*Asymmetric buckling load parameters. 


(iv) When 7;, = 0 and T,, = 100, or guided edge with internal elastic 
ring support, the optimum location is at a radius of b = 0.4740, with 
a buckling load of k = 3.83163 and that agrees with the results of 
Wang (2003). 


6. CONCLUSIONS 


The buckling of thin circular plates with an internal elastic ring support 
and elastically restrained guided edge against translation has been 
solved. Also the buckling loads are given for various spring stiffness 
parameter [7,,] at the edges that simulate the translational restraints 
where 7,, > oo, represents a clamped edge. Also the buckling loads 
are given for various translational spring stiffness parameters of an 
internal elastic ring support [T,,]. Two-dimensional plots are drawn for 
a wide range of translational constraints and translational constraints 
of an internal elastic ring support. It is observed that the buckling 
mode switches from an asymmetric mode to an axisymmetric mode 
at a particular internal elastic ring support radius. The cross-over 
radius is determined for different values of translational constraints and 
translational constraints of elastic ring. The optimal internal elastic 
ring support is affected by the translational stiffness parameters and 
translational spring stiffness parameters of an internal elastic ring 
support. However, it is observed that the influence of translational spring 
stiffness parameters on buckling load is not much more predominant 
than that of rotational spring stiffness parameters and elastic ring 
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support constraints (Bhaskara Rao and Kameswara Rao, 2007). Also, it 
is observed that for T,, = 0, the symmetric buckling mode is independent 
of the internal elastic ring support and gives a constant buckling 
load. In this paper the characteristic equations are exact; therefore the 
results can be calculated to any accuracy. These exact solutions can 
be used to check numerical or approximate results. A comparison of 
studies demonstrates the accuracy and stability of the present work. The 
effect of various parameters, such as translational stiffness parameters 
and translational spring stiffness parameters of an internal elastic ring 
support, on buckling loads of circular plates with internal elastic ring 
support and an elastically restrained guided edge system were studied in 
detail. The tabulated buckling results are useful to designers in vibration 
control, structural design and related industrial applications. 


NOMENCLATURE 


w(r, 0) Transverse deflection of the plate 

h Thickness of a plate 

R Radius of a plate 

b Nondimensional radius of ring support 

v Poisson’s ratio 

E Young’s modulus of a material 

D Flexural rigidity of a material 

Ky, Translational spring stiffness 

Ky Translational spring stiffness of internal elastic ring 

Ty Nondimensional translational flexibility parameter 

Tx Nondimensional translational flexibility parameter 
of internal elastic ring 

N Uniform in-plane compressive load 

k Nondimensional buckling load parameter 
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Abstract: This work describes a study of vibration characteristics of thin circular plates with elastic edge support and 
resting on partial Winkler-type elastic foundation. The foundation is described by the Winkler model, which is called as 
single parameter foundation. The exact analytical method is used to derive the frequency equation of the circular plate 
with elastic edge support-conditions and resting on partial elastic foundation system. Parametric investigations on the 
behavior of circular plates with elastic edge support and resting on partial elastic foundation have been carried out with 
respect to various values of transverse stiffness parameter, foundation parameter for a variety of boundary conditions. 
Extensive data is tabulated so that pertinent conclusions can be arrived at on the influence of translational edge restraint, 
and the foundation modulus parameters of the Winkler foundation on the natural frequencies of uniform isotropic circular 
plates. A comparison of the results obtained here in this paper with those available in the literature shows an excellent 


agreement. 


Keywords: Circular plate, restrained edge, translational spring stiffness, elastic foundation. 


1. INTRODUCTION 


The structural behavior of circular plates on elastic 
foundation is of great interest for the design on many 
engineering problems. Such plate systems can be found in 
many engineering applications, ranging from more 
conventional civil engineering, mechanical engineering and 
marine engineering to an aerospace engineering. Research 
work in this area has been discussed in a series of papers by 
Lessia [1, 2] and Bert [3, 4]. The vibration of a circular plate 
supported laterally by an elastic foundation was studied by 
Leissa in Ref. [5] from which he deduced that the effect of a 
Winkler foundation merely increases the square of the 
natural frequency of the plate by a constant. Laura et al. [6], 
while studying the case of a circular plate partially embedded 
in a Winkler foundation, found that a simple frequency 
relation like the above no longer holds good, and thus 
reached a similar conclusion. The most general soil model 
used in practical applications is the Winkler model [7] in 
which the soil layer is represented by unconnected closely 
spaced elastic springs. 


The present study of circular plates on elastic foundations 
with elastic edge support finds useful applications in 
foundation designs of large storage tanks, deep-sea pressure 
vessels and heavy machines [8]. 


However, studies of the vibration of plates considering 
the combined effects of elastic foundations and elastic 
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constraints are relatively scarce in the literature [9]. The 
vibration characteristics of plates resting on an elastic 
medium are different from those of the plates supported only 
on the boundary. There are many difficulties which very 
often arise due to complexity and uncertainty of boundary 
conditions. This uncertainty could be due to practical 
engineering applications where the edge of the plate does not 
fall into the classical boundary conditions. The accepted fact 
is that the condition on a periphery often tends to be part 
away between the classical boundary conditions (simply 
supported, free, pinned) and non-classical boundary 
conditions (elastic edge restraints) [10]. Therefore, when the 
boundary conditions of the plate deviate from classical cases, 
elastic edge restraints need to be considered. The present 
study considers the problem of vibrations of circular plates 
elastically restrained against translation and resting on partial 
elastic foundation i.e. on partial Winkler foundation. In this 
paper, exact solutions for first Eigen-frequencies of thin 
circular plates for various values of non-dimensional 
parameters are presented in graphical and tabular form, 
which may be useful for engineers in practice as well as to 
researchers as benchmark results for checking the relative 
accuracy of the approximate results obtained through 
alternate methods of solution. 


2. DEFINITION OF THE PROBLEM 


Consider a thin isotropic, circular plate of radius R, 
uniform thickness h, Young’s modulus £, flexural rigidity 
D and Poisson’s ratio y as shown in Fig. (1). The plate 
edge is considered to be elastically restrained in translation 
and partially supported on Winkler foundation. The plate is 
also assumed to be made of linearly elastic, homogeneous 
and isotropic material. However, the effects of shear 
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deformation and rotary inertia are neglected in the present 
paper as the plate considered is quite thin. The problem at 
hand is to determine the frequencies of a circular plate with 
elastically restrained edge and resting on partial elastic 
foundation. 


R 

~ a 
Be beaten < 
Z . 

Ky, x & 

Z ~ 
Z S 
SRN Sits 


Fig. (1). A thin circular plate with rotational Kg and translational 
Ky elastic edge constraints and supported on partial elastic 
foundation. 


3. MATHEMATICAL FORMULATION 


The geometrical and loading configuration of the plate is 
axi-symmetric and consequently, deflection shape of the 
plate will be axially symmetric as well. Consider a circular 
plate of radius R being supported in the interior by a 
foundation of radius bR as shown in Fig. (1). Let the 
subscript I denote the outer region b<r<1 and the 
subscript If denote the inner region 0<7F<b. Here, all 
lengths are normalized with respect to R. The non- 
dimensional radius at the outer edge is | and at the inner 
edge is b. As per the classical Kirchhoff’s plate theory [11, 
12], the fourth order differential equation describing the free 
flexural vibrations of a thin circular uniform plate for region 
I, in polar coordinates (7,9) is given by: 


Viw, —k*w, =0 (1) 


where k*=R*@’p/D which is the non-dimensional 


frequency parameter. 

The plate Eq. (5) for region IT is: 

V'iw, —k'w, + Aw, =0 (2) 
where 2*=R‘K,/D which represents the no-dimensional 


foundation stiffness parameter. 
Let the solution to the Eq. (1) be represented as: 
w =u(r)cos(n8) (3) 


where r is the radius normalized w.r.t R, Nis the number 
of nodal diameters. The function ua linear combination of 
the Bessel functions J, (Ar), Y, (kr), 1, (kr) & K,, (kr) is: 


u, (r)=C,J, (kr) + CY, (kr) + Cyl, (kr) +C,K, (kr) (4) 
where C,,C,,C, & C, are constants. 

J, (.)andY, (.) are the Bessel functions of the first and second 
kinds of order 1 respectively. 


I, (.)andK,,(.) are the modified Bessel functions of the first 
and second kinds of order 71 respectively. 
Substituting Eq. (4) in Eq. (3) gives the following: 
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CJ, (kr) + GY, (k 
w, (7,0) = 1 A r)+ 2 a p+ cos (nd) (5) 
C,I, (kr) + C,K,, (kr) 
Unlike Eq. (1), the general solution to Eq. (2), is more 
complicated and the following three special cases are 
considered in this paper. 


Case (i) If k > A, the solution to Eq. (2) is: 
u, (1) = CoJ, (kyr) + Col, (kyr) (6) 


where k, =(k* -A* 3 ; 
Substituting Eq. (6) in Eq. (3), we get: 

w, (1,0) =[CsJ,, (kr) + Co, (kr) | cos(n8) (7) 
Case (ii) Ifk = 7 , the solution to Eq. (2) is given by: 

uy (r)= Csr" + Cor (8) 
Substitution of Eq. (8) in Eq. (3) gives the following: 

w,, (1,0) = [eee +C,r"? Jeos(n8) (9) 
Case (iii) If k < J, the solution to Eq. (2) is given by: 

u(r) = C, ReLJ, (Vik,r I+ C, Im Jik,r] (10) 


1 
where k, =(A‘—k*)*. 
Substitution of Eq. (10) in Eq. (3) gives the following: 
w,, (1,0) = [c, Re[J, (.fik,r)]+C, Im, fik,r\] (11) 
cos(n@) 


For an elastically restrained circular plate, the boundary 
conditions at the edge of the plate in terms of rotational and 
translational stiffness are given by the following expressions: 


v,(r,0) = —K,w,(r,8) (12) 
M,(r,0)= Ky OW ey (13) 
or 


where the shearing force and bending moment as per Kelvin- 
Kirchhofff theory are defined as follows: 


a 1d(1dw 1 aw (14) 
ue o| 2 vwst wei ee re =) 


a°w low 1 0°*w 
M, = o| : wf “2 "|| 
or ror r’ 00 (15) 


B.C. A : For a circulate plate with outer edge elastically 
restrained against rotation only, the Eqs. (12) and (13) 
become: 


v,(r,0) =—K,w, (7,8) (12a) 
M,(r,0) =0 (13a) 
From Eqs.(12a) & (14) 


a 
a w,(r,0)+ _K, ’ (14a) 
d=yt 0 1 dw, (1,8) | 1 dw, (r,0) = ) 

rd0\r_ drde? r 00 
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From Eqs.(13a) & (15): 


ow) (r,8) | 
ar _ (15a) 
(2 dw,(r0) , 1 eae 7 


ror rr 0@" 


The plate is continuous in terms of displacement, slope 
and moment at r=). Therefore, the boundary conditions 
are: 


w,(b) = w, (b) (16) 
w, (b) = w7,(b) (17) 
w7(b) = w7/(b) (18) 
wi) = witb) (19) 


Then for region I, from Eqs. (5) and (17), we get the 
following expression: 


ke k ke 
Ez > Iu [E+ te) 


; ; 
Ba + ty, (Laon jr ]c, (20) 
[ x kv R ] 
4 Th 5) I, (4 my (k) C,; 
[ x kv KR ] 
4 Ka 2 ka ( 2 vn (k)|C, =0 


B.C. B: For a circulate plate with outer edge elastically 
restrained against translation only, Eqs. (12) and (13) 


become: 

v,(7,0) =0 (12b) 

M, (7,0) = Ky (7,8) (13b) 
vr 


Then for region (I, 7) from Eqs. (5) and (16), we get the 
following expression: 


[73 2 
Ey yey opie San 2-v)+ 1 |J 
m3 m2 2 4 mi 


+[m2-y-E-A),, (0) i 


al as *(3 


k +n? (2 yet) (21) 


C+ 


+n (2 a 
C,=0 
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Fin = Fn ~ Fn Os Tina = Ina) + Ines Os 
Fins = Fn-3®- Fis O¥n = YY Os 

Yio = Y2(K) + Yin ks Vis = Via (K) — Yas (Os 

Ty = TB) + Dna 3D 2 = Ln (k) + Li (5 

T,3 =1,3(k)+ Tsk) Ky, = K,_,(k) + K,4.(k)s 
Ky) = K(k) t+ Kyo (ks Kgs = Ky 3() + Kus (Bs 


Case (i): Considering the case (i) ie. k>A, for the 
region (II, 7), the solution to Eq. (2) is given by Eq.(7) and 
for this case the boundary conditions, Eqs. (16), (17), (18) 
and (19) give us the following: 


J, (kb) C, +¥, (kb) C, +1, (kb) C, + K,, (kb) C, 


(22) 
J, (k1b)C, —T, (k1b)C, =0 
k k Lk keg; 
5 mC 4 5 YC iC, tS TC; 5 KaiCa (23) 
k, k., 
Jnl = iy tote =O 
KR ke 
Zinn (ki b))C, +7 (hh 2Y, (kb))C, + 
Re KR? 
i ~(I/,, +21, (kb))C, rae + 2K, (kb))C, (24) 
Ki Oy 
—— (Yias = 2J, (k,b))C, i 
ke 
; ““(1/,. +21, (kb))C, =0 
ke ed , ke z a 
y ina ma BIG, + 1h = BY 1G; + 
BB 3 
: —[1/, +31, |C;- 5 —| Ki, +3K%, |C,- (25) 
ke , , 
“glia — 35h ]C, ~ 
k; : 
eee fia Sle, (Cp=O 


Case (ii): Considering the case (ii) ie. k=A, for the 
region (II, 7), the solution to Eq. (2) is given by Eq. (9) and 
for this case the boundary conditions, Eqs. (16), (17), (18) 


and (19) give us the following: 
J, (kb) C, +Y, (kb) C, + I, (kb) C, (26) 
+K,, (kb)C, —b"C, -b"’C, =0 


k Lk k 

SC, YC, +—I',C,; 

yom a 2‘?! (27) 
k 

2 


= K/.C, —nb"'C, -(n+2)b""'C, =0 


Re R 
races —2J, (kb))C, + a —2Y, (kb))C, 


(28) 


ae (kb))C, +— a 3 + 2K, (kb))C, 


—(n(n-1)b"*)C, aaa se =0 


a 


3 ldns — SIG IC, gee 


“Es. 3 Yn lc, 


Vi 


“Tn, +31’ Neje8 abe + 3K’, |C, (29) 
rie neal st (n+1)(n+2)b"" |C, =0 


where 


Vibrations of Elastically Restrained Circular Plates 


Fin = Fy (kB) = Fu (KD)3 Ting = Tyg (KD) + Sing (Kb); 
Tins = Fy3(kb) = Fug KDW = Ys (KB) — ¥ 4 (Kb): 
Vif = Y,-2 (kb) + Yn (KD)3Y,75 = Y,-3 (Kb) — Y,,43 (KB) 
iif = 1,_,(kb) + I,,,, (kb); r' = 1,_,(kb) + I,,,. (kb); 
Te, =1,_,(kb)+ Ty3(kb) Kj, = K,_,(kb)+ K,,,, (kb); 


Kin = Kya (kb) + Ky (kb), KG = K,_3(kb) + K,,,3(kb) 


n- 


Case (iii) : Considering the case (iii), for k<A, for 
region (II, 1), the solution to Eq. (2) is given by Eq. (11) 
and for this case the boundary conditions Eqs. (16), (17), 
(18) and (19) give us the following: 

J, (kb) C, + ¥, (kb) C, + I, (kb) C, + K,, (kb) C, (30) 
—RelJ, (Jik,b)IC, — Im, (Vik, b)IC, =0 
TRDYC, + VCKDYC, + Ti (kb)C; — Ky (kBYC, — 


(31) 
Re[J’, (Jik,b)IC, —Im[ J’, (Jik,b IC, = 0 
J" (kbYC, + ¥(kb)C, +1’, (kb)C, — K’', (kb)C, — (32) 
Re[J"",,, (Vik,b IC, — Im[J"",, (Jik,b)IC, = 0 
J" (KBYC, +" (kb)C, + 1'", (kb)C, — K’", (kB)C, - (33) 


Re[J’", (fik,b)IC; — Im[J’", (ik, DIC, =0 


Therefore, the set of Eqs. (20), (21), (30)-(33), represent 
for the casek <A. 


4. SOLUTION 


For the given values of n,v,b,T,,, 


R,, &A the above set of 
equations gives an exact characteristic equation for non- 


trivial solutions of the coefficients C,,C,,C,,C,,C, & C,. For 
non-trivial solution, the determinant of [C] oes MUSt vanish. 


This eigenvalue problem was solved using Mathematica 
computer software with symbolic capabilities. 


5. RESULTS & DISCUSSIONS 


There is a lot of flexibility in the code developed in 
Mathematica. It is used to determine the frequency parameter 
for any range of translational constraints. This code is also 
implanted for various plate materials by adjusting Poisson’s 
ratio. Since Poisson’s ratio occurs as a parameter in most of 
the equations, the effect of this ratio on the roots of the 
equations is also considered. The findings are presented in 


Table 1. 


2.02235 2.00269 1.65954 3.17252 


2.97074 
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both tabular and graphical form. The frequencies are 
calculated for various radius radii b, translational spring 
stiffness parameter. 


The frequency values for the plate with elastically 
restrained edge against translation and resting on partial 
foundation, at various values of the translational stiffness 
parameter, 7,, and for constant 2, have been calculated and 


the results are shown in the Table 1 and graphically in Fig. 
(2). The frequency has increased considerably as increase in 
translational constraint. The results also listed in Table 2 and 
graphically in Fig. (3), for different values of foundation 
constraint (1) by keeping translational constraint (7, ) 


constant. For large foundation stiffness the curves will be 
asymptotic in nature. The results are shown in Fig. (4) for 
different values of Translational and foundation constraints. 
It is observed that the frequency is increases as two 
constraints increase simultaneously. It was found that the 
n=0 axisymmetric mode gives the fundamental frequency. 
When b = 0, the foundation is absent and the frequency is 
governed by the elastically restrained edge plate, i.e. k = 
2.1834. When 4=1, the plate has full foundation support, 
and the frequency is kp = 2.1834. The effect of Translational 
constraint and Foundation constraint on frequency is shown 
in Figs. (2, 3) respectively. Also the combined effect of 
translational and Foundation constraints are shown in Fig. 


(4). 


Translational Stiffness, T 


Fig. (2). Effect of translational stiffness parameter, 7, on first 


11 
natural frequency parameter, k for 2 =10. 


First Frequency Parameters for Different Translational Stiffness Ratio for A =10 & v = 0.33 


2.59295 9.91088 9.82665 9.71751 6.9251 


2.30653 2.28733 2.06005 3.32198 


3.1293 


2.81866 9.91072 9.82583 9.71713 6.91746 


2.50643 2.48571 2.29898 3.45341 


3.26574 


2.99905 9.91056 9.82492 9.71666 6.90972 


2.66201 2.63915 2.47235 3.5711 


3.38604 


3.15054 9.91039 9.824 9.71627 6.90198 


2.78959 2.7643 2.60887 3.67793 


3.49379 


3.28191 9.91023 9.82319 9.71579 6.89404 


2.89784 2.86973 2.72118 3.77599 


3.59168 


3.39823 9.91007 9.82227 9.71541 6.8862 


2.99165 2.96052 2.81616 3.86678 


3.68139 


3.5029 9.9099 9.82135 9.71492 6.87817 


3.07421 


3.03995 2.89819 3.95139 


3.76433 


3.5981 9.90974 9.82044 9.71444 6.87013 


3.1477 3.11033 2.96997 4.03073 


3.84139 


3.68573 9.90957 9.81952 9.71404 6.86199 
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Table 2. First Frequency for Different Foundation Stiffness Parameter for Ti, & v = 0.33 
0 1.85759 1.85759 1.85759 1.85759 1.85759 1.85759 1.85759 1.85759 1.85759 1.85759 
72 2.95671 2.82178 2.81512 2.66589 6.00336 4.8109 4.54729 4.3199 6.40789 6.36732 
10 2.78959 2.7643 2.60887 3.67793 3.49379 3.28191 9.91023 9.82319 9.71579 6.89404 
12.5 2.74279 2.72015 3.46242 3.2138 7.75637 4.58806 4.45195 11.6979 11.5023 11.3633 
15 2.72551 2.58 3.0792 2.94435 3.83438 3.65997 6.43791 5.90339 12.7186 12.6973 
17.5 2.71662 3.36935 2.9918 3.62631 3.4595 4.69047 4.25264 8.95145 12.9626 13.52 
20 2.70984 2.96343 2.83938 3.31891 4.39574 3.9389 5.6791 18.1682 17.9198 13.6294 


20 
a 
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[a 
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Fig. (3). Effect of foundation stiffness parameter, 2 on first natural 
frequency parameter, k for 7, =10. 
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Fig. (4). Effect of translational stiffness parameter, 7 and 


at 
foundation stiffness parameter 4 on natural frequency parameter, k . 


The frequencies for different plate materials, for various 
values of transverse, rotational and foundation parameters 
are computed and the results are given in Table 3. It is 
observed that for any value of foundation parameter (A), 
frequencies are independent on Poisson ratio, as shown in 


Fig. (5). And also it was observed that for any value of 7,, 


frequencies are independent on Poisson ratio. 


Table3. Frequencies for Different Poisson Ratios 


Tu = 10,4=10 Tu = 1000, 2 = 10 Tu = 10,2 = 1000 


2.77951 4.37181 2.78038 


2.7831 4.39014 2.78338 


2.7865 4.40768 2.78608 


2.78959 


4.42472 2.78857 


2.79248 4.44116 2.79087 


2.79517 4.4571 2.79306 
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Poisson's Ratio, v 


Fig. (5). Effect of poisson ratio, , on frequency parameters, k. 


The results of this kind are scarce in the literature. 
However, the results are compared with the following. If 
R,, ~0& T,, 4, then the problem at hand becomes a 
simply supported boundary condition as shown in Fig. (6). 
The results are listed in Table 4. It was found that the n =0 
axisymmetric mode gives the fundamental frequency. When 
b=0, the foundation is absent and the circular simply 
supported plate governs the frequency, i.e, k = 2.22152. 
When b=1, the plate has full foundation support and the 
frequency is ko = 2.22152. Table 5, presents the comparison 
of frequency parameters k, for the plate with simply 
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supported edges as shown in Fig. (6) (by setting the 
translational restraints with R,, >0& T,, >), against 
those obtained by Wang [13] and Laura et al [6] by Ritz and 
finite element methods respectively. Results presented in this 
paper can be seen to be in excellent agreement with the those 
results available in the literature. 


Wyo 7 


Fig. (6). A thin circular plate with simply supported edge and 
supported on partial elastic foundation. 


Table 4. Frequency for Different Foundation Stiffness Ratio 


for v = 0.33 


2.22152 


14.6284 
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Laura et al. [6] by Ritz and finite element methods 
respectively. Excellent agreement has been found between 
these results. 


VIL) 


Fig. (7). A thin circular plate with clamped edge and supported on 
partial elastic foundation. 


Table 6. Frequency for Different Foundation Stiffness Ratio 


for v = 0.33 


3.19622 3.19622 3.19622 


5.73303 


7.42844 13.536 


29.1056 


36.7841 


6.38558 7.77718 33.8797 


6.63007 7.64012 56.2845 


39.3756 


6.69625 7.82554 124.841 


38.8204 


37.7465 


6.72454 7.86099 249.707 


6.62889 7.85603 499.426 


39,1173 


39.1006 


6.73224 7.86222 1002.67 


6.72868 7.86598 1200.98 


39.0791 


Table5. Comparison of Exact Values with Approximate 
Values from Ref. [6, 13, 14] for Simply Supported 


Edge Plate 


b 0.3 0.3 0.6 0.6 


Xr 2.1147 3.1623 2.1147 3.1623 


k [Present] 2.33844 2.67264 2.51384 3.17202 


k [12] 2.33844 2.67274 2.51304 3.17204 


Ritz [6] 2.339 2.677 2.514 3.1724 


FE [6]" 2.349 2.702 2.536 


3.2249 


k [13] 2.33844 


* The results are approximate. 


2.67264 2.51384 3.17202 


If R, > & T, >, then the problem at hand becomes 
a clamped boundary condition as shown in Fig. (7). The 
results are listed in Table 6. It was found that the n=0 axi- 
symmetric mode gives the fundamental frequency. When 
b=0, the foundation is absent and the circular clamped 
plate governs frequency, i.e., k = 3.19622. 


When 5=1, the plate has full foundation support and the 
frequency is k, = 3.19622. Table 7 shows a comparison of our 


exact values with the values obtained by Wang [13] and 


6.73245 7.86527 1600.78 


Table7. Comparison of Exact Values with Approximate 


Values from Ref. [6, 12] for Clamped Edge Plate 


b 0.3 0.3 0.6 0.6 


Xr 2.1147 3.1623 2.1147 3.1623 


k [Present] 3.25572 3.46125 3.32705 3.73673 


k [12] 3.25573 3.46124 3.32706 3.73672 


3.3275 3.7367 


Ritz [6]" 


3.2558 3.4615 


3.1237 3.6576 


FE [6|" 3.2558 3.4771 


* The results are approximate. 


6. CONCLUSIONS 


The flexural vibration behaviour of a circular plate 
supported along its edge by elastically restrained springs 
against rotation and translational and supported partially on a 
Winkler-type foundation has been studied in this paper. 
Mathematica computer software was used in obtaining the 
results for first frequency values of this circular plate. 


The values of first frequencies are presented in both 
tabular and graphical form for various values of translational 
spring stiffness parameters [R,&7,,] at the edges that 
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simulate a clamped edge when R,5>0&7, 50, or a 
simply supported edge when rR, 50 & 7,, >. 

Graphical plots of first frequencies are presented for a 
wide range of rotational, translational and foundation 
constraints. The wide range of results provided in this paper 
could be potentially utilized for vibration control and in 
structural design. It is observed that the influence of 


foundation parameter on frequency is more predominant 
than that of translational parameter or rotational parameter. 


Comparison of results obtained here with those available 
in literature for some special cases, demonstrates excellent 
accuracy and numerical stability of the present method. In 
this paper the characteristic equations solved are exact ones 
and therefore the frequency results can be calculated to any 
desired accuracy. These exact solutions can be used as 
benchmark solutions to check numerical or approximate 
results obtained through other methods of solution. 


NOTATIONS 

= Thickness of a plate 

= Radius ofa plate 

= Non-dimensional radius of support 
= Poisson’s ratio 

= Young’s modulus of a material 
Density of a material 

= Angular frequency 

= Flexural rigidity of a material 


ai = Rotational spring stiffness at outer edge 


a 
ll 


Ny 
iS) 


= Translational spring stiffness at outer edge 
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R, = Non-dimensional rotational flexibility 
Parameter at outer edge 

Ty = Non-dimensional translational flexibility 
Parameter at outer edge 

A = Non-dimensional foundation parameter 
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BUCKLING ANALYSIS OF CIRCULAR PLATES WITH 
ELASTICALLY RESTRAINED EDGES AND RESTING 
ON INTERNAL ELASTIC RING SUPPORT* 


L. Bhaskara Rao! and C. Kameswara Rao? 
'Department of Mechanical Engineering, Gokaraju Rangaraju Institute 
of Engineering and Technology, Hyderabad, Andhra Pradesh, India 


Department of Mechanical Engineering, Tirumala Engineering College, 
Hyderabad, Andhra Pradesh, India 


This paper is concerned with the elastic buckling of circular plates with internal 
elastic ring support and elastically restrained edge against rotation and translation. 
The classical plate theory is used to derive the governing differential equation for 
circular plate with internal elastic ring support and elastically restrained edges. 
This work presents the existence of buckling mode switching with respect to the 
radius of internal elastic ring support. The buckling mode may not be axisymmetric 
as previously assumed. In general, the plate may buckle in an axisymmetric mode 
but when the radius of the ring support becomes small, the plate may buckle in an 
asymmetric mode. The optimum radius of the internal elastic ring support for maximum 
buckling load is also determined. The percentage of increase in buckling load capacity 
by introducing concentric elastic ring support is determined for the first time. Extensive 
data are tabulated so that pertinent conclusions can be arrived at on the influence of 
rotational and translational restraints, Poisson’s ratio, and other boundary conditions 
on the buckling of uniform isotropic circular plates. The numerical results obtained are 
in good agreement with the previously published data. 


Keywords: Buckling; Circular plates; Elastic ring support; Elastically restrained edges; Mode 
switching. 


INTRODUCTION 


Buckling of plates is an important topic in structural engineering. 
The prediction of buckling of structural members restrained laterally is important 
in the design of various engineering components. In particular, circular plates 
with an internal elastic ring support find applications in aeronautical (instrument 
mounting bases for space vehicles), rocket launching pads, aircrafts, and naval 
vessels (instrument mounting bases). Based on the Kirchhoff’s theory, the elastic 
buckling of thin circular plates has been extensively studied by many authors 
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after the pioneering work published by Bryan (1891). Since then, there have been 
extensive studies on the subject covering various aspects such as different materials, 
boundary, and loading conditions. Also, the buckling of circular plates was studied 
by different authors (Brushes and Almroth, 1975; Wolkowisky, 1969). However, 
these sources only considered axisymmetric case, which may not lead to the correct 
buckling load. Introducing an internal elastic ring support may increase the elastic 
buckling capacity of in-plane loaded circular plates significantly. Laura et al. 
(2000) investigated the elastic buckling problem of the aforesaid type of circular 
plates, who modeled the plate using the classical thin plate theory. In their study 
only axisymmetric modes are considered. Kunukkasseril and Swamidas (1974) are 
probably the first to consider elastic ring supports. They formulated the equations 
in general, but presented only the case of circular plate with a free edge. Although 
the circular symmetry of the problem allows for its significant simplification, 
many difficulties very often arise due to complexity and uncertainty of boundary 
conditions. This uncertainty could be due to practical engineering applications 
where the edge of the plate does not fall into the classical boundary conditions. It 
is an accepted fact that the condition on a periphery often tends to be in between 
the classical boundary conditions (free, clamped, and simply supported) and may 
correspond more closely to some form of elastic restraints, i.e., rotational and 
translational restraints (Kim and Dickinson, 1990; Wang and Wang, 2001; Yamaki, 
1958). In a recent study, Wang et al. (1993) showed that when the ring support has 
a small radius, the buckling mode takes the asymmetric form. But they have studied 
only the circular plate with rigid ring support and elastically restrained edge against 
rotation. Wang and Wang (2001) showed that the axisymmetric mode assumed by 
the previous authors might not yield the correct buckling load. In certain cases, an 
asymmetric mode would yield a lower buckling load. Recently, Wang (2003) studied 
the buckling of a circular plate with internal elastic ring support by considering 
only the classical boundary conditions. The purpose of the present work is to 
complete the results of the buckling of circular plates with an internal elastic ring 
support and elastically restrained edge against rotation and translation by including 
the asymmetric modes, thus correctly determining the buckling loads. 


PROBLEM DEFINITION 


Consider a thin circular plate of radius R, uniform thickness h, Young’s 
modulus E, and Poisson’s ratio v and subjected to a uniform in-plane load, N along 
its boundary, as shown in Fig. 1. This circular plate is assumed to be made of 
linearly elastic, homogeneous, and isotropic material. The edge of the circular plate 
is elastically restrained against rotation and translation and it is also supported by 
an internal elastic ring support, as shown in Fig. 1. The purpose of the present 
work is to complete the results of the buckling of circular plates with an internal 
elastic ring support and elastically restrained edge against rotation and translation 
by including the asymmetric modes, thus correctly determining the buckling loads. 


ANALYTICAL FORMULATION OF THE PROBLEM 


The plate is elastically restrained against rotation and translation at the edge 
of radius, R and supported on an internal elastic ring of smaller radius bR as shown 
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~ R we, Elastic Restraint 
Against Rotation, 
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Elastic Restraint 
Against Translation, 
K K K 
Kr T2 T2 11 


~ VLT7. VIT/. U: 


Figure 1 Buckling of a circular plate with elastically restrained edges and resting on internal elastic 
ring support. 


in Fig. 1. Let subscript I denote the inner region 0 <7 < b and the subscript II 
denote the outer region b <7 <1. Here, all lengths are normalized by R. Using 
classical (Kirchhoff’s) plate theory, the following fourth-order differential equation 
for buckling in polar coordinates (r, 6): 


DV‘w+ NV’w =0, (1) 


where w is the lateral displacement, N is the uniform compressive load at the edge. 
After normalizing the lengths by the radius of the plate R, Eq. (1) can be written as 


DVw+ kV w = 0, (2) 


where V? = & +1244 is the Laplace operator in the polar coordinates r and 
0, where 7 is the radial distance normalized by R. After normalization, the inner and 
outer radius parameters are b and 1, respectively; D = Eh*/12(1 — v’) is the flexural 
rigidity; w = w/R, is normalized transverse displacement of the plate; k* = R’N/D 
is nondimensional load parameter. Suppose there are n nodal diameters. In polar 


coordinates (r, 0) set 

w(Fr, 0) = u(r) cos(n0). (3) 
Considering the boundness at the origin, the general solution (Yamaki, 1958) for 
the two regions is 


ri” 


me 
it, (r) = CyJ,(kF) + Ca¥, (kF) + CF" + Cy | ee ‘| ; (4) 
i), (7) _ CJ,,(kr) + Cer". (5) 


Where top form of the Eq. (4) is used for n = 0 (axisymmetric) and the bottom 
form is used for n 4 0 (asymmetric), C,, Cy, C;, Cy, Cs, & Cs are constants, J,(-) & 
Y,,(-) are the Bessel functions of the first and second kinds of order n, respectively. 
Substituting Eq. (4) into Eq. (3), gives the following: 


ue 0)= | cis) + CY, (ER) + CP? 4+ Cy | er }| cos(n0), (6) 


7 
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w,(r, 0) = [C3 J, (kr) + Cer”] cos(nd). (7) 


The boundary conditions at outer region of the circular plate in terms of rotational 
stiffness (Kp,) and translational stiffness (K,;,) is given by the following expressions: 


M,(7) = Kai (7), (8) 
V(r) = —Kyt,(7). (9) 


The radial moment and the radial Kirchhoff shear at outer edge are defined as 
follows: 


M,() = ~ li @) + v (HF) — in ®))], (10) 
VF) = — pa [2/'®) +0707) —AHOPQ-W)+w—YE~] — GY 


Equations (8) and (10) yield the following: 


ms 


[i () + v (HF) — Wt, ))] = iu)(7), (12) 
[wi (7) + v (w,(7) — n°, (7))] = Hee (13) 

From Eqs. (9) and (11) we get the following: 
[wi (F) + Wh (7) — 0, (F)(W? (2 — v)) +n? (1 — v) 0, (7)] = ssa u(r), (14) 


[wy (r) + ay (7) — WF) — v)) +? (1 — v) a,(7)] = Hee (15) 


where R), = Kak and T,, = KR : 

‘Therefore, the boundary conditions at the outer region are given by Eqs. (13) 
and (15) at r= 1. Apart from the elastically restrained edge against rotation and 
translation, there is an internal elastic ring support constraint and the continuity 
requirements of slope and curvature at the support, 1e., 7 = b. 


u,(b) = u,,(b), (16) 
u,(b) = ui, (0), (17) 
uj (b) = ut), (d), (18) 
uy’ (b) = Wi; (b) — Tx2ty)(b), (19) 


where 7), = = knk is the normalized spring constant, K,, of the translational spring. 


The nontrivial solutions to Eqs. (13), (15), (16)-(19) are sought. The lowest 
value of k is the square root of the normalized buckling load. From Eqs. (4), (5), 
(13), and (15)-(19) yield the following equations: 


KP Ri) P. e 20 TAK. 
E prams s+ eer ($+) 10)| 
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k2 k k? 
of 52: 7 5 (v+ Ry) Q) — (5 F wn’) Y, (| C, 


(v+R,,)-1 


oan [n ((n = Hd ~ v) + R,,)] C; + le 4. (1 = v) = Ri) 


C,=0, (20) 


kB ee k 
8 4 2 


3 k? 
(Ge +n? (2—v)+ 1) Pi + G (3-—v)- ae r1) J, (| C, 


3 2 2 
ak pa QO, 5 (Ge + @-9) +1) 0,+("@-y -5-n) ¥, 8]: 


n?(2 — v) 
—wW(n+ljv+n—-T, 


+ [n(n -1)v—n? — T,,] C; | c,=0, (21) 


where 


Py = Jn (k) = Sng (K)s Po = In2(k) + Snao(k)s  P3 = Jn-3(k) — Snags (k)s 


QO; = Y,-1(k) — Ynai(k)s Qo = Yn-2(k) + Yayok)s Qs = Yn-3(k) — Yn43k)s 
log b 
J (kb)C, + Y, (kb)C, + b"C, + yn C, — J,(kb)C; — b"C, = 0, (22) 
k / k / n—1 ; k / n—1 
zPiG + 721 Cy + nb C; + —nb--! Cy = xP Gs —nb Cs = 0, (23) 
k2 Rk ‘ ae 
qin = 2J,(kb))C, ar q (22 = 2Y,,(kb))C, + n(n a 1)b"~ C; _ ee an nee Cy 
k2 
- qe — 2J,(kb))C, — n(n — 1)b" °C, = 0, (24) 


KP kK? 
FOP BPC + FD — ONC, + n(n — In 2H"; 


2 2 
ae | ee + 1)(n a 2)b-" Cy E (P; 3P,) Trt (k0)| Cs 


[n(n — 1)(n Zur? Ty b"|C, = 0, (25) 


where 


Pi = ty] (kb) + Jil (kb); P, = J,,_2(kb) F Jno (kb); P, = J-3 (kb) ~~ Jia 3(kb); 
Q' = n—1 (kb) ~ Yi (kb); QO; ms n—2(kb) a Yi42(Kb); QO; = n—3(kb) _ Y,43(kb). 


The top form of Eqs. (20)-(25) are used for n = 0 (axisymmetric buckling) and the 
bottom form is used for n 4 0 (asymmetric buckling). 
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SOLUTION 


For the given values of n,v, Ry), 7\,;, To, & b the above set of equations, 
gives an exact characteristic equation for nontrivial solutions of the coefficients 
Cy, Cy, C3, Cy, Cs, & Cs. For nontrivial solution, the determinant of [C]¢,.¢ vanishes. 
The value of k is calculated from the characteristic equation by a simple root search 
method. Using Mathematica, a computer software with symbolic capabilities, solves 
this problem. 


RESULTS AND DISCUSSIONS 


There is a lot of flexibility in the code developed in Mathematica. It is used to 
determine the buckling load parameter for any range of rotational and translational 
constraints and also various stiffness constraints of an internal elastic ring support. 
The findings are presented in both tabular and graphical form. Buckling loads are 
calculated for various internal elastic ring support radii b, rotational spring stiffness 
parameter R,,, translational spring stiffness parameter 7,,, and translational spring 
stiffness parameters of an internal elastic ring support 7,,. Poisson’s ratio used in 
this work is 0.3. 

The buckling load parameters for axisymmetric and asymmetric modes for 
various values of rotational spring stiffness parameters, R,,, by keeping translational 
spring stiffness parameter, 7,, and translational spring stiffness parameter, T>, 
constant, are presented in Table 1. It is observed from the Figs. 2-5, for a given 
value of R,,, the curve is composed of two segments. This is due to the switching 
of buckling modes. For a smaller internal elastic ring support radius b, the plate 
buckles in an asymmetric mode (i.e., n = 1). In this segment (as shown by dotted 
lines in Figs. 2-5) the buckling load decreases as b decreases in value. For larger 
internal elastic ring support radius b, the plate buckles in an axisymmetric mode 
(1.e., n = 0). In this segment (as shown by continuous lines in Figs. 2-5) the buckling 
load increases as b decreases up to a peak point, corresponds to maximum buckling 


Table 1 Buckling (for axisymmetric and asymmetric modes) load parameters for different values of 
rotational stiffness parameters, R,;, and constant translational stiffness parameter, 7,,, and 


translational stiffness parameter of internal elastic ring, Ry (J); = Tx. = 1000), when v = 0.3 
Ry, = 0.5, Ty, = Tx = 1000 Ry, = 10, 7), = To = 1000 Ry, = ©, Ty, = Tx = 1000 

b n=0 n=1 n=0 n=1 n=0 n=1 
0 2.34422 3.77555 3.51188 4.70945 3.8531 5.13048 
0.1 4.67684 4.0601 6.1039 5.06033 6.69782 5.52023 
0.2 4.96006 4.81372 6.32317 6.00965 6.94504 6.61564 
0.3 5.25523 5.55305 6.43411 6.88999 6.99121 7.66182 
0.4 5.4671 6.29013 6.24905 7.59267 6.60737 8.37771 
0.5 5.40957 6.90851 5.7695 7.67119 5.95379 3.12889 
0.6 5.0828 6.8419 5.2116 7.03001 5.29611 3.86641 
0.7 4.65656 6.27244 4.68264 6.29575 4.70433 4.64511 
0.8 4.18204 5.60991 4.18626 5.61847 4.19007 5.09741 
0.9 3.46153 4.75036 3.71744 5.01776 3.87304 5.15389 


1 2.31723 3.77684 3.4889 4.71475 3.83163 5.13591 
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3 ——0— R11=0.5,111=T22=1000[n=0] 
+= =D = RIM1=0.5,111=122=1000[n=1] 
——*— R11=10,711=T22=1000[n=0] 


Buckling Load Parameter, k 
a 
xO 
xa 


2 +++ X= = R11=10,711=T22=1000[n=1] 
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4 += = O- = = RIM1=10E+16,111=722=1000[n=1] 
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Internal Elastic Ring Support Parameter, b 


Figure 2 Buckling load parameter k, versus internal elastic ring support radius b, for various values 
of Ry, & Ti; = Tr = 1000. 
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Buckling Load Parameter, k 
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Internal Elastic Ring Support Parameter, b 


Figure 3 Buckling load parameter k, versus internal elastic ring support radius b, for various values 
of Ty) & Ry, = Ti, = 1000. 
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Figure 4 Buckling load parameter k, versus internal elastic ring support radius b, for various values 
of T), & Ry, = Tr = 1000. 
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Figure 5 Buckling load parameter k, versus internal elastic ring support radius b, for various values 
of Ry.Ty & Ty. 
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Table 2 Optimal locations of an internal elastic ring support 
bop:s the corresponding buckling load parameter k,,, and the 
percentage increase in buckling load parameter 


T,, = Ty = 1000 


Ri 0.5 10 oo 
Bei 0.4050 0.3003 0.2340 
Kes 5.464 6.434 6.971 
% 135.82 84.41 81.93 


load, and thereafter decreases as b decreases in value as shown in Figs. 2-5. 
Figure 2, shows the variation of buckling load parameter k, with respect to the 
internal elastic ring support radius b, for various values of rotational spring stiffness 
parameters (R,, = 0.5, 10 & oo) and keeping translational spring stiffness parameter 
and translational spring stiffness parameter of an internal elastic ring support are 
constant (7T,; = Ty» = 1000). The cross over radius varies from b = 0.233 for R,,; = 
0.5 & T,,; =T, = 1000 to b= 0.234 for Rj, = & T,, = Ty = 1000 as shown 
in Fig. 2. It is observed from the Fig. 2 that the buckling is governed by the 
asymmetric mode n = 1, when b < 0.233 for R;, = 0.5 & T,,; = Ty, = 1000. When 
b is increased beyond 0.233, the n = 0 axisymmetric mode gives the correct lower 
buckling load. Similarly, the buckling is governed by the asymmetric mode n = 
1, when b < 0.234 for R,; = 00 & T,, = Ty, = 1000. When b is increased beyond 
0.234, the n = 0 axisymmetric mode gives the correct lower buckling load. Optimal 
location of internal elastic ring support for maximum buckling load is of interest 
in the design of supported circular plates. The optimal solutions (optimal location 
of internal elastic ring support and corresponding buckling loads) for this case are 
presented in Table 2. It is observed that the optimum-buckling load parameter 
increases with increase in rotational spring stiffness parameter, R,,. Introducing 
internal elastic ring support, when placed at an optimal position increases the elastic 
buckling capacity significantly, and the percentage of increase in buckling loads is 
presented in Table 2. It is observed that the percentage increase in buckling load 
parameter decreases with increase in R,,. This is due to the amount of increase in 
buckling load without elastic ring support with R,,; is more than that of increase 
in buckling load with elastic ring support with R,,. The buckling load parameters 
for axisymmetric and asymmetric modes for various values of translational spring 
stiffness parameters of an internal elastic ring support (T>, = 1000 & oo) by keeping 
R,, and 7,, constant are presented in Table 3. Figure 3 shows the variation of 
buckling load parameter k, with respect to the internal elastic ring support radius b, 
for various values of translational spring stiffness parameters of an internal elastic 
ring support (Ty, = 1000 & oo) and R,, = 100 & 7T,,; = 1000. The cross over radius 
(switching of buckling mode) varies from b = 0.1537 to 0.2341 as shown in Fig. 3. 

It is observed from the Fig. 3 that the buckling is governed by the asymmetric 
mode n= 1, when b < 0.1537 for Ty, = 1000 & R,,; = 100, 7,; = 1000. When b 
is increased beyond 0.1537, the n = 0 axisymmetric mode gives the correct lower 
buckling load. Similarly, the buckling is governed by the asymmetric mode n=1, 
when b < 0.2341 for Ty, =10'° & R,, = 100, 7,;; = 1000. When b is increased 
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Table 3 Buckling (for axisymmetric and asymmetric modes) load parameters for different values of 
translational stiffness parameter of internal elastic ring, T), and constant rotational stiffness 


parameters, R,;, = 100, and translational stiffness parameter, T,, = 1000 when v = 0.3 
Ty, = 1000, Ry; = 100 & T,, = 1000 Ty, = 00, Ry; = 100 & T,, = 1000 

b n=0 n=1 n=0 n=1 

0 3.81535 5.07899 6.57733 5.34015 
0.1 6.6333 5.46437 6.69453 6.42772 
0.2 6.87437 6.54262 6.88357 7.12049 
0.3 6.92542 7.56651 6.92777 7.80417 
0.4 6.56336 8.2795 6.60053 8.29339 
0.5 5.92915 7.97692 6.00578 8.0656 

0.6 5.28363 7.12069 5.38818 7.31334 
0.7 4.70083 6.3111 4.82919 6.53979 
0.8 4.18947 5.62491 4.32015 5.83674 
0.9 3.85064 5.17693 3.89536 5.25568 
1 3.79368 5.08212 3.79368 5.08516 


beyond 0.2341, the n =0 axisymmetric mode gives the correct lower buckling 
load. The optimal solutions (optimal location of internal elastic ring support and 
corresponding buckling loads) for this case are presented in Table 4. Introducing 
internal elastic ring support, when placed at an optimal position increases the elastic 
buckling capacity significantly, and the percentage of increase in buckling loads is 
presented in Table 4. It is found that the percentage increase in buckling load 
is negligible due to the fact that there is less influence of T,, on buckling load 
parameter. The buckling load parameters for axisymmetric and asymmetric modes 
and for various values of translational spring stiffness parameters (T,,; = 1000 & oo) 
and keeping rotational spring stiffness parameter, R,,; and translational spring 
stiffness parameter of the internal elastic ring support 7,, constant are presented in 
Table 5. Figure 4 show the variations of buckling load parameter k, with respect to 
the internal elastic ring support radius b, for various values of translational spring 
stiffness parameters (7T,, = 1000 & oo) and R,, = 100 & T,, = 1000. The optimal 
solutions (optimal location of internal elastic ring support and corresponding 
buckling loads) for this case are presented in Table 6. Introducing internal elastic 
ring support, when placed at an optimal position increases the elastic buckling 
capacity significantly, and the percentage of increase in buckling loads is presented 


Table 4 Optimal locations of internal elastic ring support 


opt, the corresponding buckling load parameter k,,,, and 
percentage increase in buckling parameter 
Ri, = 100 & T,, = 1000 
Ty 1000 00 
Dopt 0.2905 0.2824 
k 6.921 6.928 


% 82.43 82.62 
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Table 5 Buckling (for axisymmetric and asymmetric modes) load parameters for different values of 
translational stiffness parameter, T,, and constant rotational stiffness parameters, R,, = 1000, and 
translational stiffness parameter of internal elastic ring, 7), = 1000, when v = 0.3 


T,; = 1000, R}, = To = 1000 T; = &, Ry, = Ty = 1000 
b n=0 n=1 n=0 n=1 
0 3.84932 5.12531 3.84932 5.13048 
0.1 6.69136 5.51456 6.69848 5.51788 
0.2 6.93798 6.60828 6.93984 6.60877 
0.3 6.98455 7.65218 6.98562 7.65225 
0.4 6.60289 8.3678 6.6202 8.37255 
0.5 5.9513 8.01422 5.99288 8.05125 
0.6 5.29481 7.13382 5.36053 7.20067 
0.7 4.70393 6.31373 4.7949 6.40582 
0.8 4.19007 5.62602 4.28826 5.718 
0.9 3.87065 5.20212 3.90033 5.22168 
1 3.82784 5.12785 3.82784 5.13048 


in Table 6. It is observed that the percentage increase in buckling load is negligible; 
this is due to the minute influence of T,, on buckling load parameter. 

The buckling load parameters for axisymmetric and asymmetric modes and 
for various values of three spring stiffness parameters R,,, 7,,, and T>, are presented 
in Table 7. Figure 5 shows the variations of buckling load parameter k, with respect 
to the internal elastic ring support radius b, for various values of translational 
spring stiffness parameters (T;, = 1000 & oo) and keeping rotational spring stiffness 
parameters (R,, = 10 & oo), translational spring stiffness parameters of the internal 
ring elastic support (7,, = 1000 & oo). The cross over radius (switching of mode) 
varies from b = 0.1514 to 0.2414 as shown in Fig. 5. The optimal solutions for 
this case are presented in Table 8. Introducing internal elastic ring support, when 
placed at an optimal position increases the elastic buckling capacity significantly, 
and the percentage of increase in buckling loads is presented in Table 8. The results 
of this kind were scarce in the literature. However, the results are compared with the 
following case. Table 9, presents the buckling load parameters k, for a circular plate 
with simply supported edge and rotational restraint (by setting T;, > co & Ty > 
to the present problem), against those obtained by Wang and Tun (2005). 


Table 6 Optimal locations of internal elastic ring support 


bop, the corresponding buckling load parameter k,,,., and 
percentage increase in buckling load parameter 
Ri, = 100 & Ty, = 1000 
Ty, 1000 oo 
Dopt 0.3011 0.2893 
k 6.98 6.984 


% 82.35 82.45 
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Table 7 Buckling (for axisymmetric and asymmetric modes) load parameters for different values of 
rotational stiffness parameters, R,,, translational stiffness parameter, 7,,, and translational stiffness 
parameter of internal elastic ring, T>,, when v = 0.3 


R,, = 10, Ty, = Ty. = 1000 Ry = Ty =Ty =~ 

b n=0 n=1 n=0 n=1 

0 3.51188 4.70945 6.64780 5.39854 
0.1 6.1039 5.06033 6.76632 6.50105 
0.2 6.32317 6.00965 6.95592 7.20716 
0.3 6.43411 6.88999 6.99485 7.90409 
0.4 6.24905 7.59267 6.66257 8.39426 
0.5 5.76950 7.67119 6.07454 8.15012 
0.6 5.21160 7.03001 5.47550 7.40994 
0.7 4.68264 6.29575 4.95263 6.68062 
0.8 4.18626 5.61847 4.51266 6.06546 
0.9 3.71744 5.01776 4.14357 5.55732 
1 3.48890 4.71475 3.83194 5.13594 


Table 8 Optimal locations of internal elastic ring support, bo,,, the 
corresponding buckling load parameter, k,,,, and percentage 
increase in buckling load parameter 


Fs Ry = 10, T,,=1000=7,,=1000 = Ry, = Ty, = Ty = 00 


bs 0.3003 0.2801 
ee 6.434 6.987 
% 84.41 82.35 


Table 9 Comparison of buckling load parameter k, with Wang et al. (2005) 
for various rotational stiffness parameters R,;, and Poisson’s ratio = 0.3 


Ry 0 0.1 5 10 100 oo 
Wang and Tun (2005) 4.198 4.449 10.462 12.173 14.392 14.682 
Bhaskara Rao (2008) 4.1976 4.4486 10.4613 12.1724 14.392 14.6813 
Present 4.19766 4.44864 —:10.46134 1217242 14.392 14.6813 
CONCLUSIONS 


The buckling of thin circular plates with an internal elastic ring support and 
elastically restrained edges against rotation and translation has been solved. Also 
the buckling loads are given for various spring stiffness parameters [R,, & T,,] 
at the edges that simulate the rotational and translational restraints where R,, > 
coo & T,, > oo, represents a clamped edge. Also the buckling loads are given 
for various translational spring stiffness parameters of an internal elastic ring 
support [7,,]. Two-dimensional plots are drawn for a wide range of rotational and 
translational constraints and translational constraints of an internal elastic ring 
support. It is observed that the buckling mode switches from an asymmetric mode to 
an axisymmetric mode at a particular internal elastic ring support radius. The cross 
over radius (switching of mode) is determined for different values of rotational, 
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translational constraints, and translational constraints of elastic ring. The optimal 
radius for the internal elastic ring support for maximum buckling load is found 
at the nodal circle of the higher buckling mode of a corresponding circular plate 
without any internal ring support where the buckling mode is always axisymmetric 
mode. The percentage of increase in buckling load capacity by introducing internal 
elastic ring support, when it is placed at an optimal position is also determined 
for the first time. In this paper the characteristic equations are exact; therefore the 
results can be calculated to any accuracy (Wang et al., 2005). These exact solutions 
can be used to check numerical or approximate results. Comparison of studies 
demonstrates the accuracy and stability of the present work. The tabulated buckling 
results are useful to designers in vibration control, structural design, and other 
related industrial applications. 
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ABSTRACT 
In this paper, transverse vibrations of thin circular plates with guided’edge and resting on Winkler 
foundation have been studied on the basis of Classical Plate Theory. Parametric investigations on 
the vibration of circular plates resting on elastic foundation have been carried out with respect to 
various foundation stiffness parameters. Twelve vibration modes are presented. The location of 
the stepped region with respect to foundation,stiffness parameter is presented. 
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1 INTRODUCTION 


IRCULAR plate systems [1-4] haye wide applications in various fields of engineering; they are used as 

structural elements resting on* foundations. The problems of plates on elastic foundation are important in 
engineering design and have been the,focus of attention of many researchers. Some of the recent studies have 
reestablished the efficiency of.the classical approach in analyzing the vibrations of variety of structures. Although 
the circular symmetry of the problem allows for its significant simplification, many difficulties very often arise due 
to complexity and uncertainty of boundary conditions. This uncertainty could be due to practical engineering 
applications where the edge of the plate does not fall into the classical boundary conditions such as Clamped, simply 
supported or free. When the boundary conditions of the plate deviate from classical cases, elastic translational 
restraints should be considered. A recent survey of literature shows that very few studies exist on the study of 
circular plates resting on elastic foundation. Wang and Wang [5], who observed the switching between 
axisymmetric and-asymmetric vibration modes, recently investigated the effect of internal elastic translational 
supports. 

The vibration characteristics of plates resting on an elastic medium are different from those of the plates 
supported only on the boundary. Leissa [3] discussed the vibration of a plate supported laterally by an elastic 
foundation. Leissa deduced that the effect of Winkler foundation merely increases the square of the natural 
frequency of the plate by a constant. Salari et al. [4] speculated the same conclusion. Ascione and Grimaldi [5] 
studied unilateral frictionless contact between a circular plate and a Winkler foundation using a variational 
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formulation. One of the earliest formulations of this problem was presented by Leissa [6], who tabulated values of 
frequency parameter for four vibration modes of simply supported circular plate with varying rotational stiffness. 

Kang and Kim [9] presented an extensive review of the modal properties of the elastically restrained beams and 
plates. Zheng and Zhou [10] studied the large deflection of a circular plate resting on Winkler foundation. Ghosh 
[11] studied the free and forced vibration of circular plates on Winkler foundation by exact analytical method. The 
most general soil model used in practical applications is the Winkler [12] model in which the elastic medium below 
a structure is represented by a system of identical but mutually independent elastic linear springs. Recent 
investigations have reiterated the efficiency of the classical approach [13] in analyzing the behavior of structures 
under vibrations. There are other papers [Weisman [14], Dempsey et al. [15], Celep et al. [16]] dealing with the 
study of plates on a Winkler foundation. In general, papers dealing with vibrating plates, shells and beams are 
concerned primarily with the determination of eigenvalues and mode shapes [1-4]. The present study, deals with 
obtaining exact solutions to the most important practical case of transverse vibrations of circularplates resting on 
Winkler foundation with guided edge conditions at the periphery of the plate. The results are presented for the non- 
dimensional frequency parameter of the plate for a wide range of values of Winkler foundation:modulus parameter 
for use in design of such systems in micro or macro electro-mechanical devices. 


2 MATHEMATICAL FORMULATION OF THE SYSTEM 


The considered elastic thin circular plate is supported on a Winkler foundation as shown in Fig. 1. In the classical 
plate theory [1-4], the following fourth order differential equation describes free flexural vibrations of a thin circular 
uniform plate. 

DV*w(r,0,t) + pho w(r, 0,2) / dt? =0 (1) 


where D= Eh’ /12(1—v’) is the flexural rigidity of a plate and’ a,h,p,E,v are the plate’s radiuses, thickness, 
density, Young’s modulus and Poisson ratio’s respectively. 


/ 5 7 25: Sy: 
O_o A thin circular plate with guided edge and supported on 
; full elastic foundation. 


The homogeneous equation for Kirchoff’s plate on one parameter elastic foundation is given by the following 
equation [11] 


DV‘ w(r, 0, A+ K, wr, 030) + pho w(r, 8,1) / dt? =0 (2) 


Displacement in Eq. (2) can be presented as a combination of spatial and time dependent components as follows; 
Let 


w(r0t)= W(r,O)e” (3) 


Now substitute the Eq. (3) in Eq. (2) 


DV*W(r,0)+(K, —pho* )W(r,8) = 0 (4) 


The solution to the above equation takes the following form 
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Wl 9) da ane (22) oan where n=0, 1, 2,3... , m=0, 1, 2, 3,... (5) 
a a 


where J, is Bessel function of the first kind of first order and /,, is modified Bessel function of the first kind of first 
order. The boundary conditions can be formulated at r =a, as follows: 


ow 
ae 0) =0 (6) 
V,(a,0)=0 . (7) 


From Eqs. (6) and (7) yield the following: 


ow 
Gp (9) =0 (8) 


C) 10(10wW 1 ow 
-o| 2vwsa-yi Soe 5 |-0 (9) 


From Eqs. (5), (8) and (9), we derived the following: 


J 
— 
. | (10) 
2 n 
jt [aot [B= MA 
aad aa = 2 = 2 £ 
le 12a] 34-40 oo » | we ae 


Ian = mA (Ce) eas Ji CA, VJ ie = KD ) oh J-2 Cun Sua = n+3 Cnn ) oe J, inn ); 
Ip, = Det Qcnn ) + La Onnmdit pa 7 42 (Crm ) a I,,-2 Ca Vil; = 243 un ) ra Is Cnn) 


The frequency equation.can be calculated From Eqs. (10) and (11), which allows determining eigenvalues A.,,, . 
The mode shape parameters C,,, can be determined corresponding to these eigenvalues by using either Eq. (10) or 
Eq. (11). The amplitude of each vibration mode in Eq. (5) is set by the normalization constant 4,,, determined from 
the following, condition [14]. 


2x 


J [W.2(0.9).I7,,(r,0yrdrd = My 3 npn (12) 
00 


where, M,_ is a mass of the plate, 5,,, =6,, =1 if m= p,n=q and 5,,5,, =0 if m# por n#q. 
Dimensionless normalization constant A, can be determined from Eqs. (5) and (12) and it is given by 
following: 


4, {eT (*=!).c_1,(22)} cos] “ni (13) 


© 20121AU, Arak Branch 


XXX L, B. Raoand C. K, Rao 


In Eq (4), @,,, is the natural frequency of vibrations: 


x 2 
(*) * (14) 


It is clear from the Eq. (14) the natural frequency of vibrations is dependent on the plate radius and eigenvalues 
from Eq. (14) 


" ic pha‘e,, 

m = ’ (5) 

1 te pha‘o,, K,a' _pha‘o,,,” 2 ° 

eB 5 CS | (16) 
where 

2 _ K,a’ 

hoe (17) 

i =A. +6? 

¢ 4 2 4 
wn aL +E | ; (19) 


where ),, is eigenvalue without foundation and idl is eigenvalue with Winkler foundation 


3 SOLUTION 


Writing appropriate program and using Matlab computer software with symbolic capabilities, the above set of 
equations are solved for obtaining yalues of non-dimensional frequency parameter (i,,,”), for a given range of 


values Winkler foundation parameter; The following are the input parameters to the program; (i) Foundation ratio 
(& ) (ii) Poisson ratio (v ) (iii) Upper bound for eigenvalues (N) (iv) Suggested for eigenvalues (d) (v) Number of 


mode shape parameters'(n). The program finds eigenvalues 4,” by using Matlab root finding function. 


4 RESULTS AND DISCUSSIONS 


The Matlab programming code is also implanted for various plate materials by adjusting the Poisson ratio.The 
Poisson ratio used in this case is 0.3. Results are presented for a wide range of foundation parameter as they are not 
presently available in the literature. The eigenvalues for the plate with guided edge and fully resting on the elastic 
foundation are computed. The effects of the foundation stiffness ratios on eigenvalues are plotted in Fig. 2. It has 
been observed from Fig. 2, that eigenvalues increases with an increment in the foundation stiffness ratio, and the 
plate become unstable in the region when the foundation stiffness ratio exceeds a certain value. Twelve vibration 
modes are presented in Fig. 2. The smoothened stepped variation is observed in Fig. 2. The stepped region increases 
with increase in foundation stiffness ratio and vibration modes. The location of the stepped region with respect to & 


changed gradually from the range of o.oss743lia sees72ft 1.053192 [14.67192] to 2 [9.91694] — 1.9966 [15.3779]. 
Here‘ represents foundation stiffness ratio and’represents eigenvalues through out the text. The eigenvalues for 
different plate materials, for various values of foundation parameters are computed and the results are given in Table 
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1. It is observed that for any value of foundation parameter ( € ), eigenvalues are independent on Poisson ratio, as 
presented in Fig. 3. 


Fig.2 
® Effect of Foundation constraint, & on,eigenvalues, A.,,, . 
Table 1 
Eigenvalues for different Poisson’s ratio and foundation parameter = 
Y a | €=50 —=100 —=1000 E=1le+04 E=le+05 
0 3.83614 7.2188 10.053 31.62448 100.0001 316.22777 
0.1 3.83614 7.2188 10.053 31.62448 100.0001 316.22777 
0.2 3.83614 7.2188 10.053 31.62448 100.0001 316.22777 
0.3 3.83614 7.2188 10.053 31.62448 100.0001 316.22777 
0.4 3.83614 7.2188 10.053 31.62448 100.0001 316.22777 
0.5 3.83614 7.2188 10.053 31.62448 100.0001 316.22777 


—e— 1 
—O— £50 
S 
3 —a— &100 
3 
z - = % = -&100 
& 0 
w 
—*— E1e+ 
04 


—o— Fiet Fig.3 
Effect of Poisson ratio, v on eigenvalues, 2,,, . 


5 CONCLUSION 


The. paper introduced a Matlab code for eigenvalues, of a circular plate with guided edge supports and resting on 
Winkler foundation. Two-dimensional plots of eigenvalues were drawn for different values of foundation stiffness 
ratios. It has been observed that the eigenvalues changes desperately only in a limited range of constraints specific to 
each vibration mode and are stable elsewhere. By knowing the position of the region where eigenvalues change 
rigorously is rudiment for structural design in the field of civil, marine, mechanical and aeronautical engineering 
applications and vibration control. It is also observed that the influence of foundation stiffness ratio on eigenvalues 
is more predominant. 
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This article presents the exact elastic buckling of annular plates with elastically 
restrained edges against rotation and translation at inner and outer periphery. The 
classical plate theory is used to derive the governing differential equation for annular 
plate with elastically restrained edge support system. The buckling mode may not be 
axisymmetric as previously assumed. In certain cases, an asymmetric mode would yield 
a lower (critical) buckling load. This is due to switching of mode. This work presents 
the critical buckling load parameters for axisymmetric and asymmetric buckling modes. 
Extensive data is tabulated so that pertinent conclusions can be arrived at on the 
influence of rotational and translational restraints, Poisson’s ratio and other boundary 
conditions on the buckling of uniform isotropic annular plates. The numerical results 
obtained are in good agreement with the previously published data. In this article, 
the characteristic equations are exact; therefore, the results can be calculated to any 
accuracy. 


Keywords: Annular plate; Buckling; Elastically restrained edge; Mode switching; Rotational restraint; 
Translational restraint. 


INTRODUCTION 


Annular plates are key common structural components used in mechanical 
design, turbines, tanks, micro pumps, disc brakes, nuclear reactors, air crafts, 
submarines, etc. The prediction of buckling of structural members restrained 
laterally is important in the design of various engineering components. Several 
researchers under various loading and boundary conditions have considered the 
axisymmetric buckling of elastic annular plates. The earlier works based on the 
classical thin plate theory was done by Kawamoto (1936), Iwato (1939), Yamaki 
(1959), Mansfield (1960), Timoshenko and Gere (1961), Pflueger (1964), and 
Majumdar (1971). Laura et al. (2000) investigated the elastic buckling problem of 
the aforesaid type of annular plates, who modeled the plate using the classical thin 
plate theory. They have considered only axisymmetric modes. 
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Figure 1 Buckling of an annular plate with elastically restrained edges against rotation and translation. 


However, in practical industrial engineering situations, we rarely come across 
ideal boundary conditions such as clamped, simply supported, and free. It is an 
accepted fact that the condition on a periphery often tends to be in between 
the classical boundary conditions (clamped, simply supported, and free) and may 
correspond more closely to some form of elastic restraints, i.e., rotational and 
translational restraints (Kim and Dickinson, 1990; Wang and Wang, 2001). Very 
few researchers have considered the effects of rotational and translational restraints. 
Further, these authors, Kim and Dickinson (1990) and Xu et al. (2005), have 
considered only axisymmetric buckling, which may not lead to the correct buckling 
load. There seems to be only one article (Lokavarapu and Chellapilla, 2011) in the 
literature studying the vibration of annular plate with elastically restrained guided 
edge against translation at the inner and outer edges. In certain cases, asymmetric 
mode would yield a lower buckling load. It complements the mentioned article 
(Lokavarapu and Chellapilla, 2011) by studying the buckling of annular plate with 
elastically restrained edges against rotation and translation. The purpose of the 
present work is to complete the results of the buckling of annular plates when the 
edges are elastically restrained against rotation and translation by including the 
asymmetric buckling modes, thus correctly determining the buckling loads. 


DEFINITION OF THE PROBLEM 


Consider a thin circular annular plate of outer radius R, and inner radius bR, 
uniform thickness h, Young’s modulus £, and Poisson’s ratio v. It is subjected to 
a uniform in-plane load, N along its boundary i.e., along the inner edge at r = b, 
and along the outer edge at r = 1, as shown in Fig. 1. This circular annular plate is 
assumed to be made of linearly elastic, homogeneous, and isotropic material and the 
effects of shear deformation and rotary inertia are neglected. The outer and inner 
edges of the annular plate are elastically restrained against rotation and translation 
as shown in Fig. 1. The problem here is to determine the elastic critical buckling 
loads of an annular plate with outer and inner edges that are elastically restrained 
against rotation and translation. 


FORMULATION OF THE PROBLEM 


Annular plate is elastically restrained edge against rotation and translation at 
outer edge of radius R and at inner edge of radius bR. The annular plate under 
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consideration is subjected to a uniformly distributed in-plane load N, along the 
inner edge r= b and along the outer edge r= 1, as shown in Fig. 1. Let the 
subscript I denote the inner region 0 <7 < b and the subscript II denote the outer 
region b <7 < 1. Here, all lengths are normalized by R. Based on the Classical Thin 
Plate theory (Kirchhoff’ theory), the governing fourth order differential equation for 
elastic buckling of an annular plate may be expressed in polar coordinates (r, 0) as 


DV‘w+ NV’w = 0 (1) 


where w is the lateral displacement, D is the flexural rigidity, N is the uniform 
compressive load at inner and outer edge. After normalizing lengths by the radius 
of the plate R, Eq. (1) can be written as 


DVw+kRVw=0 and (2) 
V2(V2 +k) = 0 (3) 


where the Laplacian operator, 


OP AG Ae 
+==+ (4) 


V= 
i 


where 7 is the radial distance normalized by R. D = Eh?/12(1 — v’) is the flexural 
rigidity, w = w/R, is normalized transverse displacement of the plate. k? = R?N/D 
is non-dimensional load parameter. Suppose, there are n nodal diameters. In polar 
coordinates (r, 0) set 


w(7, 0) = u(7) cos(nd) (5) 


where n is the number of nodal diameters. The general solution for the governing 
buckling equation may be expressed as 


eae 


logr 
iy (1) = CyJy( KF) + Ca¥ (KF) + C37" + Cy | = | (6) 
Substituting Eq. (6) into Eq. (5) gives the following: 
Pa e : 2 logy 
w,(r, 0) = | Cy, (kr) + CY, (kr) + Csr" + Cy, ¢ | cos(n@) (7) 
r 


where top form of the Eq. (7) is used for n = 0 (symmetric) and the bottom form 
is used for n 40 (asymmetric), C,, C,, C,, & C, are constants, J,(-) & Y,(-) are 
the Bessel functions of the first and second kinds of order n, respectively. Let the 
subscript I denote outer domain b <7 <1 and the subscript II denote the inner 
domain 0 <7 < b. 


Case (i): Outer edge of annular plate is elastically restrained against rotation 
and translation 
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The boundary conditions at outer region of the annular plate in terms of 
rotational stiffness (K,,) and translational stiffness (K,,) is given by the following 
expressions: 


M,(r, 0) = < and (8) 
V(r, 0) = —Ky,w,(7, 9) (9) 


The radial moment and the radial Kirchhoff shear at outer edge are defined 
as follows: 


(10) 


.0=-2 [avn ran se p(izaeo 1 on.) (11) 


Ow, (7, 0) me 0,(F.0) 1 Pay, »)] oy 


or? r or r2 rales 


M,(P, 0) =~ =| 


Equations (8) and (10) yields the following: 


Ow, (7, 0) 1 0w,(7,0) 1 @w,(7, 0) Kp, R? Ow, (7, 0) 
= 12 
| oT (; Fe? ) Dee ee 
Ow, (7, 0) 1 0w, (7,0) 1 @w,(7, 0) Ow,(r, 0) 
=-—R 1 
ae (; i )| ar; (3) 
where R}, = Kak 
Equations (9) and (11) yields the following: 
é 1m, (7,0) 1 dw, (7, 0) 
Vv 0)+(1 d i— 
E iF.) +0 Wz 30 ae 00D ) 
Kok 
= —" (7,0) and (14) 
D 
iene of. 1 w,(7,0) 1 dw, (7, 0) 
—_yVy fa 1 I I 
E AS) =a Ty a) 
= T,w,(7, 0) (15) 
where T,, = cae 


Boundary conditions at the outer edge: Eqs. (7), (13), and (15) yield the 
following at r = 1: 


k eo, 
[Set 5 (v+ Ry) Pi — (SF +) 40] 
k? k k? 
ae 2 a 5 (v+ Ry) Q) — (5 a wn’) Y, (| C; 


(v+ Ry) — 1 = 
+[n(n— I —v+R,)IG+ hee ye oa C,=0 (16) 
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a ke 3 KP? 
[FPt reg 5 (Getee-4i)r+("G-9-F-7,)40]6 


ke ke k (3 k? 
+ [50+ 50-5 (e+ O-») +1) 0.4 (PG-y- 5-7) ne, 


n(2— 
+ [n°(n lv-—n? T;;| C; ae “ . ie < a Cy = 0 (17) 


where 


Py = Jn Ck) — Sng (Ks Po = Sunk) + Snok)s P33 = Jn_3(k) — Sngs(h)s 
Q) = Yi-(k) — Yusi(k)s Qo = Yn_2(kK) + Ynao(k)s  Q3 = Yn-3(K) — Yaa3(k)s 


Case (ii): Inner edge of annular plate is elastically restrained against rotation 
and translation 

The boundary conditions at inner region of the annular plate in terms of 
rotational stiffness (K,,) and translational stiffness (K;,) is given by the following 
expressions: 


a, (7, 0 

M,(7, 0) = =k) and (18) 
r 

V(r, 0) = Kp2w,(7, 9) (19) 


The radial moment and the radial Kirchhoff shear at outer edge are defined 
as follows: 


Ow, (7, 0) ra (; 0w,(7, 0) oe 1 Pw, (7, >| aid (20) 


D 
M,(7, 0) = 
wee al ar 7 OF PAP 


Ow, (7,0) 1 dw, (7, »)) Bis 


; Die <>. 
a ia ar VG va (F arog Cw2~SS«OO 


Equations (18) and (20) yields the following: 


Ow, (F, 8) Ow, (F,0) 1 Pw, (7,0)\] _ KpR? 00, (7, 0) 
k or2 TY €E Or + 72 002 = D Ape and (22) 
Ow, (F, 0) 1 6w,(7,0) 1 &w,(7, 8) ow, (Fr, 0) 
= R,——— 2 
I< ar? to a Oo op ) 
where R,, = Keak 


Equations (19) and (21) yields the following: 


Cw, (7,0) 1 ew, (7, »)) 


a 
vi, (F, #) + (1 
E me Ac ar00 SOOO 


Ky»R 
=— = (7,0) and (24) 
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iene 1 &i,(7,0) 1 div, (7, 8) 
—vV? d+ t a 
E WEE mG ar00 OO ) 
= —Tyw,(7, 9) (25) 
where T,, = 


Boundary conditions at the inner edge: Eqs. (7), (23), and (25) yields the 
following at 7 = b: 


ke kv ; ke whe 
gets (G— Rn) Pi (+ Te) kD) | Ci 


Ke ew ; ke vn? 
+ FZ + 5 (; = Rn) QO! - (5 TF *) Y, (| C, 


+ [n((n— 1)(1 — v) — bRy) bb" 7] Cy 


Ky R3 
apa 


{ 1 5 } 
" a [vl — n? log b) — 1 — bR,y| C,=0 (26) 
n[(n + I) — v) + Ryb 23] Br? 
Bo wR k/3 4 W(2—v41\_, 
[Feta 5 (Ge + 7 yp 
ae), ke 
+ a ob + Ty J, (kb) C, 
P35 eae tes 
+ Q,+ 5 »-5 (34 +; p Q, 


k2 
+ aie T) y, () Je, + b-3 [n(n — I)(v— 1) + Tb] C, 


2b 


(“a 
[5 
on no-n 
io 


) 
— 2) + (3 —v)logb] + Tn logb\ co, _ 9 (27) 
wil —v)\1+n)+ Ligh 


where R3 = = Krak The top forms of Eqs. (16), (17), (26), and (27) are 
used for n = 0 (axisymmetric buckling) and the bottom forms are used for n = 1 
(asymmetric buckling). 


SOLUTION 


For the given values of n,v, Ry,;, 7}, Rx», T» the above set of equations, 
gives an exact characteristic equation for non-trivial solutions of the coefficients 
C,, Cy), C; & C,. For non-trivial solution, the determinant of [C],,.. vanish. Using 
Mathematica, computer software with symbolic capabilities, solves this problem. 


RESULTS AND DISCUSSIONS 


The buckling load parameters are computed for various internal radii 
parameter b, rotational restraints R,,; & R» , and translational restraints T,,; & 
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Table 1 Buckling (n = 0 for axisymmetric mode and n= 1 for asymmetric mode) load parameters for 
different values of rotational spring stiffness parameter, R,; when Ry, = T,, = Ty = 10 & v=0.3 


Ry, = 0.001 Ry, = 0.5 Ry, = 10 Ri, = 100 Ri, = 106 


b [n=0] [n=1] [n=0] [n=1] [n=0] [n=1] [n=0] [n=1] [n=0] [n= ]] 


0 2.04986 3.62455 2.31751 3.59525 3.48925 3.44977 3.79385 3.39892 3.83184 3.39151 
0.1 2.51953 3.61866 2.78811 3.59001 3.8877 3.44753 4.12692 3.39763 4.1552 3.39031 
0.2 2.99333 3.58958 3.27022 3.56392 4.34119 3.4357 4.54703 3.39022 4.57077 3.38357 
0.3 3.51119 3.62308 3.80159 3.59318 4.87509 3.44719 5.06483 3.39696 5.08641 3.3897 

0.4 4.13835 3.84455 4.44833 3.78725 5.56585 3.52598 5.75441 3.44494 5.77562 3.43351 
0.5 4.98519 4.36757 5.3215 4.23568 6.53843 3.69098 6.74155 3.54591 6.76439 3.52633 
0.6 6.26967 5.38856 6.63843 5.08783 8.02657 3.9823 8.26475 3.7346 8.29143 3.70257 
0.7 8.49521 7.31271 8.90093 6.65936 10.5599 4.54645 10.866 4.13491 10.9003 4.08295 
0.8 13.1593 10.9636 13.6063 9.61489 15.7092 5.85539 16.1575 5.14108 16.2076 5.04988 
0.9 27.7673 17.7729 28.2712 15.8321 31.306 = 9.88109 32.1917 8.44441 32.2919 8.24751 


T,,. Poisson’s ratio used in these calculations is 0.3. The critical buckling load 
parameters, k (n=0 for axisymmetric mode and n= 1 for asymmetric mode) 
for various rotational restraint at outer edge (R,, = 0.001, 0.5, 10, 100 & 10!°), by 
keeping rotational restraint, R,. and translational restraints (T,;, & T,,), constant 
(Rx = T,; = Tx» = 10), are presented in Table 1. Figures 2 and 3 show the variations 
of buckling load parameters, k (n = 0 for axisymmetric and n = | for asymmetric 
buckling load parameters), with respect to the inner radii of annular plate b. 

It is observed from Fig. 2, which is for a given value of R,, = 0.001 and 
Ry = T,; = Ty, = 10, the curve is composed of two segments. This is due to the 
switching of buckling modes. For a smaller internal radius b, the plate buckles in 
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Figure 2 Buckling Load Parameter k, versus internal radius parameter b, for R,,; = 0.001 & 0.5 and 
Ry = Ti, = Tx = 10 (n= 0 for axisymmetric mode and n = 1 for asymmetric mode). 
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an axisymmetric mode (1.e., n = 0). In this segment (as shown by continuous lines 
in Fig. 2), the buckling load decreases as b decreases in value. For larger internal 
radius b, the plate buckles in an asymmetric mode (i.e., 1 = 1). In this segment 
(as shown by dotted lines in Fig. 2), the buckling load increases as b increases in 
value as shown in Fig. 2. The cross-over radius (switching of mode) is b = 0.32891 
ie., the buckling is governed by the axisymmetric mode n = 0 when b < 0.32891. 
When b is increased beyond 0.32891, the n = 1 asymmetric mode gives the correct 
lower buckling load. Figure 2, shows the variation of buckling load parameter k, 
with respect to the internal radius parameter b, for a given value of R,, = 0.5 
and R,, = T;, = T,, = 10. Similarly, it is observed from the Fig. 2, the curve is 
composed of two segments. This is due to the switching of buckling modes. The 
cross-over radius (switching of mode) is b = 0.2598 and the corresponding buckling 
load is k = 3.5777. The buckling is governed by the axisymmetric mode n = 0 when 
b < 0.2598. When b is increased beyond 0.2598, the n = 1 asymmetric mode gives 
the correct lower buckling load. The cross-over radius parameter decreases from 
0.32891 to 0.2598 as R,, increased from 0.001 to 0.5. 

Figure 3, represent the variation of buckling load parameter k, with respect 
to the internal radius parameter b, for a given values of R;,; = 10 & 100 and 
Ry = T;, = Ty, = 10. It is noticed that the buckling is completely governed by 
asymmetric mode n = 1 (as shown by dotted lines in Fig. 3) and the buckling load 
increases as b increases in value as shown in Fig. 3. 

The buckling load parameters k, (n = 0 for axisymmetric mode and n = | for 
asymmetric mode) for various rotational restraint at inner edge (Rx = 5, 10, 100 
& 10'°), by keeping rotational restraint R,,, and translational restraints T;,; & Ty, 
constant (R,, = T,; = Ty) = 10), are presented in Table 2. Figures 4 and 5 show the 
variation of buckling load parameter k, with respect to the internal radii parameter 
b, for various values of rotational restraint at inner edge (R,, = 5, 10, 100 & 10!°) 
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30 —o— R11=10&R22=T11=T22=10[n=0] 
fy + +--+ + R11=10&R22=T11=722=10[n=1] 
s 25 
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= 
¥ 10 | 
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Internal Radius Parameter, b 
Figure 3 Buckling load parameter k, versus internal radius parameter b, for Rj; = 10 & 100 and Ry = 


T), = Ty = 10 (n= 0 for axisymmetric mode and n= 1 for asymmetric mode). 
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Table 2 Buckling (n = 0 for axisymmetric mode and n= 1 for asymmetric mode) load parameters for 


different values of rotational stiffness parameter, R,, when R,; = T,; = Ty = 10 & v=0.3 
Ry = 5 Ry = 10 Ry = 100 Ry = 10° 
b [n = 0] [n = 1] [n = 0] [n = 1] [n = 0] [n = 1] [n = 0] [n = 1] 
0 3.49222 3.44977 3.49222 3.44977 3.49222 3.44977 3.49222 3.44977 
0.1 3.90492 3.44753 3.8877 3.44753 3.85306 3.44753 3.84652 3.44753 
0.2 4.39615 3.4357 4.34119 3.4357 4.26147 = 3.4357 4.2497 3.4357 
0.3 4.96969 3.4472 4.87509 3.44719 4.75846 3.44709 4.74284 3.44709 
0.4 5.69734 3.52668 5.56585 3.52598 5.41979 3.52538 5.40122 3.52538 
0.5 6.7049 3.69497 6.53843 3.69098 6.3665 3.68738 6.34538 3.68698 
0.6 8.23157 3.99995 8.02657 3.9823 7.82619 3.96595 7.80225 3.96415 
0.7 10.8202 4.61191 10.5599 4.54645 10.3167 4.48418 10.2881 4.47711 
0.8 16.0813 6.06545 15.7092 5.85539 15.379 5.63833 15.3406 5.61234 
0.9 32.0635 10.4926 31.306 9.88109 30.7084 9.12756 30.6393 9.02702 


and Ry, = T,, = Tx» = 10. It is noticed from Figs. 4 and 5, the buckling is completely 
governed by asymmetric mode n = | (as shown by dotted lines in Figs. 4 and 5) 
irrespective of R,,. The buckling load increases as b increases in value as shown in 
Figs. 4 and 5. 

The buckling load parameters for axisymmetric and asymmetric modes and 
for various translational restraint at outer edge T,,, and keeping constant rotational 
restraints R,, & R,), and translational restraint at inner edge T,,, (Rj, = R» = Ty = 
10), are presented in Table 3 and graphically in Figs. 6 and 7. It is observed from 
Figs. 6 and 7, the buckling is completely governed by asymmetric mode n = | (as 
shown by dotted lines in Figs. 6 and 7). 
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Figure 4 Buckling load parameter k, versus internal radius parameter b, for Ry = 5 & 10 and Rj, = 
T,, = Ty = 10 (n =0 for axisymmetric mode and n= 1 for asymmetric mode). 
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Figure 5 Buckling load parameter k, versus internal radius parameter b, for Ry = 100 & 10!6 and 
Ry, = Ty) = Tx = 10 (n= 0 for axisymmetric mode and n = 1 for asymmetric mode). 


It is observed from the Fig. 7, which for a given value of 7,;, = 100 and 
Ry, = Ry» = Ty = 10, the curve is composed of two segments. This is due to the 
switching of buckling modes. For a smaller internal radius b, the plate buckles in 
an axisymmetric mode (i.e., 2 = 0). For larger internal radius b, the plate buckles 
in an asymmetric mode (i.e., 2 = 1). The cross-over radius (switching of mode) is 
b = 0.2598. The buckling is governed by the axisymmetric mode n = 0 when b < 
0.2598. When b is increased beyond 0.2598, the n = 1 asymmetric mode gives the 
correct lower buckling load. Similarly, Fig. 7, shows the variation of buckling load 
parameter k, with respect to the internal radius parameter b, for a given value 
of T;; = 10'° and Ry; = Rx» = T = 10. It is observed from the Fig. 7, the curve 


Table 3 Buckling (n = 0 for axisymmetric mode and n= 1 for asymmetric mode) load parameters for 


different values of rotational stiffness parameter, 7), when R), = Ry» = Ty = 10 & v=0.3 
T,=5 T,; = 10 T,; = 100 T,; = 10!% 
b [n = 0] [n = 1] [n = 0] [n = 1] [n = 0] [n = 1] [n = 0] [n = 1] 
0 3.49321 2.87535 3.49222 3.44977 3.49133 4.60625 3.49123 4.71989 
0.1 3.95424 = 2.87429 3.8877 3.44753 3.82302 4.59288 3.81549 4.70422 
0.2 4.43535 2.86931 4.34119 3.4357 4.24301 4.53024 4.23112 4.63398 


0.3 4.98857 2.88079 4.87509 3.44719 4.74727 4.56924 4.73103 4.68091 
0.4 5.70569 = 2.94169 5.56585 3.52598 5.39511 4.82865 5.37225 4.97532 
0.5 6.72291 3.07497 6.53843 3.69098 6.29576 5.34558 6.26151 5.57066 


0.6 8.28941 3.32444 8.02657 3.9823 7.65985 6.20393 7.6055 6.59859 
0.7 10.976 3.82623 10.5599 4.54645 9.96414 7.66448 9.87266 8.44754 
0.8 16.5391 5.00498 15.7092 5.85539 14.6039 10.5826 14.433 12.3933 


0.9 - 8.60323 31.306 9.88109 28.3987 18.9687 27.9788 24.9593 
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Figure 6 Buckling load parameter k, versus internal radius parameter b, for 7), =5 & 10 and R,, = 
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Ry = Toy = 10 (n = 0 for axisymmetric mode and n = | for asymmetric mode). 


is composed of two segments. This is due to the switching of buckling mode. 
The cross-over radius (switching of mode) is b = 0.28855 and the corresponding 
buckling load is k = 4.6901. The buckling is governed by the axisymmetric mode 
n = 0 when b < 0.28855. When b is increased beyond 0.28855, the n = 1 asymmetric 
mode gives the correct lower buckling load. The cross-over radius parameter 


increases from 0.2598 to 0.28855 as T,, increased from 100 to 10!°. 
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Figure 7 Buckling load parameter k, versus internal radius parameter b, for T,, = 100 & 10!° and 
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Ry = Ry = Ty = 10 (n = 0 for axisymmetric mode and n= 1 for asymmetric mode). 
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Table 4 Comparison of critical buckling load parameter k, with Yamaki (1958) for an annular plate 
with both edges simply supported and Poisson’s ratio = 0.3 


b 0 0.1 0.3 0.5 0.7 0.9 
Yamaki (1958) - - 4.75 6.40 10.52 31.43 
Present 4.40089 4.20507 4.74929 6.40088 10.5231 31.4292 


Table 5 Comparison of critical buckling load parameter k, with Yamaki (1958) for an annular plate 
with outer edge clamped and inner edge simply supported and Poisson’s ratio = 0.3 


b 0 0.1 0.3 0.5 0.7 0.9 
Yamaki (1958) - - 7.06 9.42 15.31 45.20 
Present 6.64775 6.30692 7.05846 9.416 15.3047 45.199 


The cross-over radius decreases at lower values of R,,. The critical buckling 
load is completed governed by asymmetric mode n=1 at higher values of 
R,,. The critical buckling load is corresponding to n = 1 mode irrespective of R,). 
The critical buckling load is corresponding to n = 1 mode at lower values of T),. 
The cross-over radius increases at higher values of 7,,. The results of this kind 
were scarce in the literature. However, the results are compared with the following 
cases: (i) Table 4 presents the comparison of critical buckling load parameters k, 
for the annular plate with both edges simply supported (by setting the rotational 
translational restraints with R,,; = 0 & T,, > oo at outer edge and R,, = 0 & T,, > 
oo at inner edge), against those obtained by Yamaki (1958); (ii) Table 5 presents 
the comparison of critical buckling load parameters k, for an annular plate with 
outer edge clamped and inner edge simply supported (by setting the rotational 
and translational restraints with R,;,; ~ co & T\,; > o at outer edge and R, =0 
& Ty, — oo at inner edge), against those obtained by Yamaki (1958); (iii) Table 6 
presents the comparison of critical buckling load parameters k, for an annular plate 
with both edges clamped (by setting R,;,; > 0 & T;,; > ~ and R,,=0 & Ty > 
oo in the present problem), against those obtained by Yamaki (1958); (iv) also, the 
results of cross-over radius and the corresponding buckling load parameters for an 
annular plate with elastically restrained guided edges against translation (by setting 
R,, > © & Ry — oo at both the edges in the present problem), are compared 
with the results obtained by Lokavarapu and Chellapilla (2011). The optimal ring 
support is affected by the rotational stiffness parameters, translational stiffness 
parameters. However, it is observed that the influence of rotational spring stiffness 


Table 6 Comparison of critical buckling load parameter k, with Yamaki (1958) for an annular plate 
with both edges clamped and Poisson’s ratio = 0.3 


b 0 0.1 0.3 0.5 0.7 0.9 


Yamaki (1958) - - 9.06 12.59 20.96 62.84 
Present 6.64775 7.11484 9.02078 12.5861 20.9524 62.834 
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parameters on buckling load is much more predominant than that of translational 
spring stiffness parameters. 


CONCLUSIONS 


The buckling of thin annular plates with an elastically restrained edge against 
rotation and translation has been solved. Critical buckling loads are given for 
various rotational and translational spring stiffness parameters [R,,, Ro», T,, & To] 
at the edges that simulate the rotational restraints, where R),, Ry», Ty, & Tx > 
oo, represents a clamped edge and R,, & Ry» 70 & T,; & Ty» > ow, represents 
a simply supported edge. Also, the buckling loads are given for axisymmetric and 
asymmetric modes. It has been observed that the buckling mode switches from 
asymmetric to axisymmetric at a particular internal radius parameter. This cross- 
over radius depends on the rotational and translational restraints. The cross- 
over radius parameter decreases from 0.32891 to 0.2598 as Rj, increased from 
0.001 to 0.5. The cross-over radius parameter increases from 0.2598 to 0.28855 
as T,, increased from 100 to oo. The fundamental buckling may be asymmetric, 
axisymmetric, or a mixture of both. In this article, the characteristic equations are 
exact; therefore, the results can be calculated to any accuracy. These exact solutions 
can be used to check numerical or approximate results. The tabulated buckling 
results are useful to designers in vibration control, structural monitoring and design. 


NOMENCLATURE 


h Thickness of a Plate 

R___ Radius of a Plate 

b Non-dimensional inner radius of Annular Plate 

v Poisson’s ratio 

E ~~ _Young’s Modulus of a material 

D Flexural Rigidity of a Material 

Kp, Rotational Spring Stiffness at outer Edge 

K;, Translational Spring Stiffness at outer Edge 

Kr, Rotational Spring Stiffness at inner Edge 

K;, Translational Spring Stiffness at inner edge 

R,, Non-dimensional Flexibility Parameter at outer Edge 

T,, _Non-dimensional Translational Flexibility Parameter at outer Edge 
R,, Non-dimensional Rotational Flexibility Parameter at inner Edge 
T,, Non-dimensional Translational Flexibility Parameter at inner edge 
N Uniform in-plane compressive load 

k Non-dimensional Buckling Load Parameter 
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Abstract. The paper deals with dynamic stability and natural frequency of composite corrugated 
bellows expansion joint. In this simplified formulae are developed by a thin walled pipe model. The 
dynamic model determined by integration method. According to the EJMA formulae the torsional 
stability calculation is modified using two different equivalent radii. The torsional natural 
frequencies are calculated using the formula based on equivalent thin walled pipe model. The 
modified formulae are verified by those from a finite element model and good agreement is shown 
between the simplified formulae and the finite element model. 


Introduction 


Broman et al. [6] have calculated axial, transverse and torsional natural frequencies of bellows 
using finite element analysis (FEA). They suggested the further research work should be the 
torsional characteristics of bellows. The most comprehensive and widely accepted standards on 
corrugated bellow design are the standards of the Expansion joint manufacturing association 
(EJMA) [1]. Comparison of the results between the EJMA standards and finite element analysis or 
experimental work can be found in the literature. The dynamic behavior of the bellow has been 
studied, mainly concentrated on axial and transverse vibrations. M. Radhakrishna et al. [7], 
Jakubaukas and Weaver [4] have studied axial vibrations of bellows. EJMA [1] and Li et al. [5] 
have studied both the axial and transverse vibrations of bellows by considering the effect of rotary 
inertia in the beam model. 

This paper develops simplified formulae for calculating torsional natural frequency of bellows. To 
calculate the torsional natural frequency of the bellows using a thin walled pipe model, its torsional 
stiffness and equivalent radius need to be determined. The EJMA standards have provide a simple 
formula of torsional stiffness calculating of bellows, in which a bellow is extended in its 
convolution root diameter to form an equivalent thin-walled pipe model. However, errors arise 
using this formula. In this paper the torsional stiffness of bellows is calculated using Chine’s [2] 
integration method. The error source in the EJMA formulas is analyzed and two modified formulae 
are developed in this paper for torsional stiffness and natural frequency are verified by comparison 
with result from the FEA model. 


Torsional natural frequency 


The U-shaped bellow is composed of several circular ring shells, inverse circular ring shells and 
ring plates. The outer and inner radii of the bellows are represented by R, and R; respectively. The 
rotating radii of the circular ring shell and inverse circular ring shell are represented by R; and R2 
respectively, and are also outer and inner radii of the ring plate. The convolution crown and root 
radii are represented by R, and R, respectively. The convolution height is represented by h. for 
most of the bellows can be regarded as a thin walled straight pipe for simplicity in analysis. Li et al. 
[5] have analyzed axial vibrations of bellows using a straight pipe of model. Broman et al. [6] have 
calculated axial, lateral and torsional natural frequencies of bellow using the pipe model with 
unchanged torsional and axial stiffness in FEA. 
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1 Equivalent thin walled pipe model 


This paper also uses an equivalent thin-walled pipe model to analyze torsional natural frequencies 
of bellows. Assuming that the thin-walled pipe has continuously and uniformly distributed mass, 
the differential for torsional vibration is given by Weaver et al [3]. 


820 Gp 020 
<2 =0 (1) 


Pp Ox? 


Where x is the axial coordinate, t is the time, 0 is the torsional angle, Gp is the shear modulus of 
elasticity and Py is the pipe density. The solution of the above differential equation can be given as 


§= (c sin—x + Dcos ix) (A cos wt + B sin at) (2) 
Where a = a the propagating speed of the torsional wave is, @; is the torsional frequency and 
p 


A, B, C and D are constants defined by the boundary conditions. 
Suppose that the torsional stiffness of the thin walled pipe is represented by Ky, the pipe mass by 
m, and the polar moment of inertia by I). 
Gplp 


Then Kp = — 2 Mp = P,27TRyL sp, Ip = 2mRpSp (3) (4) (5) 
p 


Where L is the pipe length, R, is the pipe radius and s, is the pipe wall thickness. 
The torsional natural frequency of the pipe under the three different boundary conditions can be 
calculated using the following formula 


One end is fixed and other end is freed (fixed - free). The boundary conditions are given as 


a0 
@x=0 = 0,(Z) = 0, 
Torsional natural frequency is f, = 4 = oe [= , Where(i=1,2,3...) (6) 
2n 2Rp Mp 


Its torsional stiffness K,, mass mp and equivalent radius Ry can be determined corresponding 
to Ky, mp and Ry of a thin walled pipe. 


2 Torsional stiffness of bellows. 


A bellow is a revolutional shell and its linear torsional deformation is axisymmetrical. The stress 
due to torsional deformation is also axisymmetrical. The circumferential and meridian angles are 
represented by 9 and respectively. The parallel circle radius represented by r and the meridian 
and the circumferential radii of curvature are represented by r; and rz respectively, an infinitesimal 
section a-b-c-d is taken from the inner force analysis as shown in fig | sides a-b and c-d are in the 
meridian direction and sides a-d and b-c are in the circumferential direction. The member forces are 
represented by Ni;, N22, Ni2 and Nz; where Nj» is equal to N>;. The flexural torques are represented 
by Mi1, M2, M2 and M2; where Mj» is equal to Mg). 


Chien [2] has developed the equilibrium equations for revolutional shell under torsional loading 
using the minimum potential energy principle. the equilibrium equations for torsion was a given as 


d 1d 
~ gq Nar’) a = do Maar’) = 0 (7) 
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Fig 1 Element 


It can be seen that only Nj2 and M2 have effects on the torsional deformation. According to the 
membrane theory, if the revolutional shell is thin enough, the effect of Mj. can be neglected 
compared with that of Niz the equation (12) can be simplified 


x (Nwzr’) = 0 (8) 


Based on the simplification, Chien’s [2] presented integration formulae for the torsional stiffness 
of the revolutional shell as 


T _ 7B(1-v) 


K = a = (Pie? Where K is torsional stiffness of a revolutional shell (9) 
ors ° 
T is the torsional moment, 0 is the torsional angle, B = = is the extensional stiffness, E and v 


are Young's modulus and Poisson's ratio respectively and s is the shell thickness. 

One convolution of a U-shaped bellow can be seen as a composed of one circular ring shell, on 
inverse circular ring shell and two ring plates. If the torsional stiffness of the circular ring shell 
section is K, and that of the ring plate and the inverse circular ring shell section are K, and K; 
respectively. The torsional stiffness of one convolution can be given as 


1 


eS 
7 1/K,+2/K2+1/K3 


(10) 


Fig.2a Sectional Bellow, 2b inverse circular ring 


The circular ring shell section is shown fig 2a. Where r; =R, and r = R,+R,sing. 
according to equation (9) is given as 


_ mB(1 — v) 
a Jo [Rc/(R1+Re sing) "dy (11) 


The ring plate section is shown in fig 2a.its a torsional stiffness K, is calculating using a 
torsional ring plate model and is given as 


_ mB(i-v) _ 2nB(1-v) 
Ka = (Rida, W7R23/R3 o) 


The inverse circular ring section is shown in fig 2b.where 
r,; = R; andr, =R,—R, sing. According to the equation (9), K3 is given as 
ae mB(1 — v) Ks mB(1-v)R3, 

.= 


fo [Rr/(R2—-Rr sin 9)*]d@” Por bellow Ky = n nmp[(a—2)(Re+Ry)+2h] ?) 
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Using above equations the torsional stiffness of one convolution can be calculated. The torsional 
stiffness of the hole bellow as given as where n is the number of convolutions. 


3 Bellows mass 


Assuming that the bellows mass is continuously distributed. It can be calculated by 


Mp = np, (Ai + 2A2 + Az)Sp (14) 

Where A,, Az and A; are the surface area of the circular ring shell section, the ring plate section 
and the inverse circular ring shell section respectively. p, is the bellow density and spis the bellow 
wall thickness. The three surface areas are given as follows 


A, = J, 2n(R, +R- sing) R, dg = 2n’RyR, + 4nR,”, Ay = (RY — R3) (15), (16) 


Az = J; 2n(Rz —R, sine) R, dg = 2n°R,R, — 4ar? (17) 


4 Equivalent radius of bellows 


Assuming the bellows is extended to a circular cylindrical shell with unchanged mass and wall 
thickness. The equivalent radius can be calculated as 
Ay+2A,+A3 


Re = Sao (RRO Pail (18) 


Usually, R¢ is not equal to the inner radius of bellows R;. That is to say the EJMA standards are 
used Rj as equivalent radius to calculate the torsional stiffness of bellows. Therefore selectingR;, as 
the equivalent radius may not be appropriate. In fact substituting R¢ for Rj in the euation (18) can 


be better result when verified by FEA. Broman et al. [6] have used the mean radius Ry = eros 


the equivalent radius in there FEA models. This is based on the assumption that the bellow mass 
can be considered as concentrating on the mean radius. This paper also uses Ry as another selection 
of the equivalent radius. 


ear 
If R¢ is selected as the equivalent radius, R¢ = eer (19) 


The torsional natural frequency of bellow is there given as 


f= %= 2° [Where (i=1,2,3...)(fixed-free) (20) 


27 2R¢ Mp 


Substituting the values K,, mp, and Rg in the equation 20 yields 


_ o _ 1-05 nB(1—v)Rg Bee : 
{= =— ame RT ENG Where (i = 1, 2, 3 ...) (fixed-free) (21) 


Result discussion: 


According to Chien's [2] integration method, torsional stiffness of bellow can be calculated by 
sectional integration, but this is somewhat inconvenient. This paper has simplified by two simple 
formulae for the equivalent radius calculation in the order to modify the EJMA formula for 
torsional stiffness calculations. The torsional stiffness and natural frequency of a specimen bellows 
have been calculated using the modified EJMA formulae, Chine’s [2] integration method and 
equivalent thin walled pipe model. The results are compared with those from the FEA model. 
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Table 1 Torsional natural frequencies of composite specimen [Hz] 


Methods used 
Condition Modes Integration Simplified FEA 
Re Ray Re Rn 
1 1489 1493 1498 1496 1505 
Fixed- free 2 4262 4280 4295 4282 4294 
3 6926 6967 6962 6982 6996 
4 9734 9754 9779 9774 9787 


It can be seen from the table that no matter whether R,, or Rr is used as the equivalent radius of 
torsional natural frequency calculated are in good agreement with those from FEA. The simplified 
method is enough to satisfy engineering requirements. 


Conclusion 


Torsional stiffness and natural frequency of bellows are studied in this paper. The torsional 
vibration frequencies of bellows are calculated using an equivalent straight thin-walled pipe model. 
The key point using this model is to determine the torsional stiffness the equivalent radius of a 
bellows. Good agreement has been shown among the results from the different methods. The 
modified EJMA formulae for the torsional stiffness calculation and the simplified formula for the 
torsional natural frequency calculation of bellows can be used in engineering, as they are simple and 
precise. 
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Frequencies of Circular Plates 
Weakened Along an Internal 
Concentric Circle and Elastically 
Restrained Edge Against 
Translation 


The present study deals with the derivation of an exact solution for the problem of obtain- 
ing the natural frequencies of the vibration of circular plates weakened along an internal 
concentric circle due to the presence of a radial crack and elastically restrained along 
the outer edge of the plate against translation. The frequencies of the circular plates are 
computed for varying values of the elastic translational restraint, the radius of the radial 
crack, and the extent of the weakening duly simulated by considering the radial crack as 
a radial elastic rotational restraint on the plate. The results for the first six modes of the 
plate vibrations are computed. The effects of the elastic edge restraint, the radius of the 
weakened circle, and the extent of the weakening represented by an elastic rotational 
restraint on the vibration behavior of thin circular plates are studied in detail. The inter- 
nal weakening due to a crack resulted in decreasing the fundamental frequency of the 
plate. The exact method of solution and the results presented in this paper are expected 
to be of specific use in analyzing the effect of a radial crack on the fundamental natural 
frequency of the circular plate in the presence of a translational restraint existing along 
the outer edge of the plate. These exact solutions can be used to check the numerical or 
approximate results. [DOI: 10.1115/1.4006938] 
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1 Introduction 


Circular plates are widely used as structural elements in many 
aeronautical, civil, mechanical, and marine applications. The 
vibration of circular plates is basic in structural design [1-3]. The 
literature on the vibration of circular plates with basic edge condi- 
tions and internal strengthening has been reviewed [4—7]. The 
study of free vibration and the natural frequencies of the vibration 
of cracked plates is essential for the detection of structural damage 
and also in solving the design analysis problems of mechanical 
systems. The natural frequencies of cracked elastic structures dif- 
fer considerably from their healthy counterparts and a comprehen- 
sive literature survey of research activities regarding the vibration 
problems of various structures with cracks is found in the work by 
Dimarogonas [8]. In the case of vibration problems of cracked 
rectangular plates, it has been very well known for a long time 
that the variations in natural frequencies and mode shapes are 
mainly due to the crack length variations. 

The initial contribution to the study of vibration problems of 
cracked rectangular plates was made by Lynn and Kumbasar [9], 
who solved the Fredholm integral equation of the first kind to 
numerically calculate the drop in the natural frequency of the 
vibration of plates due to cracking. Petyt [10] experimentally 
investigated the variation of the frequency of the fundamental 
mode due to crack length, the results of which have been verified 
against analytical results from the finite element formulation. A 
number of investigations were further carried out on the vibrations 
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of cracked plates by researchers such as Stahl and Keer [11], Hir- 
ano and Okazaki, [12], Solecki [13], and Yuan and Dickinson 
[14]. The vibrations of a cracked rectangular plate were investi- 
gated by Stahl and Keer [11] and Solecki [13] examined the prob- 
lem of the bending vibrations of a simply supported rectangular 
plate with a crack parallel to one edge by means of the finite Fou- 
rier transformation of discontinuous functions. 

By applying a domain decomposition method, Liew et al. [15] 
obtained the out-of-plane vibration frequencies of cracked plates, 
confirming the results found by Stahl and Keer [11] and Hirano 
and Okazaki [12], and presenting results for a wider range of 
crack length ratios. Furthermore, they examined a plate with a 
centrally-located internal crack and reported frequency crossings. 
Recently, for a square plate with an edge crack, Ma and Huang 
[16] reported variations in natural frequencies and associated 
mode shapes due to changes in crack length, based on both experi- 
ments and analysis using the finite element method. Ma and 
Huang [16] observed that the nonlinearity due to the crack closing 
effect has to be considered, especially for the in-plane bending 
case. Finite element modeling of cracked plates was studied by 
Qian et al. [17], deriving the element stiffness matrix of the plate 
by the integration of stress intensity factors. A numerical method 
based on the Rayleigh method for predicting the natural frequen- 
cies of a rectangular plate with a centrally located crack, including 
transverse shear deformation and rotary inertia, was presented by 
Lee and Lim [18]. Furthermore, Krawczuk [19] examined the 
effects of the crack location and its length on the changes of the 
natural frequencies of the simply supported and cantilevered rec- 
tangular plate. Liew et al. [20] investigated the vibration behavior 
of cracked rectangular plates, analyzing the free vibrations of 
rectangular plates with a crack emanating either from an edge or 
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centrally located. Khadem and Rezaee [21] presented an analyti- 
cal approach to the crack detection of rectangular plates under 
uniform external loads using vibration analysis. Krawczuk et al. 
[22] studied the finite element model of a plate with an elasto- 
plastic through crack utilizing an element based on elasto-plastic 
fracture mechanics and the finite element method. 

Studying the free vibration analysis of cracked annular plates, 
Lee [23] proposed a simple numerical method based on the Ray- 
leigh principle for predicting the fundamental frequencies of an 
annular plate with an internal concentric crack and applied the 
same for an annular plate with two simply supported edges and 
two clamped edges. Ramesh et al. [24] experimentally studied the 
effects of the number and length of periodic radial cracks on the 
natural frequencies of an annular plate. Anifantis et al. [25] inves- 
tigated the free vibrations of cracked annular plates by modeling a 
surface peripheral crack of an annular plate as a local rotational 
flexibility for vibration analysis. Yuan et al. [26] utilized the Ritz 
method of solution for the determination of the natural frequen- 
cies of the free vibration of circular and annular plates with radial 
or circumferential cracks or slits through the full thickness by 
using the minimum number of sector plate elements, which are 
joined together by means of artificial springs. They obtained the 
flexibility matrix of the sector type element with a radial through 
crack by using the formulas of the trapezoidal type element in the 
case of setting close geometric dimensions, and proved the applic- 
ability of the derived element in the dynamic analysis of annular 
plates with cracks. The results obtained are compared with the ex- 
perimental results available in the literature. 

Very few studies have been performed on the free vibrations of a 
circular plate weakened along a concentric circle due to the pres- 
ence of a radial crack. The weakening in the plate can arise because 
of internal notching or partial cracks or may be caused due to fa- 
tigue cracks along a concentric circle. There are two papers [27,28] 
in the literature which studied the vibration of plates with internal 
weakening, where a clamped or simply supported [27] and movable 
or free edge [28] thin circular plate was studied. A hinge with an 
elastic rotational restraint modeled the weakened position. How- 
ever, as we know, in practical industrial engineering situations, we 
rarely come across such ideal boundary conditions. Although the 
circular symmetry of the problem allows for its significant simplifi- 
cation, additional difficulties very often arise due to the complexity 
and uncertainty of boundary conditions. This uncertainty occurs 
because, in many practical applications, the edge of the plate is not 
clamped, free, or simply supported. When the plate’s boundary con- 
ditions depart from classical cases, elastic translational and rota- 
tional restraints should be considered [29,30]. To the best of the 
authors’ knowledge, there is no other research paper addressing the 
general boundary conditions with linear translational restraint at the 
plate edge. The purpose of the present paper is, therefore, to study 
the effect of weakening of a thin circular plate along a concentric 
circle due to a radial crack and the plate being elastically restrained 
along the outer edge against translation using the exact method of 
solution approach. The natural frequencies of a circular plate for 
varying values of translational restraint along the plate edge, the ra- 
dius of the weakened circle, Poisson’s ratio and the rotational 
restraint with the hinge of the cracked region are obtained for a 
wide range of nondimensional parameters and are presented in both 
tabular and graphical form for use in the design of such cracked 
and weakened circular plates which are applicable in the engineer- 
ing industry. 


2 Definition of the Problem 


Consider a circular plate of radius R, uniform thickness h, Pois- 
son’s ratio v, and Young’s modulus E. The circular plate is also 
assumed to be made of a linearly elastic, homogeneous, and iso- 
tropic material. The problem at hand is to determine the frequen- 
cies of a circular plate with an elastically restrained outer edge 
against translation and weakened along an internal concentric 
circle, as shown in Fig. 1. 
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Radial Crack 


Fig. 1 Circular plate with elastically restrained outer edge 
against translation and weakened along an internal concentric 
circle 


3 Analytical Formulation of the System 


The plate is elastically restrained against translation at the outer 
edge of the plate at a radius of R from the center. The radius of 
the weakened circle because of the crack is considered as bR, 
where b is only a fraction of 1. Here, all lengths are normalized 
with respect to R, i.e., the radius of the outer region is | and the ra- 
dius of the inner cracked region is b. Let the subscript J denote the 
outer region b <r < 1 and the subscript // denote the inner region 
0<r<b. The general form of the lateral displacement of the 
vibration of a classical thin plate in polar coordinates can be 
expressed as w = u(r) cos(n0)e'’, where (r,0) are polar coordi- 
nates, w is the transverse displacement, n is the number of modal 
diameters, f is time, and Q is the frequency. The function u(r) is a 
linear combination of the Bessel ,,functions J,(kr), Y,(Ar), 
I,(kr), Kn(kr), and k = R(pQ?/D)'”, where R is the plate ra- 
dius, p is the density, D is the flexural rigidity, and k is the square 
root of the nondimensional frequency [2]. The general solutions 
for the two regions are 


u(r) = Cyn (kr) + CoY (kr) + Cal, (kr) + CaKn (kr) (1) 

uy(r) = CsJ,(kr) + Coln(kr) (2) 

where r designates the distance measured from the center of the 

plate whose maximum value is R. Considering an elastically 

restrained outer edge against translation, the boundary conditions 
at the outer regions of the circular plate are 

M,(r,0) =0 (3) 

V(r, 0) — —Kr\w7(r, 0) (4) 


where the bending moment and the Kelvin-Kirchhoff’s shearing 
force are defined as 


M,(r,6) D ae 0) 


1dw,(r, 9) | 1 Pw7(r, 0) 
R Or? a 


r Or "72 Oe 
(5) 
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D{a 
V(r, ) = RB s Vewr(r, 0) 
: 10 (1@w,(r,0) 1 Ow,(r, 0) 
H(L—¥) a5 (; dra0.?O )| (6) 


Equations (3)—(6) yield the following expressions 


O?w7(r, 0) _, (Lowi, 9) | 1 &w,(r,0)\] _ 

are (2 a PP Oe )| a 
O _» 10 (1@w,(r,0) 1 Ow,(r, 0) 
Fad ee =) ap (; ara0. «0 ) 


= Ti,w/(r, 0) (8) 
Equations (7) and (8) can be written as 


uy (r) + uv [ui (r) — nu;(r)| =0 (9) 
[1 +.°(2—v)|uj(r) +n? (3 — v)u(r) 


where 7}; = K7R? /D are the normalized spring constant Kr, of 
the translational spring stiffness. 

Except for the slope, the plate is continuous in terms of dis- 
placement, moment, and shear at r = b. The continuity conditions 
[8] at the interface of the two regions (1.e., at r=) can be 
obtained as 


uy(b) = ujy(b) (115 

buj(b) + vul(b) = bul, (b) + vu, (b) (12) 
bPul'(b) — [1+ n(2—v)+ v]u,(b) 

= buy (b) — [1 + n?(2 — v) + v]uj,(b) (13) 


bul) (b) + v[buy(b) — nu (b)| = b?R22 [uj (b) — u)(b)] (14) 


where Rx. = Kr2R/D is the normalized spring constant and Kpo is 
the rotational spring stiffness, which is utilized for modeling the 
rotational restraint created by the circular crack at r = b. The non- 
trivial solutions to Eqs. (9)-(14) are sought. Equations (1), (2), 
and (9)-(14) yield the following equations 


(15) 


T(t) | 


(16) 


In(kb)Cy + ¥,(kb)Cy + 1,(kb)C3 + K,(kb)Ca — In(kb)Cs — I,(kb)Co = 0 


bk? 


bk? 


711) Kal) C,=0 
(17) 


vk bk? 


+ Pi 


bee, vk 
Py 
4 5) 


5 In(k)]C | 


Y,(kb 
5 (kb) | Co 


(18) 
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ae | ie oe | as ee CG b?kRo» ; ’ 
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Pie kb 242 

| Pat (+ bRoa)PI (5 rn?) Jk) C: 

bk? kb p22 

4 Ry 5 bRop)R\, 4 ( 5 1?) b)|Co=0 

(20) 

where 


Py =Jn-1(k) —Insi(k)s  P2 =In-2(k) + Ins-2(k)s 
P3 = JIn—3(k) — Ina3(k) 
O1 = Yn-1(k) — Ynsi(k); Qo = Yn-2(k) + Yn42(k); 
O3 = Yn-3(k) — Ynas(k) 
Ri= n—1(k) + In+1(k)3 Ry = n—2(k) + In+2(k); 
Rs = I,-3(k) + Inga (k) 
S, = Kn (k) + Knsi(k); 
K3 = Ky-3(k) + Knss(k) 
Pi = Jn (Kb) — Jn (Kb); 
P, = Jn—3(kb) — Jn+3(kb) 
QO) = Yn-1(kb) — Yn4i (kb); 
Of, = ¥n_a(kb) — You (Kb) 
Ri = Ty—1 (kb) + Ini (kb); Ry = Ino (kb) + Inga (kb); 
R, = [,-3(kb) + Ins3 (kb) 
y = n—1 (kb) or Kn4i(kb); 
Ss = Ky—3(kb) + Kn43(kb) 


So = Ky_-2 (k) Tr Kn42 (k); 


PS =. n_2(kb) ahr Jns2(kb); 


QO. = n—2(kb) te Yn42(kb); 


Ss = Kn-2 (kb) 3 Kn+2(kb); 


4 Solution 


For the given values of n, v, T11, Ro2, and b, the preceding 
set of equations gives an exact characteristic equation for nontri- 
vial solutions of the coefficients C;, C2, C3, Ca, Cs, and Ce. 
For a nontrivial solution, the determinant of [C],,, must be fac- 
tored out. The value of k is calculated from the characteristic 
equation by a simple root search. Using Mathematica, computer 
software with symbolic capabilities, solves this problem. 


5 Results and Discussion 


The code developed in Mathematica is used to determine the 
fundamental frequency for any range of translational and rota- 
tional restraints. Since Poisson’s ratio occurs as a parameter in 
most of the equations, the effect of this ratio on the roots of the 
equations is also considered. The findings are presented in both 
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Fig. 2. The fundamental frequency parameter k versus the in- 
ternal concentric weakened radius parameter b for various val- 
ues of Ago and Ty, = 10 [v = 0.3 and n= 0] 


tabular and graphical form. The Poisson’s ratio used in these cal- 
culations is 0.3. 

The frequency values for various values of Ro, keeping T\, 
constant [T;; = 10], are tabulated. The first frequencies [A] of 
n<5 modes with Rx» = 0, 2, 4, 6, 8, 10, 25, 50, and 10!° 
and T\; = 10 are computed. For b = 1 and R22 = 0, the frequen- 
cies of the plate are the same as that of the plate without the weak- 
ening. For a given value of b and v, the first frequency of the 
n = 0 mode converges to that of the plate without the weakening 
as Ro) increases from 0. When v = 0.3, the first six frequencies of 
the plate without the weakening are 1.85759 [n = 0], 2.31479 
[n = 2], 3.52684 [n = 3], 4.52488 [n = 1], 4.67279 [n = 4], and 
5.7874 [n = 5]. It is observed that the fundamental frequency of 
the plate weakened along an internal concentric circle and resting 
on an elastically restrained edge against translation occurs at the 
n = 0 mode. The fundamental frequency of the plate varying with 
the radius of the weakened circle and the elastic rotational 
restraint of the hinge are shown in Fig. 2. The internal weakening 
decreases the fundamental frequency 1.85759, which is the funda- 
mental frequency of the plate without the weakening, by less than 
12% [11.57%]. The frequency decreases with R22, and is lowest 
when Ry = 0 or when there is a frictionless circular hinge. For 
a given value of Ro , the frequency k decreases from 1.85759 
to 1.64266 and again increases to 1.85759 as the radius b of 
the weakened circle varies from 0 to 1. The first frequencies k 
for higher modes (n= 1, n= 3, and n=5) are presented in 
Tables 1-3. 

The frequency values for various T;; by keeping R22 constant 
[R22 = 10] are computed. The first frequencies [A] of the n <5 
modes with 7), =0, 2, 4, 6, 8, 10, 25, 50, and10!° and 
Ro. = 10 are computed. For b = 1 and Ry = 0, the frequency of 
the plate is the same as that of the plate without weakening. When 
v=0.3, the first six frequencies of the plate without the 


Table 1 The first frequency parameter k [n = 1 mode], for different R22 and the internal concentric weakened radius parameter b, 
Ty, = 10, and v= 0.3 

b Ro =0 Rx = Rx» =4 Ro = Ry» =8 Rx» =10 Ro =25 Rx = 50 Ro = 100 Ro» => 10!6 
0 2.44 2.44 2.44 2.44 2.44 2.44 2.44 2.44 2.44 2.44 

0.1 2.42983 2.43393 2.43572 2.43663 2.43723 2.43772 2.9279 3.24723 3.4657 3.71354 
0.2 4.45878 1.66922 1.97279 2.1697 2.31693 2.43442 2.92111 3.23535 3.44813 3.68699 
0.3 4.40239 1.66792 1.97089 2.1671 2.31373 2.43063 2.91212 3.21898 3.4238 3.65049 
0.4 4.36099 1.66673 1.96899 2.16451 2.31044 2.42654 2.90225 3.20134 3.39838 3.6145 
0.5 4.3567 1.66583 1.9675 2.16241 2.30764 2.42315 2.89427 3.18809 3.38085 3.59266 
0.6 4.39391 1.66543 1.9668 2.16142 2.30635 2.42155 2.89129 3.1848 3.37856 3.59435 
0.7 4.45577 1.66583 1.9674 2.16222 2.30735 2.42286 2.89549 3.19429 3.39471 3.62187 
0.8 4.50687 1.66703 1.9694 2.16502 2.31105 2.42745 2.90696 3.21523 3.42552 3.66733 
0.9 4.52437 1.66912 1.97269 2.1695 2.31664 2.43423 2.92212 3.24005 3.45902 3.71053 
1 4.52488 1.67172 1.97609 2.1737 2.32172 2.43992 2.9322 3.25412 3.47558 3.72801 
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Table 2. The first frequency parameter k [n = 3 model], for different Ro. and the internal concentric weakened radius parameter b, 


Ty, = 10, and v= 0.3 


b Ry» = 0 Ro = 2 Ry = 4 Ro = 6 Ro» = 8 Rox» = 10 Ry = 25 Ro = 50 Ro» = 100 Ry = 10!6 
0 3.84103 3.84103 3.84103 3.84103 3.84103 3.84103 3.84103 3.84103 3.84103 3.84103 
0.1 3.52693 3.59781 3.66418 3.72657 3.78546 3.84106 4.1844 4.58121 5.06797 6.32144 
0.2 3.52743 3.5983 3.66468 3.72707 3.78586 3.84156 4.1849 4.58171 5.06867 6.32373 
0.3 3.52893 3.5998 3.66608 3.72846 3.78726 3.84295 4.1862 4.5831 5.07025 6.32509 
0.4 3.53152 3.60229 3.66857 3.73086 3.78955 3.84514 4.18799 4.58428 5.07003 6.3036 
0.5 3.53451 3.60498 3.67096 3.73295 3.79144 3.84683 4.18807 4.58157 5.06112 6.23237 
0.6 3.5355 3.60548 3.67095 3.73244 3.79043 3.84533 4.18297 4.57058 5.03796 6.13414 
0.7 3.53241 3.60159 3.66627 3.72705 3.78435 3.83864 4.1717 4.55233 5.00775 6.07717 
0.8 3.52533 3.594 3.65819 3.71857 3.77547 3.82927 4.15994 4.53828 4.99291 6.11732 
0.9 3.51984 3.58892 3.6536 3.71439 3.77178 3.82608 4.16045 4.54598 5.01628 6.24422 
1 3.52684 3.59781 3.66418 3.72657 3.78536 3.84106 4.18431 4.58111 5.06787 6.32115 


Table 3. The first frequency parameter k [n = 5 model], for different R22 and the internal concentric weakened radius parameter b, 


Ty, = 10, and v= 0.3 


b Ry =0 Ry» = 2 Ry» = 4 Ry» = 6 Ry» = 8 Ry = 10 Ry = 25 Ry» = 50 Ry» = 100 Ry = 10!6 
0 5.88972 5.88972 5.88972 5.88972 5.88972 5.88972 5.88972 5.88972 5.88972 5.88979 
0.1 5.7874 5.80846 5.82923 5.8497 5.86987 5.88974 6.03071 6.23828 6.57691 8.7294 
0.2 5.7874 5.80846 5.82923 5.8497 5.86986 5.88973 6.03071 6.23828 6.57691 8.72949 
0.3 5.78749 5.80856 5.82933 5.84979 5.86996 5.88983 6.03081 6.23837 6.5771 8.73067 
0.4 5.78819 5.80925 5.83002 5.85049 5.87066 5.89053 6.0316 6.23916 6.57799 8.73282 
0.5 5.79047 5.81154 5.83221 5.85268 5.87285 5.89281 6.03369 6.24125 6.57987 8.7097 
0.6 5.79366 5.81462 5.83529 5.85565 5.87572 5.89549 6.03577 6.24212 6.57814 8.60155 
0.7 5.79175 5.81232 5.83268 5.85275 5.87252 5.89199 6.02986 6.23223 6.55996 8.44264 
0.8 5.77578 5.79595 5.81572 5.83529 5.85456 5.87353 6.00781 6.20449 6.52206 8.39009 
0.9 5.75623 5.7762 5.79597 5.81534 5.83451 5.85348 5.98727 6.18406 6.50382 8.56007 
1 5.7874 5.80846 5.82923 5.8497 5.86987 5.88973 6.03071 6.23828 6.57691 8.7294 
weakening are 2.31479 [n=2], 3.00049 [n=O], 3.52684 
35 —o—T11=0 [n = 3], 4.52488 [n = 1], 4.67279 [n = 4], and 5.7874 [n = 5]. 
3 ae ae 71152 The fundamental frequency of the plate varying with the radius of 
x A” T11=4 the weakened circle and the elastic rotational restraint of the hinge 
5 2.5 _x—TH1=6 are shown in Fig. 3, corresponding to the n=0 mode. It is 
2 ee ee ee ee observed that the fundamental frequency corresponds to T),; = 2. 
© R==R==R=— === RQ = RQ == R= LS KER The first frequencies k of the n <5 modes with different T,; are 
g 15 ee ee ee ed a shown in Tables 4-5. The frequency values k for higher modes 
zs | pie (n = 1 and n = 2) are presented in Tables 4—5. 
i —=— T11=50 The frequency values for various R22 and 7), are determined. 
0.5 —=—T11=100 For b= 1 and Ro. = 0, the frequency of the plate is same as 
r —o—T11=10E+16 that of the plate without the weakening. The first frequencies [k] 
5 63 ou a 68 ; of the n <5 modes with Ro = T\; = 0, 2, 4, 6, 8, 10, 25, 50, 


Internal Concentric Weakened Radius Parameter, b 


Fig. 3 The fundamental frequency parameter k versus the in- 
ternal concentric weakened radius parameter b for various val- 
ues of 74, and R22 = 10 [v = 0.3 and n= 0] 


and 10!° are shown in Figs. 4-6. When v = 0.3, the first six fre- 
quencies of the plate without the weakening are 2.24932 [n = 2], 
3.00049 [n=O], 3.37051 [n= 3], 4.43268 [n= 4], 4.49574 
{n = 1], and 5.47116 [n = 5]. The fundamental frequency of the 
plate varying with the radius of the weakened circle and the elastic 
rotational restraint of the hinge are shown in Figs. 4-6, 


Table 4 The first frequency parameter k [n = 1 mode], for different 7,, and the internal concentric weakened radius parameter b, 


Roo = 10, andv=0.3 


b Ti; =0 T\, =2 Ty, =4 Ti, =6 T\, =8 Ty = 10 Ty, = 25 Ti; = 50 T\, = 100 Ti; = 10'¢ 
0 0.115234 1.67178 1.97615 2.17378 2.32169 2.44 2.93215 3.25411 3.47565 3.72798 
0.1 4.5029 1.67062 1.97469 2.172 2.31963 2.43772 2.9279 3.24723 3.4657 3.71354 
0.2 4.45878 1.66922 1.97279 2.1697 2.31693 2.43442 2.92111 3.23535 3.44813 3.68699 
0.3 4.40239 1.66792 1.97089 2.1671 2.31373 2.43063 2.91212 3.21898 3.4238 3.65049 
0.4 4.36099 1.66673 1.96899 2.16451 2.31044 2.42654 2.90225 3.20134 3.39838 3.6145 
0.5 4.3567 1.66583 1.9675 2.16241 2.30764 2.42315 2.89427 3.18809 3.38085 3.59266 
0.6 4.39391 1.66543 1.9668 2.16142 2.30635 2.42155 2.89129 3.1848 3.37856 3.59435 
0.7 4.45577 1.66583 1.9674 2.16222 2.30735 2.42286 2.89549 3.19429 3.39471 3.62187 
0.8 4.50687 1.66703 1.9694 2.16502 2.31105 2.42745 2.90696 3.21523 3.42552 3.66733 
0.9 4.52437 1.66912 1.97269 2.1695 2.31664 2.43423 2.92212 3.24005 3.45902 3.71053 
1 4.52488 1.67172 1.97609 2.1737 2.32172 2.43992 2.9322 3.25412 3.47558 3.72801 
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Table 5 The first frequency parameter k [n = 2 mode], for different 7;, and the internal concentric weakened radius parameter b, 


Roo = 10, and v=0.3 


b Ti, =0 Ty, =2 Ti, =4 Ti, =6 Ti, =8 Ti, = 10 Ty = 25 Ti, = 50 Ti; = 100 Ti, = 10!° 
0 2.31478 2.50429 2.65599 2.78312 2.8929 2.98959 3.4871 3.93604 4.36699 5.06089 
0.1 2.31679 2.50601 2.6575 2.78453 2.89421 2.9909 3.48831 3.93745 4.3689 5.06459 
0.2 2.31978 2.5085 2.65969 2.78653 2.8961 2.9927 3.4899 3.93894 4.37048 5.06587 
0.3 2.32248 2.51069 2.66149 2.78813 2.8975 2.99399 3.49019 3.93793 4.36667 5.04858 
0.4 2.32447 2.51199 2.66228 2.78852 2.89749 2.99359 3.48749 3.93103 4.35098 4.9988 
0.5 2.32487 2.51159 2.66128 2.78682 2.89529 2.99089 3.4806 3.91675 4.32295 4.92929 
0.6 2.32347 2.50929 2.65829 2.78313 2.8909 2.9858 3.47062 3.8988 4.29285 4.87674 
0.7 2.32028 2.5056 2.6539 2.77834 2.88561 2.98001 3.46165 3.88625 4.27771 4.87383 
0.8 2.31639 2.50181 2.65031 2.77475 2.88223 2.97673 3.45996 3.88876 4.29069 4.93135 
0.9 2.3137 2.50052 2.65021 2.77565 2.88403 2.97953 3.46975 3.91002 4.33079 5.01845 
1 2.31479 2.50431 2.6559 2.78304 2.89291 2.98961 3.48711 3.93606 4.367 5.0609 
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Fig. 4 The fundamental frequency parameter k versus the internal concentric weakened 
radius parameter b for various values of 7;; and Roo [v = 0.3 and n= 3] 
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Fig. 5 The fundamental frequency parameter k versus the in- 
ternal concentric weakened radius parameter b for various val- 
ues of 74, and Roe [v = 0.3 and n = 4] 


corresponding to the n = 3, n = 4, and n= 5 modes. The funda- 
mental frequency corresponds to R22 = T1, = 0, as shown in Figs. 
4-6. Results of this kind were scarce in the literature. However, 
the results are compared with the simply supported plate [27] and 
the free plate [28] by setting the translational restraint with 
Ti; — © and 7); — 0, respectively. The internal weakening 
decreases the fundamental frequency by less than 1% when b is 
near O or | for the simply supported plate [27] and less than 1% 
for the free plate [28]. 
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Fig. 6 The fundamental frequency parameter k versus the in- 
ternal concentric weakened radius parameter b for various val- 
ues of 74, and Az2 [v = 0.3 and n= 5] 


6 Conclusions 


The frequencies of a circular plate varying with the values of an 
elastic translational restraint T,,, the radius of the weakened 
circle, and the elastic rotational restraint of the hinge are deter- 
mined. The internal weakening decreases the fundamental fre- 
quency by less than 12% [11.57%] for a circular plate with an 
elastically restrained outer edge against translation. Additionally, 
the frequencies are given for various values of an elastic transla- 
tional restraint T,, at the edges that simulate the translational 
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restraints, where 7); — oo represents a simply supported edge 
and T,; — 0 represents a free edge. In this paper, the characteris- 
tic equations are exact; therefore, the results can be calculated to 
any accuracy. These exact solutions can be used to check the nu- 
merical or approximate results. A comparison of studies demon- 
strates the accuracy and stability of the present work. The 
tabulated results are useful to designers in the design of the plate 
with an internal weakened circle, such as doors and hatches (used 
in airplanes or spaceships), in vibration control, and structural 
design. 


Nomenclature 
b = nondimensional radius of concentric ring support 
D = flexural rigidity of a material 
E = Young’s modulus of a material 
h = thickness of a plate 
nondimensional frequency parameter 
Kr, = translational spring stiffness at the outer edge 
Kro = rotational spring stiffness at the crack 
R = radius of a plate 
Ro. = nondimensional rotational spring parameter at the crack 
T\, = nondimensional translational spring parameter at the 
outer edge 
w(r, 0) = transverse deflection of the plate 
v = Poisson’s ratio 


> 
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Abstract This work presents the existence of buckling 
mode switching with respect to the radius of concentric 
rigid ring support. The buckling mode may not be 
axisymmetric as previously assumed. In general, the 
plate may buckle in an axisymmetric mode but when the 
radius of the ring support becomes small, the plate may 
buckle in an asymmetric mode. The optimum radius of the 
concentric rigid ring support for maximum buckling load is 
also determined. Introducing internal rigid ring support, 
when placed at an optimal position increases the elastic 
buckling load capacity by 149.39 percent. The numerical 
results obtained are in good agreement with the previously 
published data. 


Keywords _ buckling, circular plate, elastically restrained 
edge, rigid ring support, mode switching 


1 = Introduction 


Buckling of plates is an important topic in many 
mechanical, civil, marine and aircraft structures. Their 
buckling load capacities need to be determined in 
situations where in-plane compressive of forces act on 
the plates. In fact, the first theoretical examination of 
buckling of plates was attributed to Bryan [1]. He 
presented the buckling analysis for rectangular plates 
under uniform uniaxial compression using the energy 
criterion of stability. It should be noted that he was not only 
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the first to analyze the stability of plates, but also the first to 
apply the energy criterion of stability to the buckling 
problem of plate. The first event that highlighted the 
importance of plate buckling was related to a series of tests 
carried out in the labs of University of London on box 
beams for Britannia Bridge in 1845 [2]. Many researchers 
[3-6] have studied the elastic axisymmetric buckling 
problems of circular and annular plates. 

Exact analytical solutions are available for circular 
plates without internal concentric ring support [7,8]. In 
particular, circular plates with concentric ring supports find 
applications in aeronautical (instrument mounting bases 
for space vehicles), rocket launching pads, aircrafts and 
naval vessels (instrument mounting bases). Based on the 
Kirchhoff’s theory, the elastic buckling of thin circular 
plates has been extensively studied by many authors after 
the pioneering work published by Bryan [1]. Since then, 
there have been extensive studies on the subject covering 
various aspects such as different materials, boundary and 
loading conditions. Also the buckling of circular plates 
was studied by different authors [9,10]. However, these 
sources only considered axisymmetric case, which may not 
lead to the correct buckling load. Introducing an internal 
ring support may increase the elastic buckling capacity of 
in-plane loaded circular plates significantly. Laura et al. [6] 
investigated the elastic buckling problem of the aforesaid 
type of circular plates, who modeled the plate using the 
classical thin plate theory. In their study only axisymmetric 
modes are considered. The assumption of axisymmetric 
buckling, however, does not necessarily lead to the desired 
lowest critical load. Therefore, the asymmetric buckling 
problems of circular and annular plates have also been 
studied [11—13]. 

Although the circular symmetry of the problem allows 
for its significant simplification, many difficulties very 
often arise due to complexity and uncertainty of boundary 
conditions. This uncertainty could be due to practical 
applications where the edge of the plate does not fall into 
the classical boundary conditions. It is an accepted fact that 
the condition on a periphery often tends to be in between 
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the classical boundary conditions (free, clamped and 
simply supported) and may correspond more closely to 
some form of elastic restraints, 1.e., translational and 
rotational restraints [14-17]. In a recent study, Wang and 
Wang [4] showed that when the ring support has a small 
radius, the buckling mode takes the asymmetric form. But 
they have studied only the circular plate with ring support 
and elastically restrained edge against rotation. Bhaskara 
Rao and Kameswara Rao [17] studied the buckling of 
circular plates with an internal elastic ring support and 
elastically restrained edges against translation and rotation. 
Wang and Wang [14] showed that the axisymmetric mode 
assumed by the previous authors might not yield the 
correct buckling load. In certain cases, an asymmetric 
mode would yield a lower buckling load. But they have 
studied only the circular plate with ring support and 
elastically restrained edge against rotation. The purpose of 
the present work is to complete the results of the buckling 
of circular plates with an internal rigid ring support and 
elastically restrained edges against translation and rotation 
by including the asymmetric modes, thus correctly 
determining the buckling loads. 


2 Definition of the problem 


Consider a thin circular plate of radius R, uniform 
thickness h, Young’s modulus E and Poisson’s ratio v 
and subjected to a uniform in-plane load, N along its 
boundary, as shown in Fig. 1. The circular plate is also 
assumed to be made of linearly elastic, homogeneous and 
isotropic material. The edge of the circular plate is 
elastically restrained edge against rotation and translation 
and supported by an internal rigid ring support, as shown in 
Fig. 1. The problem here is to determine the elastic critical 
buckling load of a circular plate with concentric rigid ring 
support and elastically restrained edge against rotation and 
translation. 


Fig. 1 Buckling of a circular plate with concentric rigid ring 
support and elastically restrained edge against rotation and 
translation 


3 Formulation of the problem 


The plate is elastically restrained against rotation and 
translation at the edge of radius, R and supported on an 


internal rigid ring of smaller radius bR as shown in Fig. 1. 
Let subscript I denote the inner region 0<7<band the 
subscript II denote the outer region b<7< 1. Where r is the 
normalized radial distance with R. Here, all lengths are 
normalized by R. Using classical (Kirchhoff’s) plate 
theory, the following fourth order differential equation 
for buckling in polar coordinates(r,0). 


DV‘w+ NV’w = 0, (1) 


where w is the lateral displacement, N is the uniform 
compressive load at the edge. After normalizing the lengths 
by the radius of the plate R, Eq. (1) can be written as 


DV'W+hV'W = 0, (2) 
e 10, 1e 
oF or °F Oe? 
in the polar coordinates r and 0. 
After normalization, the inner and outer radius para- 
meters are b and 1 respectively. D = Eh* /12(1—v”) is the 
flexural rigidity, W=w/R, is normalized transverse 
displacement of the plate. k7 = R?N/D is non-dimensional 


load parameter. Suppose there are 1 nodal diameters. In 
polar coordinates (7,0) set 


Ww(F,0) = u(F)cos (nA). (3) 


where V? = 


is the Laplace operator 


Considering the boundness at the origin, the general 
solution [16] for the two regions is 


u7(r) = CJ, (KF) + CrY,, (KF) + C37" 


+e} er}, (4) 
r 
iy (r) = CJ, (kF) + Cor", (5) 


where top form of the Eq. (4) is used for n=0 
(Axisymmetric) and the bottom form is used for 10 
(Asymmetric), C,,C2,C3,C4,Cs & Care constants, J,,(.) 
&Y,,(.) are the Bessel functions of the first and second kind 
of order, n, respectively. Substituting Eq. (4) into Eq. (3), 
gives the following 


,(7,8) = cig (kr) + Ca¥s (kr) + Cr" 


+044 oe \ | cos(n0), (6) 


n 
r 


Wr (7,0) = [CsJ,(kF) + Cor” ]cos (n8). (7) 


The boundary conditions at outer region of the circular 
plate in terms of rotational stiffness (Kp, ) and translational 
stiffness (Kr) are given by the following expressions 


ow, (7,0) 
i rs 


M,(7,0) = Kr a (8) 
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V(7,0) = —Kr1W,(7,0). (9) 


From Eqs. (8) and (9) it can be easily seen that as Kp; 
and K7, become equal to infinity, the slope and deflection 
become zero and hence corresponds to the case of a 
clamped end conditions. The translational spring stiffness 
Ky, becomes very important in simulating practical cases 
such as a guided end by making Kp, to be equal to infinity 
and K7; equal to zero. 

The radial moment and the radial Kirchhoff shear at 
outer edge are defined as follows 


M,(7,0) 
_ Dlew, (7,8) , (1 OF) 1 OH (F.8) 
R| oF | \F & ‘PRP ae ’ 
(10) 
2 a 
V.(F,0) = als Vw; (7,0) + (1-v)= 


8 (1 Pw (7,0) 1 Ow,(7,0) a 
0O\ 7 eared r 60 


Equations (8) and (10) yield the following 


ow, (7,9) , : 1 Ow (7,0) 1 &w,(F,0) 

oe NR OOF Pe (12) 
pp Ow, (7,0) 
6 


From Eqs. (9) and (11) we get the following 


Oct, be 1 0 (10°,(7,0) 1 GW, (7,0) 
— é)+(1 
Se a a = ae aroo CSCO 


= T\1W/(7,0), (13) 


where Rj] = 


Kk 
a and Ty, = 


Apart from the elastically restrained edge against 
rotation and translation, there is an internal rigid ring 
support constraint and the continuity requirements of slope 
and curvature at the support, 1.e., at 7 = b 


w,(b,0) = 0, (14) 
W,(b,0) = 0, (15) 
W, (b,0) = W,,(b,9), (16) 
W, (b,0) = W,, (b,8). (17) 


The non-trivial solutions to Eq. (12), (13), 14)+(17) are 
sought. The lowest value of k& is the square root of the 
normalized buckling load. From Eqs. (4), (5), (12), (13) 


3 
and (14)-(17) yields the following equations. 
kh? k 
pee av t Ri)Pi (5 on) Jl) Ci 
kh? k Kk 
Fo. aly Ri)O—(S+ om?) (6) Cy 
[n((n—1)(1—v) + Ry)ICs 
(v+R,)-1 
+ C=4, (18) 
n((n + 1)(1-v)—R1) 
ie a re 
ee T re =(34 ra (2 V) T 1)Pi 
k2 
(3 v) 5) 71 )Jnlk) |G 
iP eo Kite. & 
Fo T 722 =(34 + n° (2 V) t 1) 
ke 
(P-L 11) m(t) |e 
[n° (n lpn? T11|C; 
n’(2-v) 
= C, = 0, (19) 
w(n+1)v+n-Ty 
where 
P| >= Ink) Ini (&); Po = J,_2(k) alnalk) 
P; _— J,-3(k) —Sn43(k)s 0; = pt h)— Talk 
Oy = Y,-2(k) + Yng2(k); Q3 = Yn-3(k) — Yn43(k); 
logb 
In(kb)C, + Y¥,(kb)Co+b"C3+ 9 6Cy=0, (20) 
J,(kb)Cs + b" Cs = 0, (21) 
k Bg ie 
aPi Ci + 501 Cy + nb oC 
: k 
+ b Cy—5P i C.=nb" "C. => 0, (22) 
—nb-"! 
Kk? KP 
race: —2J,(kb))Cy + race —2Y,,(kb)) C2 
1 
+n(n—1)b"~*C;—- Be C4 
n(n t+ 1)b-"-? 
ke 
— (Pi ~2dy (kb) Cs n(n 1)b"*C, =0, @3) 


where 
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Pi — n—1(kb) —Jy41(kb); P3 = Jn —-2(kb) + Jno (kb); 
0; = ii (hD) = ¥,44(O); 0; = Y,,-2(kb) + Yn42(kb); 


The coefficient of C4 has two values corresponding to 
region / in Eqs. (18)-(23). Therefore, the top form of Eqs. 
(18)}+(23) corresponding to region, J is used for n = 0 
(axisymmetric buckling) and the bottom form is used for 
n#0 (asymmetric buckling). Therefore, the top form of 
Eqs. (18)-(23) are used for n = 0 (axisymmetric buckling) 
and the bottom form is used for n#0 (asymmetric 
buckling). 


4 Solution 


For the given values of ,v,R,,,7);, and b the above 
set of equations, gives an exact characteristic 
equation for non-trivial solutions of the coefficients 
C,,C2,C3,C4,C5, and Cs. Non-trivial solution, the deter- 
minant of [C]¢,6 vanishes. The value of k, calculated from 
the characteristic equation by a simple root search method. 
Using Maple, computer software with symbolic capabil- 
ities, solves this problem. Here, all equations have been 
written in the format of the programming, which are 
compatible with the maple computer software. 


5 Results and discussion 


Poisson’s ratio used in the calculations is 0.3. Buckling 
load parameters for axisymmetric and asymmetric modes 
and for various values of rotational and translational spring 
stiffness parameters are determined. Figures 2—5 show the 
variations of buckling load parameter k, with respect to the 
internal rigid ring support radius 5, for various values of 
rotational and translational spring stiffness parameters. It is 
observed from Figs. 2—5, that for a given value of 
rotational and translational spring stiffness parameters, 
the curve is composed of two segments. This is due to the 
switching of buckling modes. For a smaller internal rigid 
ring support radius b, the plate buckles in an asymmetric 
mode (i.e., 70). In this segment (as shown by dotted 
lines in Figs. 2-5) the buckling load decreases as b 
decreases in value. For a larger internal rigid ring support 
radius 5, the plate buckles in an axisymmetric mode (i.e., 
n = 0). In this segment (as shown by continuous lines in 
Figs. 2—5) the buckling load increases as b decreases up to 
a peak point corresponds to maximum buckling load and 
thereafter decreases as b decreases in value as shown in 
Figs. 2-5. The cross over radius i.e., mode switching for 


—+— n= 0[R,y = 03, 7, = 100] 


-22X--2n=1[R), = 0.3, 7), = 100] 


Buckling load, k 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 2 Buckling load parameter k, versus internal rigid ring 
support radius 5, for Rj; = 0.3 and 7; = 100 
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Ww 


N 
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Fig. 3. Buckling load parameter k, versus internal rigid ring 
support radius b, for Rj; = 0.5 and 7,; = 1000 


various values of rotational and translational spring 
stiffness parameters are presented in Table 1. Here, 10'° 
has been considered as infinity (co). As Rj, & T;; >, 
the edge of the plate becomes clamped and as b—1, 
buckling solution for axisymmetric case is 3.83163, which 
is in good agreement with that of Wang and Wang [14]. 
The optimum location of the ring support and the 
corresponding buckling load parameters for various 
rotational spring stiffness parameters (R,; = 0.350 & co) 


Table 1 The Cross over radius (switching of. buckling mode) of the rigid ring support for various values of rotational, R,, and translational stiffness, 


T,; parameters when v = 0.3 
Ry = 0.3, Ty = 100 


Ry, = 0.5, Ty; = 1000 


Ri; = 50, Ti; = 1000 Ri = Ty) = 00 


b 0.1589 0.1102 


0.1557 0.1523 
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—o— n= 0[R,, = 50, T,, = 1000] 


anaxseen= 1[R,, = 50, Ty = 1000] 


Buckling load, & 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 4 Buckling load parameter k, versus internal rigid ring 
support radius b, for R;; = 50 and 7,, = 1000 


—o— n= 0[R,, = 7), = 10'°] 
wees = 1[R, = 7), = 10!) 


Buckling load, & 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 5 Buckling load parameter 4, versus internal rigid ring 
support radius b, for R,, = T;, = 10!° 


and translational spring — stiffness parameters 
(T;; = 1001000 & oo) are presented in the Table 2. The 
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optimum location is the location of the ring support at 
which the buckling load parameter k becomes maximum. 
It is observed that the optimal rigid ring support radius 
parameter decrease with increase in rotational spring 
stiffness parameter and also the optimal buckling load 
capacity increases with rotational spring stiffness para- 
meter. Introducing internal rigid ring support, when placed 
at an optimal position increases the elastic buckling 
capacity significantly, and the percentage of increase in 
buckling loads is presented in Table 2. The percentage 
increase in buckling load is calculated by comparing the 
buckling load parameter value obtained when the circular 
plate is having the ring support with that of circular plate 
without having the ring support. It is observed that the 
percentage increase in buckling load parameter decreases 
with increase in R,,. This is due to the amount of increase 
in buckling load without ring support with R,, is more than 
that of increase in buckling load with rigid ring support 
with Ry : 

The results of this kind were scarce in the literature. 
However, the results are compared with the following 
cases. Table 3, presents the buckling load parameters k, for 
a circular plate with an internal rigid ring support and 
elastically restrained edge against rotation, against those 
obtained by Wang et al. [4], Laura et al. [6] and Wang et al. 
[18]. Reference [4] is considered because the plate can be 
considered as thin for r = h/R = 0.001. It shows that the 
present results are in good agreement. The buckling load 
parameters k, for clamped and simply supported edges are 
compared with those obtained by Wang et al. [4] and Wang 
et al. [18] as shown in Tables 3 and 4 respectively. The 
buckling load parameters for rotational stiffness parameter 
R,, = o6 are shown in Table 5. Also the optimum location 
of the rigid ring support and the corresponding buckling 
load parameters for rotational spring stiffness parameter 
0.3, 50 and oo are calculated by substituting 7}; = oo and 
it is in good agreement with earlier results obtained by 
Wang [13]. 


6 Conclusions 
The fundamental buckling of thin circular plates with an 


internal rigid ring support and elastically restrained edge 
against rotation and translation is presented in this paper. It 


Table 2 Optimum location of the rigid ring support; the corresponding buckling load parameters and percentage increase in buckling load 


Tis 100 


parameters 

Ry 0.3 
Doo 0.3211 
ies 5.53449 
age increase 149.39 


in buckling load/% 


50 ie) 
1000 00 
0.27022 0.2600 
6.87832 7.01485 
83.11 83.07 
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Table 3. Comparison of buckling load parameter k, with Laura et al. [6] and Wang et al. [18] for simply supported edge for rotational stiffness 


parameter RR}, =0 & v=0.3 


Rigid ring support radius, b Wang et al. [4] Laura et al. [6] Wang et al. [18] Present 
0.1 - 4.5244 4.5235 4.52341 
0.2 4.7703 4.7718 4.7702 4.77018 
0.3 5.0711 5.0725 5.0710 5.07091 
0.4 5.3297 5.3301 5.3296 5.32964 
0.5 5.3667 5.3666 5.3666 5.36659 
0.6 5.1264 5.1284 5.1261 5.12606 
0.7 4.7730 4.7789 4.7727 4.77266 
0.8 4.4219 4.4249 4.4215 4.42141 
0.9 4.1069 4.1122 4.1063 4.10629 


Table 4 Comparison of buckling load parameter k, with Wang et al. [4] and Wang et al. [18] for clamped edge for rotational stiffness parameter 


Rigid ring support radius, b Wang et al. [4] 
0.1 - 
0.2 6.9559 
0.3 6.9948 
0.4 6.6627 
0.5 6.0749 
0.6 5.4760 
0.7 4.9532 
0.8 4.5134 
0.9 4.1448 
0.99 3.8667 


* Asymmetric buckling load parameters 


Wang et al. [18] Present 
6.5009* 6.50095* 
6.9558 6.95582 
6.9947 6.99475 
6.6625 6.66248 
6.0745 6.07454 
5.4755 5.4755 
4.9526 4.95263 
4.5127 4.51266 
4.1436 4.14357 
3.8604 3.86061 


Table 5 Comparison of buckling load parameter k, with Laura et al. [6] for rotational stiffness parameter 


Rigid ring support radius, b Laura et al. [6] Present 
0.1 6.7720 6.50105 
0.2 6.9649 6.95592 
0.3 6.9964 6.99485 
0.4 6.6693 6.66257 
0.5 6.0852 6.07454 
0.6 5.4845 5.47550 
0.7 4.9588 4.95263 
0.8 4.5277 4.51266 
0.9 4.1509 4.14357 


is observed that the buckling mode switches from 
asymmetric mode to axisymmetric mode at a particular 
rigid ring support radius. The cross over radius (switching 
of mode) is determined for different values of rotational 
and translational constraints. The optimal location of the 


internal rigid ring support for maximum buckling load is 
also found. The optimal location of internal rigid ring 
support is affected by the rotational and translational 
stiffness parameters. Also, it is observed that for 7;, = 0, 
the symmetric buckling mode is independent of the 
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internal elastic rigid ring support and gives a constant 
buckling load. The percentage of increase in buckling load 
capacity by introducing concentric rigid ring support, 
when it is placed at an optimal position is also determined. 
These exact solutions can be used to check numerical or 
approximate results. 


Nomenclature 


w(r,0) 


Transverse deflection of the plate 


Thickness of a plate 


R Radius of a plate 
Non-dimensional radius of ring support 
v Poisson’s ratio 
E Young’s modulus of a material 
D Flexural rigidity of a material 
Kr Rotational spring stiffness 
Kr Translational spring stiffness 
Ti, Non-dimensional translational Flexibility parameter 
Ry, Non-dimensional rotational Flexibility parameter 
N Uniform in-plane compressive load 
k Non-dimensional Buckling Load Parameter 
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Abstract This paper deals with stability of circular 
plate with foundation and elastic edge against trans- 
lation and rotation. Exact solution is utilized for 
development of governing equation for the problem 
under consideration. This paper reveals the subsis- 
tence of mode switching and it varies with foundation 
parameter. Fundamental buckling may not relate to 
axisymmetric as earlier implicated. The buckling load 
parameter rises monotonically with the foundation 
parameter. Percent of increase in load-carrying ability 
with foundation is calculated. A wide range of data is 
generated based on the dominance of rotational, 
translational, and foundation parameters on the sta- 
bility of the system. 
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1 Introduction 


Circular plates are important components in many 
structural engineering applications (Szilard 1974). Cir- 
cular plates on continuous elastic foundation find many 
applications in the static and dynamic design of vibration 
exciters and vibration absorbers and also in the design of 
sloshing and earthquake resistant large storage vessels 
for nuclear power plants etc. One can find several such 
applications in many civil, aeronautical and mechanical 
supporting structures and foundations. 

Based on exact and approximate methods of 
solution, many authors have studied the problem of 
static stability and Bryan (1891) carried out buckling 
of circular plates and the earliest innovative work in 
this area. A wide range of studies on the theme covers 
different aspects of design of structures and mechan- 
ical equipment involving various complex boundaries 
and loading conditions. 

Different elastic foundation models like Winkler 
(Chonan 1980; Gupta et al. 1990; Liew et al. 1996), 
Pasternak (Wang and Stephens 1977; Bhattacharya 
1977) and generalized foundation (Karasin 2004) has 
been studies and analyzed by many researchers in the 
available literature. Ensuring elastic stability of vari- 
ous structural members is imperative in structural 
design wherever they are supported on different types 
of elastic foundations. Holanda (2000) studied the 
affect of foundation on stability. Hetenyi (1946) has 
also studied buckling of beams on foundation. It was 
found that for stiffer foundations, the buckling load 
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corresponds to a mode with increased number of nodes. 
Various researchers studied the stability of plates 
taking into consideration independent contact con- 
straints. Seide (1958) deliberated substantially long 
plate and established which rigid restriction, buckling 
load increased by 33 % comparative to unconstrained 
case. Analytical solution for the buckling loads for a 
rectangular plate is possible if two opposite sides are 
simply supported (Warren 1980), otherwise numerical 
solutions are necessary (Laura et al. 1977; Raju and 
Rao 1988; Yu 1957; Galletly 1959; Kline and Hancock 
1965; Wolkowisky 1969; Gupta and Lal 1978, 1979, 
1993, 2006; Singh and Jain 2004) studied stability of 
circular plates. Yu and Wang (2010) studied the 
buckling mosaic of plate with foundation. In a recent 
study, Wang (2005) found buckling load not only by 
the axisymmetric modes considered by earlier authors, 
but also by the asymmetric modes as well. There seems 
to be only one article (Wang 2005) in the literature 
studying bucking of circular plate on foundation, 
where boundary is aclamped, simply supported, or free 
edge thin circular plate. 

Generally, lot of difficulties encountered due to 
complication of boundary condition. This complica- 
tion may be because of various realistic situations 
when boundary may not relate to the standard 
boundary situations. Therefore, there is a need to 
consider non-classical boundary situations such as 
elastically restrained edge, such as _ translational, 
rotational constraints (Wang and Wang 2001; Rao 
and Rao 2010; Kim and Dickinson 1990; Yamaki 
1958; Wang et al. 2005). 

Plates are frequently exposed to in-plane stresses. 
This could be due to in-plane loads. This may leads to 
buckling of structures, which is detrimental. This 
occurrence is significant in different applications. 
Therefore, the buckling analysis of plates plays a vital 
role. The present work is carried out to compute elastic 
critical buckling loads of plate with elastic edges 
(against rotation, translation) and rests on foundation. 
In addition, the buckling loads are premeditated 
correctly by considering asymmetric mode. 


2 Mathematical formulation 


Circular plate under consideration is supported on 
foundation, its boundary is elastic edge (against 
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Fig. 1 Circular plate with foundation and elastic edge against 
rotation and translation 


rotation and translation) and also it is subjected to 
in-plane load, N shown in Fig. 1. Here, R, v, A and 
E represents radius, Poisson’s ratio, thickness and 
modulus of elasticity of plate respectively. 

According to Yu (1957), the fourth order differen- 
tial equation proposed by the Classical Plate Theory 
(Kirchhoff’s theory), for plate on foundation is given 
below 


DV‘w+NV?w+ Kww =0 (1) 


Here, D, w, N and Ky represents flexural rigidity, 
lateral displacement, compressive load and foundation 
modulus respectively. After normalizing all lengths by 
R, Eq. (1) becomes 


Vint PV w+ Sw = 0 (2) 
VV +2)0+ Aw =0 (3) 


where, k* = NR?/D is a non-dimensional buckling 
load parameter and e = KwR‘/D is a non-dimen- 
sional foundation stiffness parameter, V7 is the 
Laplacian parameter. In polar coordinates (r, 0) set 


w(F, 0) = ia(F) cos(nd) (4) 


Here, w(7,0) represents transverse deflection of 
plate and n represents the nodal diameters, the general 
solution that is bounded at the origin is as follows. Let 
J, vtepresents Bessel function of ordern. General 
solution to the Eq. (3) is more complicated. Therefore, 
the following three cases are considered. 


Case (i) Ifk > V2€, the solution to Eq. (3) is given 

by 

u(F) = AyJn(aF) + Aodn( BF) (5) 
Substituting Eq. (5) in Eq. (4), we obtain 

w(F, 0) = (Ai, (a?) + AoJn(BF)) cos(n0) (6) 
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Case (ii) If k = V2¢, the solution to Eq. (3) is given 

by 

u(7) = AjJn (EF) + Ar7Jn41 (EF) (8) 
Substituting Eq. (8) in Eq. (4), we obtain 

w(F, 0) = (AiJn (EF) + AoFJn+1(EF)) cos(n0) (9) 

Case (iii) If k< 26, the solution to Eq. (3) is given 

by 

u(r) = AjRe[J, (id7)| + AzIm{J,(07)] (10) 
Substituting Eq. (10) in Eq. (4), we obtain 

w(F, 0) = (A, RelJ,, (id7)|] + A2Im[J,(id7)]) cos(n@) 


(11) 
_ ee 
where i = V—land6 = ( a a #) (12) 


Considering an elastically restrained edge (Fig. 1), 
boundary conditions can be expresses as 


M,(F, 0) = Ky PEO) (13) 
V,(7, 0) = —Kriw(7, 0) (14) 


Here bending moment and shear force can be 
defined as follows 


M,(7, 0) = 
D ow(7,0) 10w(7,0) 1 0 w(F, 0) 
Ri or "\F OF Pr? ae 
(15) 
. DONO ip 
V6.8) = — ze Vem 8) 
10 (10 w(7,0) 1 Ow(7, 0) 
HY) aq (: e700 OO )| 
(16) 


From Eqs. (13) and (15) yields the following 


expression 
owl, 0) ae 1 oW(F, 0) " 1 0 w(F, 0) 
or r OF PrP 0 
Kp, R? Ow(F, 0) 
- De 1) 
0 w(F, 0) hes 1ow(7,0) 1 0 w(F,0) 
Or? r OF PO” 
Ow(7, 0 
=—-Ry 7 (18) 
Substituting Eq. (14) in Eq. (16), we obtain 
ee 10 
10°w(7,0) 1 dw(7, 8) Kr, R> __ 
(: oro0 i)|= pe) 
(19) 
a 10 
SVMF) + 9) 
(20) 


10° w(F,0) 1 Ow(7,0) ape 
(; arco Se) | = tat 


2 3 . 
where Ry, = Aa and 7); = Au are non-dimen- 
sional rotational and translational flexibility parameter 


respectively. 


Case (i) Ifk > V2é 
2.1 Rotationally restrained boundary at outer edge 


Substituting Eq. (6) in Eq. (18), we obtain the follow- 
ing atr = 1 


Oe +5(v+Ri)P ee 2 \In(a) {A 
= =(v —{—+ vn )Jn(o 
4 88 5) W)L£77 5) 1 


2 


2 
ai Fs fo + Ri1)P5y- (5+ ww) Jn(B)] A 
ae (21) 
where 


Pq = Jn—1 (0) = Jnzi (a); 
Pag = Jn—2 (a) + Inzo(a); 


2.2 Translational restrained boundary at outer edge 


Substituting Eq. (6) in Eq. (20), we obtain the follow- 
ing atr = 1 


Q Springer 


at 
(Pan —3P 0) +2 Pas +5 (nP 2) —1)P77 


g2 
t Ge v) 2 Ti )Jn(a) 
3 2 
+ (Poo BP) + Pig E(u? (v—2)—1)P5, 
2 
+(#@-») Fm) 44(6)|A0=0 
(22) 


where 

Poq = In—1(0) — Ings (t); Poy = In—1(B) — Ini (B); 
Pg = Jn—2(a) + Jns2(0t); Pog = Jn—-2(B) + Ins2(B); 
Pog = Fn—3(0) — Jn43(00)3 Pog = In—3(B) — Jnta(B); 


Case (ii) If k= /2é 
2.3 Rotationally restrained boundary at outer edge 


Substituting Eq. (9) in Eq. (18), we obtain the follow- 
ing atr = 1 


2 2 
Een +50 +Riy)Pi2- (5+ wnt] 


2 
| (Pi2 — Pia) 4 E(y + Ry + 2)P\y 


+(v(1 — n’) + Rui)dnsi(é)| Aa =0 
(23) 


2.4 Translational restrained boundary at outer edge 


Substituting Eq. (9) in Eq. (20), we obtain the follow- 
ing atr = 1 


e ‘Ss or 
(is 3P a) +P t a (v 2) 1)Pi2 


+(#¢ —v) a ri) n(@)]A 


3 
p (P16 — 3Pn) + 2 (Pr — Pia) 


(n°(v—2)+1)Pi, + (n? -1- Tidus) A 
(24) 
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where 


Pea Ii) = Jailer y= 4t(e) Jae); 
P33 = Jn-2(€) + Jnzo(€); Pia = Jns2(€) _ Jna3(€); 
Pis = Jn-3(€) _ Jna3(€); Pie = Jn—2(€) = Jnsa(€); 


Case (iii) If k<V/2¢ 
2.5 Rotationally restrained boundary at outer edge 


Substituting Eq. (11) in Eq. (18), we obtain the 
following at r = 1 


Re (a) ] + (v + Ri1)Re (a) 3 


: (5 _ wi? )Rel (08 A 
nt] steno 


# (5 = wn? )ImJ(08)] A =0 
(25) 


2.6 Translational restrained boundary at outer edge 


Substituting Eq. (11) in Eq. (20), we obtain the 
following at r = 1 


Re[iran@2] + nln’ 
(44 my 2) —1) Rel elPx] 


+(5+ n?(3 — v) - en 


353 ‘ & 
+ lim (Pa) | +1m) (Pas) 
8 4 

16 30° 
ae Gees 


+(F+70-9- mI mld] A =0 


(26) 


The above equations listed in above three cases are 
used for axisymmetric (n =0) and asymmetric 
(n # 0) buckling modes. Here, A; and A> are 
constants. Here, 0.3 is used as Poisson’s ratio in all 
calculations. 
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Table 1 Buckling (n = 0 and n = 1 mode) loads for various translational, rotational, and foundation restraints (R11, 7), and €) and 


v = 0.33 
¢ Ry =T,=1 Ry, = Ti, = 10 Ry, = Ty, = 100 
n=0 n=1 n=0 n=1 n=0 n=1 

0 2.52051 2.74951 3.48887 2.74951 3.79365 2.74951 
2S 4.38057 5.10167 4.23479 4.65156 4.39922 5.27624 
5 7.78999 7.6852 7.73659 7.34844 7.75413 7.39619 
FS 11.1116 12.4921 10.9502 12.3471 11.6795 10.8835 
10 14.4752 14.4927 15.3885 15.1862 15.333 14.4861 
12.5 18.8247 17.9778 17.9051 18.5461 18.5706 18.2913 
15 22.1629 22.0849 22.0444 22.0627 21.4294 21.9807 
17.5 24.9567 25.5571 24.9517 25.5522 26.4594 25.5071 
20 29.8829 29.007 29.8341 28.9668 28.8349 28.4275 
Table 2 Comparison of mode switches with Wang (2005) Clamped boundary and v = 0.3 

n=0 n=1 n=0 n=1 n=0 n=1 

€ ok é k é k é k é k é k 
Wang (2005) O 3.8317 3.644 6.022 5.185 7.994 6.912 10.265 8.446 12.355 9.059 13.213 
Present O 3.8317 3.644 6022 5.185 7.994 6.912 10.265 8.446 12.355 9.059 13.213 


3 Solution 


Equations mentioned above are solved to obtain an 
exact characteristic buckling equation by eliminating 
the coefficients A; and A>. For non-trivial elucidation, 
the determinant [A]> , 2» become extinct. This exact 
characteristic buckling equation is solved by using a 
bisection algorithm. The buckling load parameter can 
be determined for a given set of n, v, R,,, Tj, and € 
values. 


4 Numerical results 


Buckling loads are calculated by considering a wide 
range of rotational, translational and foundation 
parameters and presented in Table |. Figure 2 repre- 
sents variant of buckling load, with foundation by 
considering a set of values elastic restraints, i.e., 
R,,; = T\, = 1. It is noticed from Fig. 2, that curve is 
tranquil of bi segments because of mode switch. 
Figure 2, shows buckling load, k rises monotonically 
with the foundation stiffness parameter, €. It is 
observed that the symmetric (i.e.,n = 0) solution 
weaves with the asymmetric solution (i.e., m = 1). 


When the foundation stiffness is zero, the plate buckles 
axisymmetrically with k=2.52051. When € 
increased beyond 4.67891 (k = 7.35415),n = 1 mode 
(asymmetric) gives correct fundamental buckling. This 
persists until € = 5.17926 (k = 8.022311) where the 
n = 0 mode again determines the lower buckling load. 
The next three switches of mode are at € = 10.05204 
(k = 14.5642), € = 15.2891 (k = 22.4873) and 
&€ = 18.5192 (k = 26.962). 

Figure 3 shows buckling parameter k, increases 
monotonically with the foundation stiffness parame- 
ter, €. It is observed that the asymmetric (i.e., n = 1) 
solution weaves with the symmetric solution 
(i.e., n = 0). When foundation stiffness is zero, the 
plate buckles asymmetrically with k = 2.74951. 
When € increased beyond 1.60085 (k = 3.9656), the 
symmetric mode n=O gives the correct lower 
buckling load. This persists until € = 3.7944 
(k = 6.05096) where the n = | mode again deter- 
mines the lower buckling load. The next four switches 
of mode are at € = 5.5486 (k = 8.4391), € = 9.6868 
(k = 14.8302), € = 10.596(k = 15.9952) and 
€ = 18.5240 (k = 26.9427). 

Figure 4, shows buckling parameter, k increases 
with the foundation stiffness parameter, €. It is 
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Fig. 2, Buckling parameter k, and foundation stiffness param- 


eter €, for rotational and translational parameters of 
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Fig. 3. Buckling parameter k, and foundation stiffness param- 
eter €, for rotational and translational parameters of 
Ry = Ti = 10 


observed that the asymmetric (i.e.,n = 1) solution 
weaves with the symmetric solution (i.e.,n = 0). 
When foundation stiffness is zero, the plate buckles 
asymmetrically with k = 2.74951. When € increased 
beyond 1.35405 (k = 4.118), the symmetric mode 
n = 0 gives the correct lower buckling load. When € 
increases beyond 4.27350 the n = 1 mode again gives 
the lower buckling load. The next two switches of 
mode are at € = 13.3435 (k= 19.5308) and 
&€ = 15.9176 (k = 23.2749). 

Results of this sort are rare in literature. Figure 5 
shows the comparison of results with the clamped 
boundary condition. Table 2 shows the comparison of 
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Fig. 4 Buckling parameter k, and foundation stiffness param- 
eter ¢€, for rotational and translational parameters of 
Ry = Ti = 100 
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Fig. 5 Buckling parameter k, and foundation stiffness param- 
eter €, for clamped boundary condition 


mode switches against those obtained by Wang (2005) 
for clamped boundary by setting Rj; — coo and 
T,;,; — in the present study. Similarly, Tables 3 
and 4 shows the comparison of results for simply 
supported boundary (by setting R,; > 0 and 
T,, — cin the present study) and free boundary 
condition (by setting R,;; — 0 and 7,,; > O in the 
present study) respectively. The buckling load starts 
from zero, corresponding to the n = 1 mode. Kline 
and Hancock (1965) obtained only the symmetric 
n=O curve, thus overestimated the fundamental 
buckling where n = | mode gives correct buckling 
load. The buckling load of elastically restrained 
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Table 3 Comparison of mode switches with Wang (2005) simply supported boundary and v = 0.3 


n=0 n=1 n=0 n=1 n=0 

é k (a k é k é k € k 
Wang (2005) 0 2.04881 3.047 4.359 4.604 6.605 6.228 8.843 7.795 11.072 
Present 0 2.04881 3.047 4.359 4.604 6.605 6.228 8.843 7.795 11.072 


Table 4 Comparison of mode switches with Wang (2005) free boundary and v = 0.3 


n=1 
é k 
Wang (2005) (0) 0 


Present 


ra= Z t= (0) 

¢ k é k 
2.059 2.046 2.550 2.502 
2.059 2.046 2.550 2.502 


circular plate on elastic foundation is now correctly 
estimated. 


5 Concluding remarks 


The buckling of elastically restrained thin circular 
plate on elastic foundation is premeditated. The 
buckling load parameters are presented for different 
values of translational T,, and rotational restraints Rj. 
In addition, it simulates clamped boundary when 
Ri, ~ w©andT,, > o. In addition, buckling param- 
eters are presented for a range of elastic foundation 
restraints €. Buckling load is increased due to foun- 
dation restraint irrespective of additional plate param- 
eters. At a particular foundation parameter, buckling 
mode switch from n = 1 ton = 0. Switching of mode 
is calculated for different translational, rotational and 
foundation restraints. In addition, here the equations 
are exact, and the solutions can be found to any 
precision and can be used as benchmark solution. This 
data would be useful during basic design of embedded 
circular plates, and circular anchor embedded plates. 
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Abstract Exact solutions for the flexural vibrations of 
circular plates having elastic edge conditions along with 
rigid concentric ring support have been presented in this 
paper. Values of frequency parameter for the considered 
circular plate are computed for different sets of values of 
elastic rotational and translation restraints and the radius of 
internal rigid ring support. The results for the first three 
modes of plate vibrations are computed and are presented 
in tabular form. The effects of rotational and linear 
restraints and the radius of the rigid ring support on the 
vibration behavior of circular plates are studied over a wide 
range of non-dimensional parametric values. The values of 
the exact frequency parameter presented in this paper for 
varying values of restraint parameters and the radius of the 
rigid ring support can better serve in design and as 
benchmark solutions to validate the numerical methods 
obtained by using other methods of solution. 


Keywords circular plate, frequency, elastic edge, rigid 
ring, mode switching 


1 = Introduction 


Circular plates are extensively used in various aeronau- 
tical, civil, mechanical and marine applications. The latest 
literature on the problem of flexural vibrations of circular 
plates, with different edge conditions, has been extensively 
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reviewed [1—5]. Axi-symmetric vibrations of the circular 
plates have been studied by Bodine [6]. Laura et al. 
presented more accurate results for the case of axi- 
symmetric mode of vibration [7]. However, the funda- 
mental frequency may not be only axi-symmetric. This fact 
was implied by a graph of Bodine et al. who plotted mode 
shapes of some higher mode frequencies [8]. Literature on 
vibration of circular plates with different edge conditions 
and internal strengthening has been reviewed by a number 
of researchers [9-13] utilizing methods such as Green’s 
functions and others. Wang [17] presented values of 
fundamental frequency parameter of a circular plate with 
free edge, supported on an internal rigid ring support, and 
showed that the fundamental frequency is corresponding to 
the asymmetric mode for lower values of the radius of 
internal rigid ring support [14]. 

However, as we know, in practical industrial engineering 
situations, we rarely come across ideal boundary condi- 
tions. It is a widely accepted fact that the condition on a 
periphery often tends to be partially between the classical 
boundary conditions such as simply supported, clamped 
and free and may correspond more closely to some form of 
elastic restraints, i.e., rotational and translational restraints 
[14-16]. To the best of authors’ knowledge, there is no 
other research paper other than the present one, addressing 
the vibrations of circular plates with elastically restrained 
boundary involving rotational and translation restraints at 
the edge of the circular plate along with an internal rigid 
ring support. 

The main purpose of this paper is therefore to study the 
effects of the radius of the internal rigid ring support, the 
circular plate being elastically restrained along the outer 
edge against rotation and translation making use of the 
exact method of solution. The natural frequencies of 
circular plate for varying values of rotational and 
translational restraints along the plate edge, rigid ring 
support radius for a wide range of non-dimensional 
parameters and are expressed in graphical and tabular 
form for use in design of such circular plates which has 
application in engineering industry. 
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2 Mathematical formulation 


The circular plate under consideration is of radius R, 
Poisson’s ratio v, density p, thickness h, and elastic constant 
E. In Fig. 1 is shown a circular plate, which has outer 
boundary elastically restrained against translation and 
rotation (at radius R) and supported on a rigid internal ring 
support (at radius bR), b being a fraction and less than 1. 


Fig. 1 Concentric rigid ring supported circular plate with 
elastically restrained boundary 


All lengths are normalized with respect to plate radius R. 
That is how the outer boundary radius is | and ring radius 
is b. Subscript I denotes outer region b<r< 1, subscript II 
denotes inner region 0<r<b. According to the circular 
plate theory given by Leissa, the following fourth - order 
differential equation describes the flexural vibrations of the 
plate [2]: 

2 
ee, alae 0 (1) 

Ot 
where D is the flexural rigidity of the plate. General form of 
lateral displacement of vibration of plate can be repre- 
sented as w=u(r)cos(nO)e where (7,0) are polar 
coordinates, w is the transverse displacement, 1 is the 
number of nodal diameters, w is the frequency and ¢ 
the time. The function u(r) is a linear combination of 
Bessel functions J,(Ar),Y,(Ar),J,(Ar),K,(kr) and k= 


R(pa* /D)'/ * is the square root of the non-dimensional 
frequency of the plate [3]. General solutions for regions I 
and IJ are as follows: 


u(r) = Cidn(kr) + Co¥ (kr) + Cala (Ar) 
+ C,K,(Ar) (2) 


uy (1) = CsJ,(kr) + Cola (Ar) (3) 


Considering the elastically restrained edge at the outer 
region, boundary conditions can be formulated as 


M,(r,0) = Ky) (4) 
Or 
V,(r,0) _ — Kr (7,0) (5) 


Here bending moment and shear force can be repre- 
sented as 


2 
M(rd) = -2 | 
R or 
(1 dw(r,0) 1 Pwi(7,8) 
: (7 or Pe A ©) 
D\o 
V,(r,0) = —alavmcrs) 
rr J 0 (18 w(r,0) 1 Ow(r,0) 
m roO\r_ orod r 00 
(7) 


From Eqs. (4), (6) and (5), (7) yields the following 
expressions 


ae - (; dw(r,0) 


1 Pato) 


ér* r or =r ae 
Ow,(r,0 
=n, () 
r 
0 _» 10 /1@w,(r,0) 1 w,(r,9) 
— é)+(1 
Sv a ee drop 
= T),w,(7,9) 
(9) 
At r = 1, the Eqs. (8) and (9) can be expressed as 
ut (1) + vfuy (1) n° (1)] = — Ruy (1) (10) 
uy (1) +a’ (1)—[1 + 2° (2—-v) uy (1) 
+n? (3—v)u;(1) 
= —T (1) (11) 
KpiR Kp, R° 
where Rj, = = ona n= 7 are the normalized 


spring constants Kp, & Ky, of the rotational and transla- 
tional elastic springs respectively. 

Apart from the elastically restrained conditions at the 
outer boundary, continuity requirements at the rigid ring 
support (at r = b) are as follows 


u(b) = 0 (12) 
uy(b) = 0 (13) 
uj(b) = u'y(b) (14) 
ui(b) = w1(b) (15) 
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The non-trivial solutions to Eqs. (10) — (15) are required to 
be obtained. 

From Eggs. (1), (2), (10)}(15), we obtain the following 
consequent equations: 
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“2 


(17) 


Jy(kb)Cy + Y,(kb)Cy + Iy(kb)C3 + Ky(kb)Cy = 0. (18) 


le 


Kr 
a (6) Ce ez = 


(19) 


2 


ke k 
oe 


k 
oP. F ll) 


ke ke 


kK 
Ese! 
where 


Py =In-1(k) Sng i(k); Po = In-a(k) 
O1 = Yn_1(k) — Yai ()s Oo = Yn_a(k) 
Ry = Tn-1(k) + Ing (k)s Ro = In-2(k) 
S, = K,-1(k) + Knyilk)s So = 
Py =Sui 
R) = 1,1 (kb) lng. (kb); R= In—2 (kb) + Inga(Kb); S" 


3 Solution 


Given the set of values of n, v, T);, Ri, Ro & b, 
equations mentioned above are utilized in obtaining an 
exact characteristic frequency equation by suitably elim- 
inating the coefficients C), C,, C3, Cy, Cs & Cs. The 
values of non-dimensional frequency parameter k can be 
obtained by solving the nonlinear characteristic equation 


eo, ok 
¥a(k) Cy + aR, at 


k k 
—J,, (kb =k. 
zn ) Cs E eee 2 


ae Ji 


2 2 


ain ) Cer 
‘ ‘ (21) 


42(k); P3 =J,_3(k) —Sn43(A)s 
+ Ynio(k); O3 = Yn-3(k) — Yn43(k); 


oe 2(k ) + Kn4o(k jie 
(kb) —Jn41 (kb); P2 = Jn_2(kb) + JusallO) QO’. =Y,- (i) - 


+ Inga(k)s R3 = In cer 43(k); 
ae Pa, 
); Q 


Kye 3 n+3 om 
+1(kb); -2(kb) 4 
+1 (kb); she = Kye = a 
using bisection method of iteration technique. In generat- 


ing the results in this paper, we considered the value of 
Poisson’s ratio as 0.3. 


i Yn42 
+ Kao 


A: K,,-1(kb) = 


4 Results and discussions 


Values of frequency parameter are computed for different 
values of elastic restraint parameters (rotational and 
translational) and the radius of the concentric rigid ring 
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support. Values of fundamental frequency parameter for 
axi-symmetric and asymmetric modes of vibration for a 
given set of values of rotational restraint parameters 
(Ri, = 2.5, 5, 20, 50, 100, 500, 100 & 10!°%) are com- 
puted by keeping 7, as constant 1.e., 7}, = 10. Results for 
the first three modes of plate vibrations are obtained and 
presented in Figs. 2—9. 

It can be observed from Fig. 2, which for a given set of 
values of RR}; =2.5 & T;; = 10, the given curve is 
composed of two segments due to the occurrence of 
vibration mode switching. For lower values of the radius of 
concentric rigid ring support, the fundamental frequency is 
corresponding to asymmetric n = | mode. In this region 
(as represented by dotted lines in Fig. 2) fundamental 
frequency decreases as b decreases in value. For higher 
values of concentric rigid ring support radius, the 
fundamental frequency is corresponding to axisymmetric 
mode (n=O). In this segment (as represented by 
continuous lines in Fig. 2) the fundamental frequency 
increases as b decreases up to a peak point and correspond 
to the maximum frequency and decreases thereafter as b 
decreases as shown in Fig. 2. 


Frequency parameter, k 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 2. Fundamental frequency of circular plate and concentric 
rigid support radius for Rj; = 2.5 & T,,; = 10 


It can be observed from Fig. 2, that the cross over radius 
for mode switching from asymmetric to axisymmetric 
mode in this case becomes b = 0.09985. Fundamental 
frequency is governed by asymmetric mode when b< 
0.09985 (as shown by the dotted lines in Fig. 2). When b is 
increased beyond 0.09985, axisymmetric mode gives the 
correct fundamental frequency as shown by continuous 
lines in Fig. 2. Optimal solutions (concentric ring support, 
opt and the subsequent fundamental frequency, Kop,) are 
b = 0.6 and k = 3.63298 respectively, which is equal to 
nodal radius of the axisymmetric mode and frequency. 

Similarly, it is observed from Figs. 3—9, that for a given 
set of values of rotational restraint parameters 
(R,, =5, 20, 50, 100, 500, 100 & 10'°) and 7,, = 10, 


the curve shown is composed of two segments due to the 
occurrence of vibration mode switching. For lower values 
of concentric rigid ring support radius, the fundamental 
frequency corresponds to the asymmetric mode. In this 
segment (as represented by dotted lines in Figs. 3—9), we 
can find that the fundamental frequency decreases as the 
value of b decreases. For higher values of the radius of 
concentric rigid ring support, the fundamental frequency 
corresponds to axi-symmetric mode. In this region (as 
represented by continuous lines in Figs. 3-9), the 
fundamental frequency increases as b decreases up to a 
peak point corresponding to the maximum frequency and, 
decreases thereafter as b decreases as shown in Figs. 3—9. 
Using Figs. 3-9, the cross over radius, b,, and 
corresponding frequency parameters, k,,. are computed 
and presented in Table 1. Further, the optimal solutions 
(concentric ring support, b,,, and the subsequent funda- 
mental frequency, 4.) are also obtained and presented in 
Table 2. 

Mode switching (crossover) radius decreases from 
0.09985 to 0.08597 as Ry, varies from 2.5 to 10'° and 
T,;, = 10. The optimal location is 0.6, which remains 
constant for R,;; = 2.5 to 0.6 and 7,;; = 10. However, the 
fundamental frequency can be seen to be increasing from 
3.63298 to 3.9227 at the respective optimal locations. 


Frequency parameter, k 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 3 Frequency of circular plate and concentric rigid support 
radius for R}; =5 & 7\,; = 10 


The fundamental frequency for n = 0 and n = 1 modes 
for different sets of values of translation restraint parameter 
(T;; = 2.5, 5, 20, 50, 100, 500, 100 & 10'°) are com- 
puted keeping R,, constant (R,,; = 10). Results for the first 
three modes of vibrations are obtained and presented in 
Figs. 10-17. It is observed from Fig. 10, for a given set of 
values of 7,,; = 2.5 and Rj; = 10, the curve presented is 
composed of two segments due to the occurrence of 
vibration mode switching. For lower values of the radius of 
concentric rigid ring support, the fundamental frequency is 
corresponding to asymmetric mode. In this region (as 
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Frequency parameter, k 
Frequency parameter, & 


0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Ring support radius, b Ring support radius, b 
Fig. 4 Fundamental frequency of circular plate and concentric Fig. 7 Fundamental frequency of circular plate and concentric 
rigid support radius for R;; = 20 & T\; = 10 rigid support radius for R,; = 500 & T,, = 10 


Frequency parameter, k 
Frequency parameter, k 


0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Ring support radius, b Ring support radius, 5 
Fig. 5 Fundamental frequency of circular plate and concentric Fig. 8 Fundamental frequency of circular plate and concentric 
rigid support radius for R;; = 50 & T,; = 10 rigid support radius for Ry; = 1000 & 7,, = 10 


Frequency parameter, k 
Frequency parameter, k 


0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Ring support radius, 5 Ring support radius, b 
Fig. 6 Fundamental frequency of circular plate and concentric Fig. 9 Fundamental frequency of circular plate and concentric 
rigid support radius for R;; = 100 & T;, = 10 rigid support radius for Ry, = 10° & T,, = 10 


represented by dotted lines in Fig. 10) fundamental values of concentric rigid ring support radius, the 
frequency decreases as b decreases in value. For higher fundamental frequency is corresponding to an axisym- 
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Table 1 The cross over radius, b,,, and the corresponding frequency parameters, k,,, for various values of R;,; and 7,, = 10 

Ri 2.5 5 20 100 500 1000 10'° 

bese 0.09985 0.09530 0.08911 0.08701 0.08679 0.08614 0.08601 0.08597 

Keer 2.75033 2.75477 2.76 2.76050 2.76163 2.76246 2.76273 2.76272 
Table 2 Optimal locations (concentric ring support, b,,; and subsequent frequency parameter, kp; for various values of Rj, and 7), = 10 
i 42 Ss 20 50 100 Soo 100 IO” 
bopt 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 

Kot 3.63298 3.72601 3.85606 3.89405 3.90808 3.91972 3.92121 319227 


metric mode. In this region (as represented by continuous 
lines in Fig. 10), the fundamental frequency increases as b 
decreases up to a peak point corresponding to maximum 
frequency and decreases thereafter as b decreases as shown 
in Fig. 10. 

It is observed from Fig. 10, which the cross over radius 
for mode switching from asymmetric to axisymmetric 
mode in this case is b = 0.098370. Fundamental frequency 
is governed by »=1 mode when b<0.098370 (as 
represented by the dotted lines in Fig. 10). When 5 is 
increased beyond 0.098370, n =0 mode gives correct 
fundamental frequency as shown by continuous lines in 
Fig. 10. Optimal solutions (concentric ring support, Dop 
and the subsequent fundamental frequency, k,,,) are b = 
0.6 and k = 3.67998 respectively, which is equal to the 
nodal radius of the axisymmetric mode and frequency. 

Similarly, it is observed from the Figs. 11-17, for a 
given set of translational restraints (7;; = 5, 20, 50, 100, 
500, 100 & 10!°), and R,,; = 10, the given curve is 
composed of two segments due to the occurrence of 
vibration mode switching. For lower values of concentric 
rigid ring support radius, fundamental frequency is 
corresponding to asymmetric mode. In this region (as 
represented by dotted lines in Figs. 11-17) fundamental 
frequency decreases as b decreases in value. For higher 
values of concentric rigid ring support radius, fundamental 
frequency is corresponding to an axisymmetric mode. In 
this region (as represented by continuous lines in Figs. 11— 
17) fundamental frequency increases as b decreases up to a 
peak point corresponds to maximum frequency and 
decreases thereafter as b decreases as shown in Figs. 11— 
17. It is observed from Figs. 11—17, the cross over radius, 
boy and corresponding frequency parameters, k.o, are 
computed and presented in Table 3. In addition, optimal 
solutions (concentric ring support, bo; and the subsequent 
fundamental frequency, k,,,) are obtained and presented in 
Table 4. 

The mode switching (cross over) radius varies 
(decreases) from 0.09837 to 0.016 as 7), varies 2.5 to 
10'° and R,, = 10. The optimal location varies (decreases) 
from 0.6 to 0.4 as T;; varies from 2.5 to 10’ and R;, = 10. 
However, the fundamental frequency increases from 
3.67998 to 4.48074 at the respective optimal locations. 


Frequency parameter, k 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 10 Fundamental frequency of circular plate and concentric 
rigid support radius for 7,;; = 2.5 & R,,; = 10 


Frequency parameter, & 


0 0.2 0.4 0.6 0.8 1 
Ring support radius, b 


Fig. 11 Fundamental frequency of circular plate and concentric 
rigid support radius for 7,; =5 & R,; = 10 


Optimal location of rigid ring support is of great 
importance in design of supported structures. Optimal 
solution for the above two cases are presented in Tables 2 
and 4. Results are compared as follows: (a) Frequencies 
(n =0 mode) agree with Laura et. al. [7] (b) Table 5 
presents exact fundamental frequency with free boundary 
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Frequency parameter, k 
Frequency parameter, k 


0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Ring support radius, b Ring support radius, b 
Fig. 12 Fundamental frequency of circular plate and concentric Fig. 15 Fundamental frequency of circular plate and concentric 
rigid support radius for 7,; = 20 & R,, = 10 rigid support radius for 7;; = 500 & Ri, = 10 
9 
8 
ne ae 7 
3 5 6 
= = 
S £5 
Ss is] 
a a 
B zB 4 
5 5 
s = 3 
ma ma 
2 2 
aay a 2 
1 
0 
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Ring support radius, b Ring support radius, b 
Fig. 13 Fundamental frequency of circular plate and concentric Fig. 16 Fundamental frequency of circular plate and concentric 
rigid support radius for 7,; = 50 & R,, = 10 rigid support radius for 7;; = 1000 & Ry, = 10 
10 
9 
ss . 8 
g 7 
vo vo 
& a5 
> > 
2 2 4 
vo vo 
3 3 
g E2 
a m4 
1 
0 
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Ring support radius, b Ring support radius, b 
Fig. 14 Fundamental frequency of circular plate and concentric Fig. 17 Fundamental frequency of circular plate and concentric 
rigid support radius for 7,; = 100 & R,, = 10 rigid support radius for 7); = 10'° & Ry, = 10 


(by substituting R,;,;—>0 in the current problem), with co & 7T>,— oo in current problem) compared well with 
results obtained by Wang [17] (c) the fundamental that of Wang et al. [17] (d) the fundamental frequency 
frequency for clamped boundary (by substituting R,,;— parameter A, for sliding edge against translation (by setting 
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Table 3. The cross over radius, b,,, and the corresponding frequency parameters, k,,, for various values of 7,, and R,, = 10 

Ty 2.5 5 20 50 100 500 1000 101° 

Door 0.09837 0.09640 0.08282 0.06378 0.04602 0.02184 0.01924 0.016 

Kor 2.41573 2.54833 3.05268 3.54305 3.90990 4.36130 4.42406 4.48074 

Table 4 Optimal locations (ring support, b,,, and subsequent frequency, k,,,) for Rj; = 10 and different values of 7), 

™ »+42 S20 50. 100.  5S0O 1000. Om 
dont 0.6 0.6 0.6 0.5 0.5 0.4 0.4 0.4 

Koot 3.67998 3.72379 3.93665 4.26143 4.7033 5.75927 5.93386 4.48074 


Rico & T),) with a frequency parameter k = 3.8711, 
the fundamental frequency parameter k, for sliding edge 
(by setting R;;—0oo) with a frequency parameter of k = 
3.8711 and, the fundamental frequency parameter k, for 
rotationally restrained and simply supported edge (by 
setting R,;,; & 7T,;—*0co) with a frequency parameter of k 
= 3.8711 agree well with those corresponding results 
presented by Wang [13]. 


Table 5 Comparison of Fundamental frequency for v = 0.3, with 
Wang et al. [14] for free Edge 


Ring support radius, b Wang et al. [14]) Present 
0 0 0 

0.02 1.501 1.50077 
0.05 1.634 1.63422 
0.1 1.789 1.78911 
0.15 1.922 1.92226 
0.2 2.051 2.05103 


5 Conclusions 


From the results presented in this paper, it can be easily 
seen has that the fundamental mode of frequency switches 
from asymmetric to axisymmetric mode at specific rigid 
support radii. Change of mode (crossover) has been 
computed and shown graphically for varying values of 
elastic edge restraints against rotation and translation. The 
optimal solutions such as radius of optimum internal ring 
support and the corresponding fundamental frequency are 
computed for a wide variety of cases and are presented in a 
form convenient for use in design. The optimal rigid 
support radius is significantly influenced by variations in 
the edge elastic restraint parameters. Further, it is observed 
that the translation restraint parameter has relatively higher 
influence on frequency parameters than the rotational 
restraint parameter. As the results obtained in this paper are 
from exact method of solution in closed form, the 
presented results very well serve in designing such 
structures and as benchmark, solutions for assessing the 


accuracy of the frequency results obtained using other 
approximate techniques. 
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The present paper deals with exact analysis of free lateral vibrations of annular plates with inner and 
outer edges elastically restrained and resting on Winkler type elastic foundation. Exact solution is 
obtained from the formulation based on the classical plate theory assumptions. The frequencies of the 
annular plate are computed for various values of elastic rotational and translational restraints, foundation 
restraint and radius of an annular plate and the results for the first three modes of the plate vibrations 
are presented in both graphical and tabular form suitable for use in design. The effect of varying values of 
rotational and translational restraints, foundation restraint and radius of the annular plate on the 
vibration behavior of annular plates is studied in detail. The exact frequencies of vibration presented in 
non-dimensional form can serve as benchmark values for researchers to validate their numerical 
methods when applied for such annular plate problems. 
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1. Introduction 


Leissa |1] and Kim and Dickinson [2] have studied lateral vibration 
of thin annular plate subject to certain complicating effects. Kim and 
Dickinson [3] have also studied the flexural vibration of isotropic 
annular and circular plates with elastically restrained peripheries, 
using the Rayleigh-Ritz method. Wang et al. [4,5] used the differ- 
ential quadrature method and Civalek [25] utilized the harmonic 
differential quadrature method in studying free vibration problems of 
annular plates with different boundary conditions. Liu and Chen [6] 
studied the problem of axisymmetric vibration of annular and 
circular plates, isotropic or polar orthotropic using an axisymmetric 
finite element. Vera et al. [8,9] have studied free vibration of annular 
plates with four combinations of boundary conditions Case (i) 
clamped at both edges, Case(ii) clamped at outer edge and simply 
supported at inner edge, and Case (iii) simply supported at outer 
edge and clamped at inner edge. Case (iv) simply supported at both 
edges and also the free-free edge conditions. Romanelli et al. [7], 
Vega et al. [10] and Laura et al. [11] studied the problem of free 
vibrations of annular plates with various boundary conditions and 
having an intermediate concentric circular support. Wang [12] has 
studied the vibration of an annular membrane attached to a free rigid 
core. Wang et al. [13] studied the effect of core on the fundamental 
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frequencies of annular plates with four different types of ideal 
boundary conditions. 

Many authors [14,15,29] have studied the problem of free vibra- 
tion of uniform and stepped circular plates resting on elastic 
foundation. The problem of free vibration of circular plate with 
stepped thickness is studied by Avlos et al. [16] both experimentally 
and analytically and by Kukla and Szewczyk [27] using Green's 
function method. Singh and Jain [17,18], studied the problem of free 
vibration of polar orthotropic annular and annular sector plates with 
thickness taper and with elastic edge conditions. Gupta and Bhar- 
adwaj [19] studied the problem of free vibration of polar orthotropic 
circular plates resting on elastic foundation with quadratic variation 
in plate thickness. Hsu [20,21] studied the free vibrations of annular 
plates with different boundary conditions using the modified differ- 
ential quadrature method. Ambali et al. [22] study the effect of fluid 
inertia on frequencies of vibration of annular plates. 

In practical situations in industry, the plate periphery often 
tends to be part way between the classical boundary conditions 
such as free, clamped or simply supported and may correspond 
more closely to some form of appropriate combination of elastic 
restraints, i.e., translational and rotational restraints. Kim and 
Dickinson [2], Wang and Wang [23], Vera at el. [24], Kukla and 
Szewczyk [26,28], and Rao and Rao [30-32] studied the effect of 
such elastic restraints on plate frequencies of vibration and 
stability criterion. However, the problem of generally restrained 
annular plate resting on Winkler's foundation is not fully studied 
in the available literature and the present paper addresses the 
same giving an exact solution to the problem. 
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Nomenclature 

w(r,@) transverse deflection of the plate 

r plate radius at any point on the plate 

0 angle of radius 

o circular frequency 

h thickness of the plate 

R radius of the plate 

b non-dimensional radius of ring support 
7 Poisson's ratio 

E Young's modulus of a material 


D flexural rigidity of a material 
kw Winkler foundation stiffness 
Ky1,Ky2 translation spring stiffnesses 
Kr1,Kpr2 rotational spring stiffnesses 


T11,T22 non-dimensional translational flexibility parameter 

Ry1,R22 non-dimensional rotational flexibility parameter 

n number of nodal diameters 

t time 

ky non-dimensional Frequency parameter without foun- 
dation, 

ky non-dimensional Frequency parameter with foundation 


The present paper therefore deals with the free vibrations of 
annular plate considering both inner and outer peripheries of the 
plate elastically restrained against rotation and translation and 
resting on Winkler type elastic foundation and results are pre- 
sented for the first three modes of vibration for a wide range of 
non-dimensional parameters in both graphical and tabular form 
suitable for use in design. 


2. Problem definition 


Consider a thin annular plate of radius R, uniform thickness h, 
Young's modulus E, density p, flexural rigidity D and Poisson's ratio 
v, as shown in Fig. 1. The plate is also assumed to be made of 
linearly elastic, homogeneous and isotropic material. Moreover, 
the effects of shear deformation and rotary inertia are neglected. 
The edge of the annular plate is elastically restrained against 
rotation and translation at inner and outer periphery. The annular 
plate is supported by an elastic foundation as shown in Fig. 1. The 
present study is to determine the frequency of annular plate when 
both the peripheries are elastically restrained against rotation and 
translation and it is resting on elastic foundation. 


Fig. 1. Annular plate with rotational and translational constraints at inner and 
outer edge and resting on elastic foundation. 


3. Mathematical formulation of the problem 


Consider an annular plate of outer radius, R and inner radius bR as 
shown in Fig. 1. The annular plate is supported by an elastic 
foundation. Let subscript | denote the annular portion 0 <r <b and 
the subscript II denote the outer region b <T < 1. Here, all lengths are 
normalized by plate radius R. As per the Kirchhoff's classical plate 
theory, the following fourth order differential equation describes the 
free flexural vibrations of an annular plate 


2 
Dv‘w- phy =0 (1) 


where 


7? 1010 

VS re oe (2) 
is the Laplace operator expressed in the polar coordinates r and @. The 
first studies of Eq. (1) were those of Poisson and Kirchhoff and the 
classical methods of finding the solution of this equation is based on 
the separation of variables. After considering the foundation parameter 
Eq. (1) becomes 
aw 
ot2 
where TF is the radial distance normalized by R, D = Eh? /12(1 —v?) the 
flexural rigidity, W = w/R the normalized transverse displacement of 
the plate, = R*k,,/D the non-dimensional foundation parameter and 
ky the Winkler foundation stiffness. 

Using the separation of variables approach, the general solution 
to the classical plate vibration Eq. (3) in polar coordinates can be 
assumed as 


DV4w-+ éw+ ph ) (3) 


W = u(r) cos (néd)je (4) 


where n is the number of nodal diameters, w the frequency and t the 
time. The function u is a linear combination of the Bessel functions 
In(kit), Yn(KiT), In(kiF) and K,(kiT) and k, =R(pw?/D)'/4, is the 
square root of the non-dimensional frequency. The annular plate of 
normalized radius at outer edge is 1 and the normalize radius at 
inner edge is b. There are therefore two plate regions. The general 
solutions for the outer region are giving by the following equation. 


WAT, 0) = [CJ n(kiF) + C2Yn(kit) + C3In(Kit) + CaKn(kit)] cos(nd) (5) 


3.1. Application of boundary conditions at the outer edge 


The boundary conditions at outer edges of the annular plate in 
terms of rotational stiffness (Kr;) and translational stiffness (K71) is 
given by the following expressions 
OW ((T, 0) 


M,(T, 0) = Kri F (6) 
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V.(T, 0) = —Kriw/(T, 0) (7) 


The radial moment and the radial Kirchhoff shear at outer edge 
are defined as follows 


_ D [a°w,(F, 0) 1aw(T,0) 1 0°w,(T,0) 
Me al or (; or TP Ae? )| a 
ap DO ape oe 10/18w(F,0) 1 ow,(T, 6) 
Wilts G)— -al5" wie deals aod 0 
(9) 
Substituting Eq. (6) in Eq. (8) yields the following: 
a? W)(T, 0) 10W\(T,0) 1 0*W,(T,0) KpiR? 0°W((T, 0) 
or? ae or Fae? )] D or? a) 
w(r, 9), 1 dW(F,0) | 1 0° W((F, 0) R ow (Tr, 0) 1) 
oe \Y o# ‘2 a J|~ "a 
where 
_ KriR 
Ry = D 
Substituting Eq. (7) in Eq. (9) yields the following: 
O09 1e°w((F,0) 1 ow,(T,0) Ky Re_ 
av wi OO Deals aro. a0 =p ee 
(12) 
0-5 1°W(T,0) 1 dW,(T,0) —— 
Ev w((T,6)+(1 ae aan 2 a0 ] =111W((T, A) 
(13) 
where 
_KnR 
Ty = =; Ge 


3.2. Application of boundary conditions at the inner edge 


Similarly, the boundary conditions at the inner edge of the 
annular plate in terms of rotational stiffness (Kr2) and translational 
stiffness (Ky;2) are given by the following expressions. 


MF, = —Kp oe? (14) 
or 
Vie O=K pw) (15) 


The radial moment and the radial Kirchhoff shear at inner edge 
are defined as follows 


= D [aw((T, 0) 1oW((T,0) 1 0?W,(T,0) 
ee ae ra or ae ar ov )I me) 
.,  D[d 27 10 /10°w(F,0) 1 dw((T,0) 
VF, 0) = -al5" WilF, +1 — v= (¢ ooo 72 a0 
(17) 
Substituting Eq. (14) in Eq. (16) yields the following: 
0°W/(F, 0) 10W(<T.0) 1 0° W((T,0) KR? 0 W)(F, 0) 
=) +V\ = ra =2 2 _ ad (18) 
or ro oor r 00 D or 
a? W((T, 0) low, (T,0) 1 a*w,(T,@) aw (T, 0) 
= en (Ce 5 = Ryz—5 (19) 
or ro oor r 06 or 
where 
_ Kp? 
Ro = “Dp 


Substituting Eq. (15) in Eq. (17) yields the following: 


1 aw(F, »)) KrR? 


O72 
RY w((T,@)+(1 gs D 


PWT, 0) 
r 00 


WAT, 0 
arao 0 179) 


(20) 


10°W\(T,0) 1 dW((T,0) 
oreo 2s 


( en eee a 
vm. -+(1 deals \\- T22W((T,0) (21) 


where 


KyR? 
D 


T22 = 


The inner and outer edges of the annular plate considered in 
this paper are thus elastically restrained against rotation and 
translation and the problem is formulated for obtaining an exact 
solution. 

Substituting Eq. (5) in Eq. (11) yields the following equation, at 
outer edge situated at location r= 1: 


= i 
k I — 
Fe T+" 54 +Ry)T1 (5 on?) } Cy 


—2 
k k ~ 
+ 4 U2+ Hayy + Ry1)U4 (F+0?] a) C2 


— 2 
k k ky a 
+f V2+Sv+ RV + (ae ) nce C3 


+ W2 e+ RW; + (5 um *) kat C4=0 (22) 


where 

T1 =Jn—1(K1) Jn 10K) Ut = Yn—1(K1)— Yn 41 (Ky); 
V1 =In—1 (Kh) + Ing (Ki), Wa = Kn 1 (Kr) + Kn 41k): 
T2 =Jn—2¢ki) +34 20k); U2 = Yn—2(k1)+ Yn +2(k1); 
V2 = In—2(k1) +In42(K1);, W2 = Kn—2(k1) + Kn 42(k1): 


Similarly, substituting Eq. (5) in Eq. (14) yields the following 
equation, at the outer edge located at T= 1: 


3 eo. = 
B 1,487, —* (aR + n2(2 +1) in 


8 4 2 


=) 
+ (a-Si } Cy 


ky 
8 


it 
+ a) Yn(k } Cy 


Sane. 
ky 


+ 4 


e+ 


is oG ky +n2(2— Y+1)U; 


Ry a V34 hy vi ky +n?( 2+v) 1)Vi 


Pe ky : 
+) n(3— Da aT In(k1)| Cy 


2 cn 
Wo Fh 4m 2—41) Wi 


5 
+(wa-v4 Tn ) kate C4=0 (23) 
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where 


Ty =Jn—1 1) Jn. 1K); T2 =Jn 2K) tn 4.21); T3 =Jn 3K) Jn 3 (Kv) 

U1 =Yn—1(k1)— Yn 4.1(k1); Uz = Yn—2(k1) + Yn2(k1); U3 = Yn—3(k1) — Yn 4 3(k1); 

Vy =In—1 (ky) + In 1k) V2 = In —2(k1) + In 4.2K) V3 = In—3 (Ka) + Ing 3K): 

Wi =Kn_1(k1)+Kn41(k1); Wo = Kn—2(k1) + Kn42(ky); W3 = Kn—3(Ky) + Kn 43k): 
=Jn—3(k) —Jn43(k1); U3 = Yn—3(k) —Yn4 3k) 

V3 =In—3(K1) +Iny 3(K1); W3 = Kn_3(K1) + Kn 3K); 


Substituting Eq. (5) in Eq. (19) yields the following equation, at 
inner edge located at T= b: 


ke cp kee ia me 
1 / 1 / 1 iS. 
E Th+5 G Ro) Ty & ” ) nce Gj 


T, =Jn—1(kib) —Jn41(kib); Ty =Jn—2(k1b) +Jn 2(k1b); T3 


2(3— k 
+ (more —— Z oy ;+Ts) Yn(ky »| C2 


ky V5 4 ag Vi4 


vi ge ap 


ki (ger + 2+v) 1)yj 


2 = 
at “ta ab] C1 


ky 
,k » Kf 322 r 
[Aw ew +5 qk +n?(2 y+1)W 
e 


+ 


n?(3— a. 


+ a 


ki KT) Kak) |Ca=0 Cy= (25) 


wher 


=Jn—3(kib) —Jn 4 3(kib); 


U4 = Yn—1(kb) — Yn. 1(K1b); US = Yn — (Kb) + Yn4.2(K1b); U5 = Yn—3(K1b) — Yn4.3(K1b): 
Vy =In—1 (kb) + In 41 (kb); V5 = In 21D) + In 4 2(Kib): V3 = In—3(K b) + Ing. 3(K1B): 


W}, = Kn—1(kib)+Kn+1(kib); W5 


se 
| 7h 
= 
NL 
ge tie, 
a 
a 
N 
N 
end 
+ 
Esa aaa 
Se 
“I 
ed es 
~ 
3 
—_ 
— 
KA 
> 
ia 
op) 
cS 
| 
a) 
=~ 
N 
x) 


where 

T =Jn—1(k1b) —Jn 4 (1b); Uy = Yn—1 (KB) — Yn 4 1 (Ky); 
V4 = In—1 (Kb) +n (kb); Wy = Kn —1 (Kb) + Kn 1 (kb); 
T, =Jn—2(ki b) +Jn 4. 2(K1b): U;, = Yn—2(k1b)+ Yn 42(k1b); 
V5 = Ty —2(k1b) + In 42k b); Wy = Ky_2(k1b) + Ky +2(kib); 


Substituting Eq. (5) in Eq. (21) yields the following equation at 
the inner edge located at r=b: 


iy Bt we fe 
ee joe ae (Zh +mQ—1)41)T 


4b? 2 
ce nG—v) _ ka” 4 T5 |J,(k1b)| C 
— agp tte nlky 1 
k ke ky /(3— 2 
+f U3 + 7p U2 3 (3h +m Q—+1)U, 
Table 1 


Frequency parameter (n =0 mode) for different rotational stiffness parameters R11, when T1; = R22 = T22 


Ri b=0.1 b=0.2 b=03 b=04 

0 3.63258 3.84745 4.05488 4.27604 
i] 3.80489 4.00748 4.19703 4.39537 
10 3.85428 4.05362 4.23774 4.42886 
15 3.87769 4.07551 4.25699 4.44457 
20 3.89135 4.08828 4.26819 4.45368 
50 3.92017 4.11525 4.29179 4.47278 
100 3.93126 4.12562 4.30084 4.48007 
500 3.94076 4.13451 4.30859 4.48629 
1000 3.94199 4.13566 4.30959 4.4871 

2000 3.94261 4.13624 4.31009 4.4875 

10000 3.94311 4.1367 4.3105 4.48783 
1.00E+ 17 3.94323 4.13682 4.3106 4.48791 


= Kn—2(k1 b)+Kn+2(ki b); Ws = Kn—3(ki b)+Kna3(ky b); 


Let us define 


ky = (ki 42)"4 (26) 


where k; is the non-dimensional frequency parameter without 
foundation and k> is the non-dimensional frequency parameter with 
the inclusion of the effect of Winkler foundation. The boundary 
conditions used for this case have yielded the Eqs. (11), (13), (19) and 
(21) and the final set of equations to be solved for this case are 
therefore Eqs. (22)-(25) in combination with Eq. (26). 


4. Method of solution 


To obtain the values of natural frequencies for any given set of 
values of parameters such as n, v, R11, T11, R22, T22 and é, firstly the 
above-derived set of Eqs. (22)-(25) along with Eq. (26) are solved for 
getting non-trivial solutions by setting the resulting determinant of 
matrix of coeffificients [C],,.4 to be equal to zero. All the above set of 
equations are coded accordingly in a computer program written in 
the well known Mathematica software with symbolic capabilities 
and the problem is solved repeatedly for various sets of values of the 
rotational restraint, translation restraint and other parameters such 
as n, v, Ry1, T11, R22, T22 and &. Root searching method is utilized in 
getting the real roots of the determinant for the given set of 
parameter values to obtain the corresponding values of natural 


100 and = 10 andv=0.3. 


b=05 b=0.6 b=0.7 b=0.8 b=0.9 

4.52517 4.82115 5.19732 5.73715 6.76639 
4.61716 4.88213 5.22794 5.74634 6.76727 
4.64223 4.89851 5.23655 5.7494 6.76768 
4.65389 4.90609 5.24061 5.75093 6.76793 
4.66062 4.91047 5.24296 5.75185 6.76808 
4.67466 4.91958 5.24792 5.75385 6.76847 
4.68 4.92304 5.24982 5.75464 6.76865 
4.68454 4.92599 5.25144 5.75533 6.76881 
4.68513 4.92637 5.25165 5.75542 6.76883 
4.68543 4.92656 5.25176 5.75547 6.76884 
4.68566 4.92671 5.25184 5.7555 6.76885 
4.68572 4.92675 5.25187 5.75551 6.76885 
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frequency parameters k, and kj. Various combinations of the 
restraint parameters are considered for analysis so that the range is 
sufficiently covered to yield useful results. One of the aims of this 
paper is to provide results useful for designing such circular plates 
with high accuracy. The results for the extreme cases of values of 
restraint parameters R11, T11, R22, and T22 between zeros to infinity 
are obtained and the same are compared with the results for ideal 
boundary conditions such as simply supported, clamped and free and 
found to be in excellent agreement with ones available in the 
published literature. With this convergence checked thoroughly, we 
believe that the results presented in this paper are more exact and 
can therefore be utilized in designing such circular plates with 
combination of rotational and translation elastic restraints. 


5. Presentation of results 


For the purpose of present study, the Poisson's ratio is considered 
as v=0.3. The numerical results obtained are presented in both 
tabular and graphical form convenient for use in design. The variation 
of the non-dimensional frequency parameter with rotational con- 
straint is presented in Table 1 for n=O mode. It is calculated for 
different values of non-dimensional rotational spring stiffness para- 
meters Rj,;, and non-dimensional radii. i.e, from b=0.1 to 0.9 by 
keeping T11, R22, T22, and é constant. Figs. 2-4 show the effect of 
rotational spring stiffness parameter on frequency parameter for 
n=O, 1 and2 modes. It is observed from the Figs. 2-4, that the 
frequency increases with increase in rotational spring stiffness para- 
meter. However, it is observed that the influence of rotational spring 
stiffness parameter on the natural frequencies is comparatively less 
than that due to translational spring stiffness. For a given radius 
parameter b= 0.1, the frequency parameter is increased by 8.55% for 
n=0, 5.15% for n=1 and 1% for n=2 modes when Rj, increased 
from O to oo. Similarly for a given Ry, (0 and oo), the frequency 
parameter is increased by 86.27% and 71.66% for n=0, 65.53% and 
57.46% for n=1 and 46.13% and 44.95% for n = 2 mode respectively 
when b increased from 0.1 to 0.9. It is found that the n=0 axisym- 
metric mode gives the fundamental frequency. When b = 0, the plate 
has full foundation support and the frequency is kz = 10.0056. This is 
in excellent agreement with the results (kz = 10.00568) presented by 
Bhaskara Rao and Kameswara Rao in Ref. [31]. Table 2, shows the 
comparison of results (for Rj; = 20, T); = Ro2 = T22 = 100 and = 0), 
with the values presented by Bhaskara Rao and Kameswara Rao in 
Ref. [32]. 


—O— b=0.3 


—t— b=0.5 


Frequency Parameter, k2 


—x— b=0.9 


0 500 1000 1500 2000 
Rotational Stiffness Parameter, R11 


Fig. 2. Effect of non-dimensional rotational spring stiffness R,;, on frequency 
parameter for T,; = R22 =T22 =100, €=10 andn=0. 


The variation of the non-dimensional frequency with translational 
spring stiffness parameter is presented in Table 3 forn = 0 mode. It is 
calculated for different values of non-dimensional translational 
spring stiffness parameter T,;, and non-dimensional radii. i.e., from 
b=0.1 to 0.9 by keeping Ry1, Ro2, T22, and € constant. The effect of 
translational spring stiffness parameter on frequency is plotted in 
Figs. 5-7 for n=O, 1 and 2. It is noticed from Figs. 5-7, that the 
frequency increases with increase in translational spring stiffness 
parameter. For a given radius parameter b=0.1, the frequency 
parameter is increased by 27.35% for n=0, 51.09% for n=1 and 
64.24% for n = 2 mode when T; increased from 0 to oo. Similarly for 


KK > RK 


Frequency Parameter, k2 
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Fig. 3. Effect of non-dimensional rotational spring stiffness R11, on Frequency 
Parameter for T1; = R22 =T22 = 100, €=10&n=1. 
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Fig. 4. Effect of non-dimensional rotational spring stiffness R11, on frequency 


parameter for Ty); = R22 =T22 = 100, €=10 andn=2. 
Table 2 
Comparison of frequency parameter for Ri; =20, 
T11 = R22 = T22 = 100 and €=0. 
b Bhaskara Rao and Kameswara Rao [31] 
0.1 3.3721 
0.3 3.90231 
0.5 4.39123 
0.7 5.06017 
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Table 3 


Frequency parameter (n =0 mode) for different translational stiffness parameter T;;, when Ry, = R22 =T22 


Ti b=01 b=0.2 b=03 b=04 

0 3.25945 3.33815 3.44098 3.5829 

5 3.34418 3.42658 3.52876 3.66636 
10 3.41781 3.50478 3.60749 3.74231 
15 3.4822 3.57443 3.67859 3.81186 
20 3.53878 3.63682 3.74316 3.87586 
50 3.7658 3.90366 4.03252 4.17484 
100 3.93126 4.12562 4.30084 4.48007 
500 4.10705 4.39444 4.68777 5.02522 
1000 412919 4.42907 4.74195 5.11503 
2000 4.14008 4.44594 4.76834 5.1594 

10000 414868 4.45917 4.78897 5.19419 
1.00E+16 415081 4.46244 4.79405 5.20275 


14 
—o— b=0.1 — b=0.3 4 b=0.5 


42} —x—b=0.7 —x—b=0.9 


; 
\ 


Frequency Parameter, k2 


0 500 1000 1500 2000 
Translational Stiffness Parameter, T11 


Fig. 5. Effect of non-dimensional translational spring stiffness parameter T,,, on 
frequency parameter for Ry; = R22 =T22 =100, €=10 andn=0. 
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Fig. 6. Effect of non-dimensional translational spring stiffness parameter T,,, on 
frequency parameter for Ry; =Rj2 =T22 =100, €=10 andn=1. 


a given T,; (0 and oo), the frequency parameter is increased by 
74.39% and 417.66% for n=0, 72.35% and 331.26% for n=1 and 
56.87% and 260.08% for n= 2 mode respectively when b increased 
from 0.1 to 0.9. It is observed from Figs. 2-4 and 5-7, that in the 
former case, the higher values of frequencies are recorded at lower 
values of Rj1, but in the latter case, lower values of frequency 
parameters are observed at lower values of T,,. Therefore, it is 
observed from the above, that the influence of T,, is relatively more 


100 and = 10 and v=0.3. 


b=0.5 b=0.6 b=0.7 b=0.8 b=0.9 
3.77362 4.02115 4.34404 4.80796 5.68426 
3.85014 4.0903 4.40805 4.8713 5.75497 
3.9209 4.15529 4.46899 4.93212 5.82315 
3.98666 4.21658 4.52717 4.99065 5.88899 
4.04802 4.27454 4.58283 5.04706 5.95267 
4.34673 4.5682 4.87433 5.34908 6.29712 
4.68 4.92304 5.24982 5.75464 6.76865 
5.44109 5.96746 6.62394 7.46605 8.8894 
5.60356 6.28449 7.23442 8.47348 10.3016 
5.68758 6.46844 7.68424 9.48856 12.0056 
5.75453 6.62279 8.12828 11.0338 16.6507 
5.77108 6.66164 8.24751 11.5861 21.4874 
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Fig. 7. Effect of non-dimensional translational spring stiffness parameter T11, on 
frequency parameter for Rj, = R22 = T22 = 100, €=10 andn=2. 


than that of Ry; on frequency parameter. It was found that the n=0 
axisymmetric mode gives the fundamental frequency. When b= 0, 
the plate has full foundation support and the frequency is k2 = 10. 
This is in excellent agreement with the results (ky = 10) presented by 
Bhaskara Rao and Kameswara Rao in Ref. [31]. 

The variation of the non-dimensional frequency with founda- 
tion constraint is presented in Table 4 for n=O mode. It is 
calculated for different values of non-dimensional foundation 
stiffness parameter é, and non-dimensional radii. ie. from 
b=0.1 to 0.9 by keeping Ry, T11, Ro2 and T22 constant for 
n=O, 1 and 2 modes. It is observed from Figs. 8-10, the frequency 
increases with increase in foundation stiffness parameter. For a 
given radius parameter, the frequency increases with increase in 
foundation stiffness parameter. For a given radius parameter 
b=0.1, the frequency parameter is increased by 192.32% for 
n=O, 155.74% for n=1 and 128.48% for n=2 modes when é 
increased from 0 to 100. Similarly for a given é (0 and 100), the 
frequency parameter increased by 94.79% and 4.3% for n= 0, 70% 
and 4% for n= 1 and 51.86% and 3.75% for n= 2 mode respectively 
when b increased from 0.1 to 0.9.As observed from Figs. 2-4, 5-7 
and 8-10, the influence of foundation constraint is more on the 
frequency when compared to rotational and translational con- 
straints. It was found that the n=0 axisymmetric mode gives the 
fundamental frequency. When b= 0, the plate has full foundation 
support and the frequency is kz = 2.94751. This is in excellent 
agreement with the results (k, = 2.94751) presented by Bhaskara 
Rao and Kameswara Rao in Ref. [31]. 

The variation of the non-dimensional frequency with rota- 
tional, translational and foundation constraints is presented in 
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Table 4 
Frequency (n=0 mode) for different foundation stiffness parameters ¢, when T,; 
é b=0.1 b=0.2 b=0.3 b=04 
0 3.43271 3.71125 3.94476 4.17163 
2.5 3.47071 3.74145 3.96997 4.19298 
5 3.57777 3.8279 4.04285 4.25517 
75 3.73736 3.96017 415622 4.35314 
10 3.93126 4.12562 4.30084 4.48007 
125 41447 4.31276 4.46765 4.62888 
15 4.36748 4.51269 4.64904 4.79321 
17.5 4.59319 4.71912 4.8392 4.96788 
20 4.818 4.92787 5.03395 5.14891 
50 7.16727 7.20155 7.2364 7.27612 
100 10.0345 10.0471 10.06 10.0749 
500 22.3638 22.3649 22.3661 22.3674 
1000 31,6239 31.6243 31.6247 31.6252 
2000 44.7217 44.7219 44.722 44.7222 
10000 100 100 100 100 
1.00E+17 1.00E+08 1.00E+08 1.00E+08 1.00E+08 
° | 
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Fig. 8. Effect of non-dimensional foundation stiffness £, on frequency parameter for 
Ry =T11 =R22 =T22 = 100 and n=0. 
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Fig. 9. Effect of non-dimensional foundation stiffness é, on frequency parameter for 
Ry, =T11 = R22 = T22 = 100 andn=1. 


Table 5 for n=O mode. It is calculated for different values of non- 
dimensional rotational, translational, foundation constraints, and 
non-dimensional radii. ie, from b=0.1 to 0.9 by keeping 
Roz and T22 constant for n=0, 1 and 2 modes. In Figs. 11-13, the 
effect of the three elastic constraints on frequency has been 
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Ry = Rog = Top = 100 and = 03. 
b=05 b=06 b=07 b=08 b=09 
4.41432 4.69863 5.06778 5.61871 6.68655 
443238 4.71362 5.07974 5.6275 6.69177 
448526 4.75776 5.11513 5.65362 6.70735 
4.56944 4.8287 5.17254 5.69637 6.7331 
4.68 4.92304 5.24982 5.75464 6.76865 
481154 5.03689 534442 5.82705 6.81354 
4.95893 5.16632 5.45362 5.91205 6.86724 
511771 5.3071 5.57476 6.00798 6.92912 
5.28426 5.45795 5.70537 6.11326 6.99852 
7.3255 7.39305 7.49735 7.68977 8.1899 
10.0936 10.1197 10.161 10.2404 10.4661 
22.3692 22.3716 22.3754 22.3829 22.4052 
31.6258 31.6266 31.628 31.6307 31.6386 
44,7224 44,7227 44,7232 44,7241 44.7269 
100 100 100 100 100 
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Fig. 10. Effect of non-dimensional foundation stiffness é, on frequency parameter 
for Ry Tu R22 T22 100 and n=2. 


plotted and it is observed that the frequency increases with 
increase in the three elastic constraints. It is also shown frequency 
versus internal radius parameter in Fig. 14. For a given radius 
parameter b=0.1, the frequency parameter is increased by 
161.19% for n=0, 206.14% for n=1 and 107.8% for n=2 modes 
when Rj, T1; and é increased from 0 to 20. Similarly for a given 
Ry1, T1; and é (0 and 20), the frequency parameter is increased by 
212.93% and 35.87% for n=0, 263% and 34.51% for n=1 and 
139.24% and 30.53% for n= 2 mode respectively when b increased 
from 0.1 to 0.9. It was found that the n=O axisymmetric mode 
gives the fundamental. When b= 0, the plate has full foundation 
support and the frequency is kz = 0.211466. This is in excellent 
agreement with the results (k, = 0.211466) presented by Bhaskara 
Rao and Kameswara Rao in Ref. [31]. Figs. 2-4, 5-7, 8-10, and 
11-13 depict the variation of frequency as a function of the 
non-dimensional spring parameters i.e., both rotational and trans- 
lational at inner and outer periphery of the annular plate and 
elastic foundation parameter. 

The variation of the non-dimensional frequency parameter with 
rotational constraint R22, is presented in Table 6 for n =0 mode. It is 
calculated for different values of non-dimensional rotational spring 
stiffness parameters R22, and non-dimensional radii. i.e., from b = 0.1 
to 0.9 by keeping Ri, T11, T22, &€ constant for n=O, 1 and 2 
modes. Figs. 15-17 show the effect of rotational spring stiffness 
parameter on frequency parameter for n=O, 1 and 2 modes. It is 
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Table 5 


Frequency (n =0 mode) for different rotational R,;, translational T;,;, and foundation é, stiffness parameters when R22 = T22 = 100 and v= 0.3. 


Ri. Ti &E b=01 b=0.2 b=03 b=04 

0 1.76955 2.02461 2.28783 2.59986 
2.5 2.23244 2.43938 2.65666 2.91404 
5 2.65932 2.80828 2.9742 3.18014 
75 3.05508 3.16621 3.29371 3.45733 
10 3.41743 3.50455 3.6055 3.73744 
12.5 3.75083 3.82204 3.90451 4.01317 
15 4.06014 4.1203 4.18954 4.28091 
175 4.34941 4.40154 4.46101 4.53932 
20 4.62181 4.6679 4.71995 4.78817 


Frequency Parameter, k2 


0 5 10 15 20 
Non-dimensional Stiffness Parameters,R11,T11&&1 


Fig. 11. Effect of non-dimensional rotational Rj, translational T;,;, and foundation 
é, stiffness parameters on frequency parameter for R22 = T22 = 100 and n=O. 
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Fig. 12. Effect of non-dimensional rotational R;;, translational T;,;, and foundation 
é, stiffness parameters on frequency parameter for R22 = T22 = 100 andn=1. 


observed from Figs. 15-17 that the frequency increases with increase 
in rotational spring stiffness parameter. However, it is observed that 
the influence of rotational spring stiffness parameter is very less. For 
a given radius parameter b=0.1, the frequency parameter is 
increased by 0.09% for n=0, 2.47% for n=1 and 0.36% for n=2 
modes when R22 increased from 0 to oo. Similarly for a given R22 
(O and oo), the frequency parameter is increased by 72.27% and 
72.17% for n=0, 61.13% and 57.27% for n=1 and 45.4% and 44.89% 
for n=2 mode respectively when b increased from 0.1 to 0.9. It was 


b=0.5 b=0.6 b=O7 b=0.8 b=05 

2.97468 3.41419 3.91811 4.53447 5.53745 
3.22274 3.58906 4.02777 4.60166 5.58666 
3.43748 3.7547 4.15021 4.69005 5.65138 
3.66964 3.94209 4.2962 4.79985 5.73031 
3.9133 4.14667 4.46175 4.92784 5.82182 
4.16054 4.36122 4.64106 5.07014 5.92418 
4.40616 4.58005 4.82904 5.22313 6.03568 
4.6473 4.79934 5.02179 5.38367 6.15471 

4.88251 5.01671 5.21651 5.54926 6.27984 


Frequency Parameter, k2 
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Fig. 13. Effect of non-dimensional rotational R1;, Translational T;;, and foundation 
é, stiffness parameters on frequency parameter for R22 = T22 = 100 and n=2. 
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Fig. 14. Effect of non-dimensional rotational stiffness R11, translational stiffness 
T1,, and foundation stiffness & parameters on frequency parameter for 
Ro2 = T22 = 100 and n=0. 


found that the n=O axisymmetric mode gives the fundamental 
frequency. 

The variation of the non-dimensional frequency with transla- 
tional spring stiffness parameter T22 is presented in Table 7 for 
n=0 mode. It is calculated for different values of non-dimensional 
translational spring stiffness parameter T22, and non-dimensional 
radii. ie, from b=0.1 to 0.9 by keeping R11, R22, T11, and é 
constant. The effect of translational spring stiffness parameter on 
frequency is plotted in Figs. 18-20 for n=0, 1 and 2 modes. It is 
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Table 6 
Frequency (n=0 mode) for different rotational stiffness parameters R22, when Rj; 


Ro b=0.1 b=0.2 b=0.3 b=0.4 
0 3.92815 4.11186 4.2803 4.45695 
5 3.92939 4.1185 4.29092 4.46938 
10 3.92996 4.12099 4.29454 4.47338 
oe) 3.93029 4.12229 4.29637 4.47535 
20 3.93051 4.12309 4.29747 4.47653 
50 3.93103 4.12489 4.29988 4.47907 
100 3.93126 4.12562 4.30084 4.48007 
500 3.93147 4.12627 4.30168 4.48094 
1000 3.9315 4.12636 4.30179 4.48105 
2000 3.93152 4.1264 4.30185 4.48111 
10000 3.93153 4.12643 4.30189 4.48115 
1.00E+ 16 3.93153 4.12644 4.3019 4.48116 
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Fig. 15. Effect of non-dimensional rotational spring stiffness R22, on frequency 
parameter for Ry; = 1711 =T22 =100, €=10 andn=0. 
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Fig. 16. Effect of non-dimensional rotational spring stiffness Ro2, on frequency 
parameter for Ry; = 711; =T22 =100, €=10andn=1. 


noticed from Figs. 18-20, that the frequency increases with 
increase in translational spring stiffness parameter. It was found 
that the n=O axisymmetric mode gives the fundamental fre- 
quency. For a given radius parameter b=0.1, the frequency 
parameter is increased by 20.84% for n=0, 3.99% for n=1 and 
0.6% for n = 2 modes when T22 increased from 0 to oo. Similarly for 
a given T22 (0 and oo), the frequency parameter is increased by 
58.93% and 376.52% for n=0, 36.1% and 374.02% for n=1 and 
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Ty; =T2 = 100, €=10 andv=033. 
b=05 b=0.6 b=0.7 b=08 b=09 
4.65683 4.90211 5.23425 5.74694 6.76718 
4.66965 4.91388 5.24286 5.75082 6.76773 
4.67359 4.9174 5.24551 5.75219 6.768 
4.67551 4.9191 5.24679 5.75289 6.76816 
4.67664 4.9201 5.24755 5.75332 6.76827 
4.67906 4.92222 5.24918 5.75426 6.76853 
4.68 4.92304 5.24982 5.75464 6.76865 
4.68081 4.92375 5.25037 5.75497 6.76875 
4.68092 4.92384 5.25044 5.75502 6.76877 
4.68097 4.92389 5.25047 5.75504 6.76878 
4.68101 4.92393 5.2505 5.75506 6.76878 
4.68102 4.92394 5.25051 5.75506 6.76878 
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Fig. 17. Effect of non-dimensional rotational spring stiffness Ro2, on frequency 
parameter for Ry; =1T,,; =T22 =100, £=10 andn=2. 


25.1% and 348.91% for n=2 mode respectively when b increased 
from 0.1 to 0.9. 

It is observed from the above discussion that the influence of 
foundation stiffness parameter is more on frequency than that of 
rotational and translational stiffness parameters at inner and outer 
edges R11, R22, Ti, and T2. In addition, it observed that the influence 
of translational stiffness parameters is more on frequency that that of 
rotational stiffness parameters R,, and R22. It also noticed that the 
influence of elastic constraints at outer edge R,; and T),, on frequency 
is more predominant than that of elastic constraints at inner edge 
Ro and T22. 

An investigation on the effect of Poisson's ratio, on the 
frequency is also studied. Each of the equations is revaluated for 
values of Poisson's ratio between O and 0.5, and no significant 
variation is observed. However, natural frequencies of two cases 
are determined to confirm the validation of certain results. Table 8, 
shows a comparison of results, in the case where both boundaries 
of the plate are rigidly clamped with the values obtained by Leissa 
[1], Avalos et al. [16]) and Amabili et al. [22]. However, in the 
reference (Avalos et al. [16]), the results were obtained by the 
approximate method. 

Table 9, deals with the case where the inner boundary of the 
plate is simply supported and the outer boundary are rigidly 
clamped. Present results are compared with the results obtained 
by Leissa [1] and Avalos et al. [16] where in Poisson's ratio is 
considered as v= 1/3. Also, the results are in good agreement with 
the results obtained by Amabili et al. [22] for the following two 
cases. (i) Annular plate with outer clamped edge and inner free 
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Table 7 


Frequency (n=0 mode) for different translational stiffness parameters Tz, when R11 


Tas b=01 b=0.2 b=03 b=0.4 

0 3.66318 3.73218 3.84143 3.98742 
5 3.68156 3.76209 3.87708 4.02468 
10 3.69925 3.79047 3.9108 4.06002 
15 3.7163 3.81743 3.94272 4.09359 
20 3.73274 3.84307 3.97298 41255 

50 3.81994 3.97338 412543 4.28801 
100 3.93126 4.12562 4.30084 4.48007 
500 4.24848 4.46954 4.68681 4.94135 
1000 4.33208 4.54037 4.76481 5.04475 
2000 4.37837 4.57721 4.80527 5.09989 
10000 4.41683 4.6069 4.83787 5.14493 
1.00E+16 4.42655 4.61431 4.846 5.15625 


©— b=0.1 OW— b=0.3 


as— b=0.5 


—x—b=0.7 —*x—b=0.9 oe ae 
pe 


Fundamental Frequency Parameter, k2 


0 500 1000 1500 2000 


Translational Stiffness Parameter, T22 


Fig. 18. Effect of non-dimensional translational spring stiffness parameter T22, on 
natural frequency for Ri; =Ro2 =T11; = 100, €=10 andn=0. 
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Fig. 19. Effect of non-dimensional translational spring stiffness parameter T22, on 
natural frequency for Ri; =Ro2 =T11 = 100, €=10 andn=1. 


edge as shown in Table 10. (ii) Annular plate with both edges free 
is shown in Table 11. 

It is observed that, the influence of translational stiffness 
parameter on frequency is more predominant than that of rota- 
tional stiffness parameter. In addition, it is observed that the 
influence of foundation parameter on frequency is more predo- 
minant than that of translational or rotational parameters. It is also 
noticed that the influence of elastic constraints at outer edge 
Ry, and T,,, on frequency is more predominant than that of elastic 


Ro2 =T1, = 100 and €= 10 andv=0.3. 
b=0.5 b=0.6 b=0.7 b=0.8 b=0.9 
4.16619 4.37874 4.64501 5.03547 5.82194 
4.20296 4.41524 4.68353 5.08024 5.88141 
4.23809 4.45039 4.72087 5.12377 5.93911 
4.27168 4.4843 4.75711 5.16611 5.99515 
4.30384 4.51703 4.79232 5.20736 6.04965 
4.47143 4.69216 4.98464 5.43465 6.34889 
4.68 4.92304 5.24982 5.75464 6.76865 
5.27003 5.71987 6.34349 7.22232 8.73899 
5.43192 6.00926 6.88341 8.13689 10.0868 
5.52379 6.19455 7.31088 9.08465 11.7285 
5.60137 6.36261 7.77088 10.6049 16.2457 
5.62117 6.40691 7.90275 11.19 21.0936 
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Fig. 20. Effect of non-dimensional translational spring stiffness parameter T 2, on 
natural frequency for R11 = R22 =T1; = 100, €=10andn=2. 


Table 8 
Comparison of frequency parameters when both the boundaries of the plate are 
rigidly clamped. 


Amabili et al. [22] 


b Present Leissa [1] Avalos et al. [16] 

0.1 27.280 27.3 27.67 27.280 

0.3 45.346 45.2 45.37 45.346 

0.5 89.250 89.2 89.31 89.250 

0.7 248.399 248 248.9 248.40 
Table 9 


Comparison of frequency parameters when both the inner boundary of the plate is 
simply supported and outer boundary of the plate is rigidly clamped. 


b Present Leissa [1] Avalos et al. [16] 
0.1 22.595 22.58 22.83 
0.3 33.663 33.66 33.66 
0.5 63.977 64 63.94 
Table 10 


Comparison of frequency parameters when outer boundary is clamped and inner 
boundary is free. 


b 0 0.1 0.3 0.5 0.7 


Present work 3.19622 3.18736 3.37991 4.20886 6.56827 
Amabili et al. [22] 3.19622 3.18736 3.37991 4.20886 6.56828 
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Table 11 
Comparison of frequency parameters when both edges free ends. 


b 0 01 0.3 0.5 0.7 
Present Work 3.00052 2.96219 2.89024 3.0518 3.62809 
Amabili, M et al. [22] 3.00052 2.96219 2.89024 3.05180 3.62809 


constraints at inner edge R22 and T22. An investigation on the 
effect of Poisson's ratio, on the frequency is studied. Each of the 
equations is revaluated for values of Poisson's ratio between 0 and 
0.5, and no significant variation is observed. The wide range of 
values could be potentially used in vibration control and structural 
design. 


6. Conclusions 


In this paper, an exact solution to the problem of free vibration 
of annular plates with inner and outer edges and resting on elastic 
foundation is presented. The frequencies for the first three modes 
of plate vibration are given for various values of rotational and 
translational spring stiffness parameters [R11, R22, T11, T22 and é| 
at the edges that simulate the rotational and translational 
restraints where Ry;—0o andT,;-—00 and R22 —>00 and T72 > 00 
represents a clamped edge. Two-dimensional plots are drawn for 
a wide range of rotational, translational restraints and foundation 
restraint. Presented here is the influence of parameters on the first 
three frequencies of vibration. Also, the percentage increase in the 
fundamental as well as higher mode frequency parameters with 
rotational, translational and foundation restraints are calculated 
and presented in graphical form for use in design as well for 
understanding the trends. However, it is observed that the 
influence of foundation stiffness parameter on fundamental as 
well as higher mode frequency parameters is much more pre- 
dominant than that of rotational and translational spring stiffness 
parameters. In this paper, the characteristic solutions are derived 
in an exact manner and hence, the results can be obtained to any 
desired accuracy. The results presented in this paper can also serve 
as benchmark solutions, which can be used to check the accuracy 
of approximate methods of solutions for their convergence. The 
tabulated frequency results are useful for designers working in the 
area of vibration control and structural design applications. 
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A thin circular plate with generally restrained periphery and weakened along an internal concentric circle due to 
a crack, is considered in this paper for studying its vibration characteristics. The frequency for first six modes 
of plate vibration is computed for varying values of radius of crack, elastic rotational and translational restraints, 
and the extent of weakening duly simulated by considering the crack as a rotational restraint on the plate. From 


the results obtained, it is observed that for a plate with translation and rotational restraints, the internal weakening 


decreases the fundamental frequency by around 31 per cent. 


NOMENCLATURE 

Kr, Translational spring stiffness at outer periphery; 

KR Rotational spring stiffness at outer periphery; 

KR2 Rotational spring stiffness at the cracked region; 

Ti Non-dimensional translational Flexibility 
parameter at the outer edge; 

Ri, | Non-dimensional rotational flexibility parameter 
at the outer edge; 

R2  Non-dimensional rotational flexibility parameter 
at the cracked region; 

k Non-dimensional frequency parameter; 


1. INTRODUCTION 


Many structural elements are composed of circular plates in 
aeronautical, civil, mechanical, and marine applications. The 
problem of determination of vibration characteristics of circu- 
lar plates is basic to engineering design.'* Several researchers 
reviewed the literature on vibrations of circular plates with ba- 
sic edge conditions and internal strengthening.>° Detection 
of structural damage through analytical and experimental in- 
vestigations of vibration characteristics of cracked plates has 
become essential for solving design analysis problems of vari- 
ous types of mechanical systems. The natural frequencies and 
mode shapes of cracked elastic circular plates considerably dif- 
fer from their healthy counterparts. In this respect, Dimarog- 
onas has conducted a comprehensive literature search regard- 
ing the effects of cracks on the vibrations of various types and 
shapes of structures.'° Papadopoulos has briefly described the 
history of the strain energy release rate (SERR) theory as well 
as different methods of crack identification.'' Broda et al. 
have discussed various models of classical and non-classical 
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crack- induced elastic, thermo-elastic, and dissipative nonlin- 
earities. !2 


Lynn and Kumbasar investigated the problem of vibrations 
of cracked rectangular plates by presenting the solution for the 
Fredholm integral equation of the first kind and calculating 
numerically the drop in the natural frequency of vibration of 
plates due to the presence of cracks.!? Petyt investigated ex- 
perimentally the variation of fundamental frequency of vibra- 
tion as the crack length changes and, the results were verified 
against analytical ones using finite element method.'* Stahl 
and Keer, Hirano and Okazaki, Solecki and Yuan, and Dickin- 
son studied further on vibrations of cracked plates using differ- 
ent methods of analysis.!*-!’ Huang and Ma studied the prob- 
lem of vibrations of circular plate with a radial crack using an 


optical measurement system known as the AF-ESPI method.!? 


Liew et al.?° studied the problem of out-of-plane vibrations 


of cracked plates utilizing the domain decomposition method, 
confirming the results presented by Stahl and Keer, Hirano and 
Okazaki, and presented results for a wide range of crack length 
ratios.'>!© Further, they examined the vibrations of a plate 
having a centrally located internal crack and reported results 
of frequency crossings. Ma and Huang recently studied the 
problem of vibrations of a square plate with an edge crack uti- 
lizing both experimental and finite element analysis.2! They 
found that the variations in crack length to be having consider- 
able influence on the natural frequencies and mode shapes of 
the plate. Si at el. recently studied the free vibrations of cir- 
cular plates with radial side cracks considering the presence of 
water on one side utilizing Rayleigh-Ritz method.” 


By the integration of stress intensity factors, the stiffness 
matrix was derived for the cracked plate by Qian et al. for 
carrying out the finite element analysis.”* Utilizing Rayleigh’s 
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method and including effects of shear deformation and rotary 
inertia, Lee and Lim presented results for the natural frequen- 
cies and mode shapes of thick rectangular plate with a cen- 
trally located crack.24+ Krawczuk studied the influence of the 
crack location and crack length on the natural frequencies of 
both simply supported and cantilever rectangular plates.*> The 
dynamic behaviour of cracked rectangular plates was inves- 
tigated by Liew et al. analysing the free vibrations of rect- 
angular plates either with a crack emanating from an edge or 
that which is centrally located.2° Khadem and Rezaee carried 
out vibration analysis for crack detection in a rectangular plate 
subjected to uniform external loads.?” Krawczuk et al. studied 
the fracture mechanics of a plate with an elasto-plastic through 
crack by using the finite element method.”8 


Based on Rayleigh’s principle, Lee proposed a simple nu- 
merical method for computing the first natural frequencies of 
an annular plate with an internal concentric crack and applied 
the same for an annular plate with two opposite edges simply 
supported and the other two edges clamped.”? The effect of the 
number and length of periodic radial cracks on the natural fre- 
quencies of an annular plate was investigated experimentally 
by Ramesh et al.*° By modelling a surface peripheral crack 
as a local rotational flexibility, Anifantis et al. investigated the 
problem identifying free vibration characteristics of cracked 
annular plates.*! Utilizing the Ritz method, Yuan et al. studied 
the influence of radial or circumferential cracks or slits through 
the full thickness on the natural frequencies of free vibration of 
circular and annular plates.*” By using the optimum number of 
sector plate elements and joining them together with artificial 
spring elements, they obtained the flexibility matrix of sector- 
type element with radial crack and proved the applicability of 
the derived element in the dynamic analysis of annular plates 
with cracks eventually comparing the results with the experi- 
mental ones available in the literature. 


Very few studies***> exist in the literature on the vibrations 


of circular plate weakened along a concentric circle due to 
crack where Wang*’ and Yu** considered the basic boundary 
conditions and Bhaskara Rao and Kameswara Rao* consid- 
ered an elastically restrained edge against translation. Due 
to internal notching, partial crack, or fatigue crack along a 
concentric circle, the plate may become weak in its bending 
strength. A hinge with an elastic rotational restraint can be 
considered to model the weakened position. In realistic engi- 
neering circumstances, a perfect boundary condition is hardly 
present. Therefore, when the boundary departs from such re- 
alistic situation, an elastically restrained edge must be consid- 
ered.**? Main intention of this work is therefore to study the 
effect of weakening of thin plate along concentric circle due to 
crack and the plate being elastically restrained along the outer 
edge against translation and rotation using exact method of so- 
lution approach. The natural frequencies of circular plate for 
varying values of translation restraint and rotational restraint 
along the plate periphery, along with the variations in the ra- 
dius of weakened circle, Poisson’s ratio and rotational restraint 
with hinge of cracked region are obtained for a wide range 
of non-dimensional parameters. The results are expressed in 
graphical and tabular formats for ease of use in understand- 
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Figure 1. Generally restrained circular plate with crack. 


ing the design of such cracked and weakened circular plates in 
engineering industry. 


2. MATHEMATICAL FORMULATION 


The circular plate under consideration is of radius R, Pois- 
son’s ratio v, density p, thickness h, and elastic constant E. 
Figure | is shows a circular plate that has an outer periphery, a 
generally restrained edge (at radius R), and an edge weakened 
along an internal concentric circle (at radius DR). Here, b is a 
fraction and is less than 1. 

Here, all lengths are normalized with respect to R ie., the 
radius of outer region is | and radius of inner cracked region 
is b. Here, r designates the distance measured from the centre 
of plate whose maximum value is R. Here subscript J repre- 
sents outer region b < r < 1 and subscript [J represents inner 
region 0 < r < b. General form of lateral displacement of 
vibration of classical thin plate can be expressed as” 


w = u(r) cos(nd)e™*; (1) 


where n is the number of modal diameters, w is the frequency, 
w is the transverse displacement, and t is time. 

The function u(r) is a linear combination of Bessel 
functions Jp(kr), Yn(kr), In(kr), Kn(kr) and ko = 
R(pw?/D)"/4; here D is flexural rigidity and k is the square 
root of the non-dimensional frequency.* General solutions for 
regions I & II are 


ur(r) = Cy Jn (kr)+C2Y, (kr)+C3In(kr)+C1K (kr); (2) 


urt(r) = C5In(kr) + CeIn (kr). (3) 


Considering the generally restrained edge at the outer periph- 
ery, the boundary conditions can be formulated as 


M,(r,0) = Kp, 2), (4) 
V(r, 6) = —Kriur(r, 0); (5) 


where [C1 and Kr, are, respectively, the rotational and lin- 
ear spring stiffness of the elastically restrained circular plate 
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boundary. Here, bending moment (M,(r,0)) & Kelvin- 
Kirchhoff’s (V,.(7, 0)) shear force can be represented as 


D {[e 0 10 0 
M,(r,6) = | re +0 wr(r, 8) 


r Or 
1 O?wy(r,9)\] - 
2 992 )| ; (6) 
D{[O 
V,(r, 0) = Fs E V2wr(r, 0) 
10 (10 wy(r,6) 1 Owy(r,6)\] 
HLS 2) 39 ( drag? )| 5 O) 


From Eqs. (4), (6) and (5), Eq. (7) yields the following expres- 
sions 


Pat Onn € Ow1 (0,4) 


Or? r Or 
1 0?w;(r,0)\] Owy (7,9). (8) 
r2 O62 - ar” 


Oo 9 10 (10? wyi(r, 6) 
Ey ee eae a5 ( rae 


1 Owz(r,6 
=) = two) (0) 


Equations (8) and (9) can be presented as 


uy(r) +y [ur(r) — n?ur(r)] =—Ruur(r); (10) 


diy + wy(r) — [1 +.n7(2 —v)] ur (r) + n?(3 — v)uz(r) 
= —Tyur(r); 
(11) 
where Ry, = Balt & TT, = Arik are, respectively, the 


non-dimensional rotational and translational spring parameters 
involving the springs constants Kp, & Ky, which are the 
elastic spring stiffnesses simulating the elastic restraints at the 
circular plate outer periphery. 

Apart from the generally restrained edge at the outer periph- 


ery, the continuity requirements** at 7 = b are as follows 


ur(b) = urr(b); (12) 
buiz(b) + vuiz(b) = buz1(b) + vurr(’); (13) 
bti7(b) — [1 +.n?(2—v) +] u7(b) 
= b7u77(b) — [1+ n?(2—v) +0] uzz(b); (14) 
bPuzr(b) + v [burr(b) — n?urr(b)] 
= b? Rog [uir(b) — uzz(d)] ; (15) 


where Ro. = Krak is the normalized spring constant with 


EK po being the rotational spring stiffness, which is utilized for 
modelling the rotational restraint, created by the presence of 
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circular crack at r = b. The non-trivial solutions to Eqs. (10)- 
(15) are sought. From Eqs. (2), (3), and (10)}-(15) we derive 
the following equations. 


ke? k . 
qiat gut Ru) Pi — ae IY 


2 
[Ts + a0 + Ri)Q1 - (+ +n? 


k? k 2 
bee + a + Ri1)Ri + (+ - rn) Tul) C3— 


2 


k? k k 2 
72 ~ 5 + Ru)Si + oe Kn(k)| Ca = 0; 


= es = Tu) Jnl) C+ 


+ (wea —v)- as Ta) ¥a(0)| Cot 


Ta) Tu(t) Co 


3 
| ee 7524 5 (-3 k? +n? @-v)+1)s 
8 2 
+(w (3 — Dees Tn) K n(b)| Ca = 0: (17) 


Jn (kb)Cy + Yn (kb)Cz + In(kb)C3 + Ky (kb) Cu 


—Jy(kb)Cs — In(kb)Cg =0; (18) 


(19) 
(See Eqs. (20) and (21) on the top of the next page.) 


3. SOLUTION 


Given the set of values of n, v, T\1, Rii, Roe, and b, equa- 
tions listed above are utilized in obtaining exact characteristics 
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oP k (= 


+ (1+n7(2—v) +”) | C,4 


ve . ok ue , (1+ m(2-») +»)) d Cot 


re 2a 5 3). a 
b7k3 k (307k? . 2k? k 307k? ; 
3+ (l+n?(2—v)+v)) Ri] C3+ S'3 + + (1+n?(2—v)+v)) Si] Cat 
8 2 4 8 2 4 
2 3 . k b2 2 . b2k3 . b2k2 . 
E a+5 (7 : (1+ n2@—v) +¥) Pi] Cs | 5 R34 5 ~ F (1+ n22—v) +9) Bi] Co = 03 
(20) 
bk Ro | b?k Roo bk Roo - bk Roo 
P,| Cy + Qi| Co + R,| C3 Si} C4 
2 2 2 2, 
b?k? .. kb : 62k? b?k? . kb . b?k? 


(21) 


where Py = JIn—1(k) — In+i(k); Py, = In—2(k) + In+2(k); P3 — Jn—3(k) — In43(k); 


Qi = Yn-1(k) — 


Yn41(k); Q2 = Yn—2(k) + Yn42(k); Q3 = Yn-3(k) — 


Yn+3(k); 


Ry = In-1(k) + Ingi(k); Ro = In—2(k) + Inse(k); Rg = In-3(k) + Inza(); 


Sy = Kyn—1(k) + Kn4i(k); S2 = Kn—2(k) + Kn42(k); Kg = 


Ky_-3(k) Te Kn+3(k); 


Py = SIn—i1(kb) — Inga (kb); Po = In—2(kb) + Inz2(kb); P3 = In—3 (kb) — Ina (hb); 

Q1 = Yn—1(kb) — Yn41(kb); Q2 = Yn—2(kb) + Yn+o(kb); Qs = Yn—3(kb) — Yn43(kb); 
Ry = n—-1(kb) + In41(kb); Rg = n—2(kb) +I +2(kb); R3 7 n—3(kb) + In43(kb); 

Sy = Ky_1 (kb) + Kn4i (kb); So = Kn_2(kb) + Kn+2(kb); $3 = Kn—3(kb) + Kn+3(kb); 


equations by suitably eliminating coefficients of C1, C2, Cs, 
C4, Cs, and Cg. The values of non-dimensional frequency 
parameters / are obtained by solving the exact characteristic 
equation by utilizing a root search method based on bisection 
method and coding the same appropriately in MATHEMAT- 
ICA. 


4. RESULTS AND DISCUSSIONS 


Poisson’s ratio employed here is 0.3. The values ( 4; and 
T) are chosen to cover both classical and nonclassical bound- 
ary conditions. Also, the values of rotational spring R22 are 
chosen to simulate the intensity of the crack appropriately. A 
smaller value of R22 represents that the crack is very small and 
higher value of R22 represents a concentric rigid ring support. 
Frequency values for various values of R22 keeping Ry, and 
T\1 constant [Ri = Ti, = 0.0001] are computed. The first 
frequencies [k] of mn < 5 modes with R22 = 0, 2, 4, 6, 8, 10, 
25, 50, and 10!° and Ry; = T), = 0.0001 are computed. For 
b = 1 and Roz = 0, the frequency of plate is same as that of 
plate without having weakening crack. For a given value of b 
& v, the first frequency of n = 0, the modal frequency con- 
verges to that of plate without weakening as R22 is increased 
from a value of 0. When v = 0.3, first six frequencies of plate 
without weakening are obtained as 2.31479 [n = 2], 3.00049 
[n = 0], 3.52684 [n = 3], 4.52488 [n = 1], 4.67279 [n = 4], 
and 5.7874 [n = 5]. Notice that the fundamental frequency 
of plate weakened along an internal concentric circle and gen- 
erally restrained edge against translation and rotation occurs 
at m = 2 mode. The variation of fundamental frequency of 
plate for varying values of radius of weakened circle and ro- 
tational restraint parameter of hinge are given in Fig. 2, for 
n =O mode. As Ro2 — ov (as the spring becomes rigid), 
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Figure 2. Fundamental frequency and concentric weakened radius parameter 
for different R22 and Ri, = 71, = 0.0001, v = 0.3, and n = 0. 


the frequency parameter stays at 3.00049. For the remaining 
values of 2, the frequency parameter decreases except when 
b=O0orl. 

The frequency values for various values of Roz keeping Ry, 
and Ti; constant [Ri,; = Ti; = 2] are computed. First fre- 
quencies of n < 5 modes with Roz = 0, 2, 4, 6, 8, 10, 25, 50, 
and 10!° and Ry; = Ty, = 2 are computed. For b = 1 and 
R22 = 0, the frequency of plate is same as that of plate with- 
out having weakening crack. For a given value of b & v, the 
first frequency of n = 0 modal frequency converges to that of 
plate without weakening as R22 is increased from a value of 0. 
When v = 0.3, first six frequencies of plate without weaken- 
ing are obtained as 1.39366 [n = 0], 1.82795 [n = 1], 2.73255 
[n = 2], 3.78917 [n = 3], 4.86708 [n = 4], and 5.94356 
[n = 5]. Notice that the fundamental frequency of plate weak- 
ened along an internal concentric circle and resting on gener- 
ally restrained edge against translation and rotation occurs at 
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Figure 3. Fundamental frequency and concentric weakened radius parameter 
for different Roo and Ry, = Ti, =2,v = 0.3, andn = 0. 


n = 0 mode. As R22 — ov (as the spring becomes rigid), the 
frequency parameter stays at 1.39366. For the remaining val- 
ues of Roo, the variation of frequency parameter is shown in 
Fig. 3. There is an optimum location within the plate. 

Internal weakening decreases fundamental frequency 
1.39366, which is the fundamental frequency of plate without 
the weakening by less than 1% (0.5948%). For a given value 
of Ro, the frequency k decreases from 1.39366 to 1.38537, 
increases to 1.39366, and finally decreases to 1.374 as the 
radius of the weakened circle varies from 0 to 1. The local 
maximum frequency 1.39366 occurs at b = 0.8. Thus b = 0.8 
is the optimum radius if the plate needs to be notched, such 
as a closed hatch. The internal weakening has minute effect 
[decreases fundamental frequency by less than 1% (0.5948%)] 
on the fundamental frequency when 0 < b <0.4. Where 
as it has little effect on fundamental frequency [decreases 
the fundamental frequency by less than 2% (1.41%)] when 
b> 0.8. 

The frequency values for various values of R22 keeping R14 
and JT}; constant [Ri; = Ti, = 5] are computed. The first 
frequencies of n < 5 modes with Roz = 0, 2, 4, 6, 8, 10, 25, 
50, and 10!° and Ri, = Ti, = 10 are computed. For b = 1 
and R22 0, the frequency of plate is same as that of plate with- 
out having weakening crack. For a given value of b & v, the 
first frequency of n = 0 modal frequency converges to that of 
plate without weakening as f22 is increased from a value of 0. 
When v = 0.3, first six frequencies of plate without weaken- 
ing are obtained as 1.73363 [n = 0], 2.16554 [n = 1], 2.97556 
[n = 2], 3.97353 [n = 3], 5.01943 [n = 4], and 6.07607 
[n = 5]. Notice that the fundamental frequency of plate weak- 
ened along an internal concentric circle and resting on gener- 
ally restrained edge against translation and rotation occurs at 
n = 0 mode. As Roz — ov (as the spring becomes rigid), the 
frequency parameter stays at 1.73363. For the remaining val- 
ues of M2, the variation of frequency parameter is shown in 
Fig. 4. There is an optimum location within the plate. 

Internal weakening decreases the fundamental frequency 
1.73363, which is fundamental frequency of the plate without 
the weakening by less than 1% (0.8%). For a given value of 
Ro2, the frequency k decreases from 1.73363 to 1.71975, in- 
creases to 1.73363, and finally decreases to 1.65872 as radius 
b of weakened circle varies from 0 to 1. Here, local maximum 
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Figure 4. Fundamental frequency and concentric weakened radius parameter 
for different Ro2 and Ry, = 71, =5,v = 0.3, andn = 0. 


frequency 1.73363 occurs at b = 0.7. Thus b = 0.7 is opti- 
mum radius if the plate needs to be notched, such as a closed 
hatch. Here, internal weakening has minute effect [decreases 
fundamental frequency by less than 1% (0.8%)] on fundamen- 
tal frequency when 0 < b < 0.4. Where as it has more effect on 
fundamental frequency [decreases the fundamental frequency 
by less than 5% (4.32%)] when b > 0.7. 

The frequency values for various values of Raz keeping R41 
and 7); constant [Ri; = Ti; = 10] are tabulated. First fre- 
quencies of n < 5 modes with Roz = 0, 2, 4, 6, 8, 10, 25, 
50, and 10!° and Ri; = T),; = 10 are presented in Tables | 
to 6. For b = 1 and Rego = 0, the frequency of plate is same 
as that of plate without having weakening crack. For a given 
value of b & v, first frequency of n = 0 modal frequency con- 
verges to that of plate without weakening as R22 is increased 
from a value of 0. When v = 0.3, first six frequencies of plate 
without weakening are obtained as 2.03159 [n = 0], 2.46241 
[n = 1], 3.19071 [n = 2], 4.13574 [n = 3], 5.15511 [n = 4] 
and 6.19719 [n = 5]. Notice that the fundamental frequency of 
plate weakened along an internal concentric circle and resting 
on generally restrained edge against translation and rotation 
occurs atm = 0 mode. As Raz — o (as the spring becomes 
rigid), the frequency parameter stays at 2.03159. For the re- 
maining values of Ro, the variation of frequency parameter is 
shown in Fig. 5. There is an optimum location within the plate. 

Internal weakening decreases fundamental frequency 
2.03159, which is fundamental frequency of plate without 
weakening by less than 9% (8.5647%). For a given value of 
Roz , the frequency k decreases from 2.03159 to 2.00913, 
increases to 2.03063 and finally decreases to 1.85759 as radius 
b of weakened circle varies from 0 to 1. Here, local maximum 
frequency 2.03063 occurs at b = 0.7. Thus b = 0.7 is the 
optimum radius if plate needs to be notched, such as a closed 
hatch. The internal weakening has little effect [decreases fun- 
damental frequency by less than 1% (1.11%)] on fundamental 
frequency when 0 < b < 0.4. Where as it has more effect on 
fundamental frequency [decreases the fundamental frequency 
by less than 9% (8.5647%)] when b > 0.7. 

The frequency values for various values of Raz keeping R41 
& Ti, constant [Ry, = Ti, = 50 | are computed. First fre- 
quencies of n < 5 modes with Roz = 0, 2, 4, 6, 8, 10, 25, 
50, and 10!° and Ry; = Ti, = 10 are computed. For b = 1 
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Table 1. First frequency parameter, (rn = 0) for different R22 and internal concentric weakened radius parameter, b , R11 = T11 = 10, andv = 0.3. 


b R22 0 2 4 6 8 10 25 50 100 10° 

0 2.03159 2.03159 | 2.03159 | 2.03159 | 2.03159 | 2.03159 | 2.03159 | 2.03159 | 2.03159 | 2.03159 
0.1 2.02739 2.02869 | 2.02929 | 2.02979 | 2.02999 | 2.03029 | 2.03089 | 2.03119 | 2.03139 | 2.03159 
0.2 2.0178 2.024 2.02639 2.0276 | 2.02839 | 2.02889 | 2.03039 | 2.03089 | 2.0312 2.03159 
0.3 2.00962 2.0214 2.025 2.0267 2.0277 2.0284 2.03019 2.0308 2.03119 | 2.03159 
0.4 2.00913 2.02221 2.0257 2.0273 2.0282 2.0288 2.03039 2.0309 2.03129 | 2.03159 
0.5, 2.01691 2.0259 2.028 2.029 2.0296 2.0299 2.03089 | 2.03119 | 2.03139 | 2.03159 
0.6 2.02778 2.03019 | 2.03069 | 2.03099 | 2.03109 | 2.03119 | 2.03139 | 2.03149 | 2.03149 | 2.03159 
0.7 2.03063 2.03127 | 2.03138 | 2.03139 | 2.03149 | 2.03149 | 2.03149 | 2.03159 | 2.03159 | 2.03159 
0.8 2.00906 2.02368 | 2.02678 | 2.02809 | 2.02889 | 2.02939 | 2.03059 | 2.03109 | 2.03129 | 2.03159 
0.9 1.94995 2.00144 | 2.01312 | 2.01831 | 2.02121 | 2.02301 2.0279 2.0297 2.0306 | 2.03159 
1 1.85759 1.96079 | 1.98721 | 1.99928 | 2.00616 | 2.01065 | 2.02252 | 2.02691 2.0292 2.03159 


Table 2. First frequency parameter, (n = | ) for different R22 and internal concentric weakened radius parameter b, R 


1 = 71, = 10, andv = 0.3. 


b R22 70 2 4 6 8 10 25 50 100 108 

0 2.46239 2.46239 | 2.46239 | 2.46239 | 2.46239 | 2.46239 | 2.46239 | 2.46239 | 2.46239 | 2.46241 
0.1 2.44903 2.45442 | 2.45672 | 2.45802 | 2.45882 | 2.45932 | 2.46101 | 2.46161 | 2.46201 | 2.46241 
0.2 2.4067 2.43805 | 2.44684 | 2.45093 | 2.45333 | 2.45492 | 2.45912 | 2.46071 | 2.46151 | 2.46241 
0.3 2.33785 2.41649 | 2.43436 | 2.44215 | 2.44654 | 2.44943 | 2.45682 | 2.45952 | 2.46092 | 2.46241 
0.4 2.26443 2.39335 | 2.42069 | 2.43247 | 2.43906 | 2.44335 | 2.45433 | 2.45822 | 2.46032 | 2.46241 
0.5 2.21468 2.37421 | 2.40883 2.4239 | 2.43238 | 2.43776 | 2.45193 | 2.45702 | 2.45972 | 2.46241 
0.6 2.20233 2.36444 | 2.40195 | 2.41871 | 2.42819 | 2.43428 | 2.45034 | 2.45623 | 2.45932 | 2.46241 
0.7 2.22629 2.36744 | 2.40286 | 2.41902 2.4283 2.43428 | 2.45024 | 2.45613 | 2.45922 | 2.46241 
0.8 2.27925 2.384 2.41253 2.4258 2.43348 | 2.43857 | 2.45204 | 2.45703 | 2.45972 | 2.46241 
0.9 2.35036 2.41172 | 2.42968 | 2.43816 | 2.44325 | 2.44654 | 2.45543 | 2.45882 | 2.46052 | 2.46241 

1 2.42166 2.44274 | 2.44943 | 2.45272 | 2.45472 | 2.45602 | 2.45952 | 2.46091 | 2.46161 | 2.46241 


Table 3. First frequency parameter, (n = 2 ) for different R22 and internal concentric weakened radius parameter b, Ry, = T11 = 10, andv = 0.3. 


b R22 70 2 4 6 8 10 25 50 100 108 

0 3.1908 3.1908 3.1908 3.1908 3.1908 3.1908 3.1908 3.1908 3.1908 3.1908 
0.1 3.1948 3.1939 3.19331 | 3.19291 | 3.19261 | 3.19241 | 3.19161 | 3.19121 | 3.19101 | 3.19071 
0.2 3.20557 3.20009 | 3.19759 3.1962 3.1952 3.1945 3.19251 | 3.19171 | 3.19121 | 3.19071 
0.3 3.21492 3.20346 | 3.19938 | 3.19729 | 3.19599 3.1952 3.1927 3.19181 | 3.19131 | 3.19071 
0.4 3.19851 3.19426 | 3.19298 | 3.19239 | 3.19209 3.1919 3.1912 3.19101 | 3.19091 | 3.19071 
0.5, 3.12095 3.16202 | 3.17262 | 3.17752 | 3.18041 | 3.18221 | 3.18701 | 3.18881 | 3.18981 | 3.19071 
0.6 2.98278 3.10605 3.1376 3.15208 | 3.16036 | 3.16565 | 3.17993 | 3.18522 | 3.18792 | 3.19071 
0.7 2.83663 3.04051 3.0953 3.12085 | 3.13562 3.1452 3.17105 | 3.18063 | 3.18562 | 3.19071 
0.8 2.73415 2.98644 | 3.05879 | 3.09331 | 3.11347 | 3.12674 | 3.16277 | 3.17634 | 3.18343 | 3.19071 
0.9 2.7072 2.96328 | 3.04172 | 3.07984 | 3.10249 | 3.11736 | 3.15838 | 3.17404 | 3.18223 | 3.19071 
1 2.77645 2.98702 | 3.05558 | 3.08961 | 3.10997 | 3.12345 | 3.16087 | 3.17524 | 3.18283 | 3.19071 


Table 4. First frequency parameter, (n = 3 ) for different R22 and internal concentric weakened radius parameter b, R 


1 = Ty, = 10, andv = 0.3. 


b R22 > 0 2 4 6 8 10 25 50 100 108 

0 4.13572 4.13572 | 4.13571 | 4.13572 | 4.13571 | 4.13572 | 4.13571 | 4.13572 | 4.13571 | 4.13572 
0.1 4.13584 4.13584 | 4.13574 | 4.13574 | 4.13574 | 4.13574 | 4.13574 | 4.13574 | 4.13574 | 4.13574 
0.2 4.13774 4.13724 | 4.13684 | 4.13664 | 4.13654 | 4.13644 | 4.13604 | 4.13594 | 4.13584 | 4.13574 
0.3 4.14541 4.14182 | 4.14013 | 4.13923 | 4.13863 | 4.13813 | 4.13684 | 4.13634 | 4.13604 | 4.13574 
0.4 4.15824 4.14818 | 4.1444 | 4.14231 | 4.14111 | 4.14022 | 4.13773 | 4.13674 | 4.13624 | 4.13574 
0.5, 4.15298 4.14426 | 4.14139 | 4.1399 | 4.13911 | 4.13851 | 4.13693 | 4.13634 | 4.13604 | 4.13574 
0.6 4.07023 4.10553 | 4.11613 | 4.12123 | 4.12424 | 4.12614 | 4.13154 | 4.13354 | 4.13464 | 4.13574 
0.7 3.88275 4.01772 | 4.05886 | 4.07873 | 4.09041 4.0982 | 4.11926 | 4.12715 | 4.13135 | 4.13574 
0.8 3.65521 3.90077 | 3.98002 | 4.01925 | 4.04271 | 4.05828 | 4.1014 | 4.11787 | 4.12666 | 4.13574 
0.9 3.46495 3.79616 | 3.90776 | 3.96405 | 3.99799 | 4.02075 | 4.08433 | 4.10899 | 4.12207 | 4.13574 
1 3.38479 3.75423 3.8792 3.94249 | 3.98072 | 4.00627 | 4.07784 | 4.10559 | 4.12037 | 4.13574 
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Table 5. First frequency parameter, (n = 4 ) for different R22 and internal concentric weakened radius parameter b, Ry, = 7,1 = 10, andv = 0.3. 


b R22 > 0 2 4 6 8 10 25 50 100 108 

0 5.1551 5.1551 5.1551 5.1551 5.1551 5.1551 5.1551 5.1551 5.1551 5.1551 
0.1 5.15511 5.15511 | 5.15511 | 5.15511 | 5.15511 | 5.15511 | 5.15511 | 5.15511 | 5.15511 | 5.15511 
0.2 5.15531 5.15531 | 5.15521 | 5.15521 | 5.15521 | 5.15521 | 5.15512 | 5.15511 | 5.15511 | 5.15511 
0.3 5.1573 5.1567 5.15631 | 5.15611 | 5.15591 | 5.15581 | 5.15541 | 5.15531 | 5.15521 | 5.15511 
0.4 5.16545 5.16158 | 5.15979 5.1588 5.1582 5.1577 5.15631 | 5.15581 | 5.15541 | 5.15511 
0.5, 5.17786 5.16793 | 5.16406 | 5.16197 | 5.16068 | 5.15978 5.1572 | 5.15621 | 5.15571 | 5.15511 
0.6 5.15333 5.15422 | 5.15445 | 5.15467 | 5.15477 | 5.15478 5.155 5.15501 | 5.15511 | 5.15511 
0.7 5.00234 5.07817 | 5.10375 | 5.11664 | 5.12434 | 5.12943 | 5.14372 | 5.14922 | 5.15212 | 5.15511 
0.8 4.7276 4.92987 | 5.00226 | 5.0394 | 5.06206 | 5.07734 | 5.12017 | 5.13694 | 5.14583 | 5.15511 
0.9 4.4342 4.76097 | 4.88337 | 4.94766 | 4.98739 | 5.01435 | 5.09122 | 5.12167 | 5.13794 | 5.15511 
1 4.22661 4.65672 | 4.81367 | 4.89544 | 4.94555 4.9794 | 5.07574 | 5.11368 | 5.13385 | 5.15511 


Table 6. First frequency parameter, (n = 5 ) for different R22 and internal concentric weakened radius parameter b, Ry, = T11 = 10, andv = 0.3. 


b R22 70 2 + 6 8 10 25 50 100 108 

0 6.19718 6.19718 | 6.19718 | 6.19718 | 6.19718 | 6.19718 | 6.19718 | 6.19718 | 6.19718 | 6.19718 
0.1 6.19719 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 
0.2 6.19719 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 | 6.19719 
0.3 6.19768 6.19748 | 6.19748 | 6.19739 | 6.19739 | 6.19739 | 6.19729 | 6.19729 | 6.19719 | 6.19719 
0.4 6.20095 6.19976 | 6.19917 | 6.19877 | 6.19848 | 6.19838 | 6.19778 | 6.19749 | 6.19739 | 6.19719 
0.5 6.21167 6.20622 | 6.20374 | 6.20235 | 6.20146 | 6.20076 | 6.19888 | 6.19808 | 6.19769 | 6.19719 
0.6 6.21357 6.20646 | 6.2037 | 6.20212 | 6.20124 | 6.20055 | 6.19877 | 6.19798 | 6.19759 | 6.19719 
0.7 6.11202 6.15145 | 6.16596 | 6.17347 | 6.17807 | 6.18117 | 6.18998 | 6.19349 | 6.19529 | 6.19719 
0.8 5.8271 5.99107 | 6.05448 | 6.08814 | 6.10891 | 6.12309 | 6.16354 | 6.17961 6.1882 6.19719 
0.9 5.4652 5.77154 | 5.89685 | 5.96505 | 6.00808 | 6.03754 | 6.1237 6.15845 | 6.17732 | 6.19719 
1 5.17181 5.61856 | 5.79369 | 5.88735 | 5.94577 | 5.98571 | 6.10064 | 6.14657 | 6.17123 | 6.19719 
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Figure 5. Fundamental frequency and concentric weakened radius parameter 
for different Ro2 and R11 = 71, = 10, v = 0.3, andn = 0. 


and R22 = 0, the frequency of plate is same as that of plate 
without having weakening crack. For a given value of b & v, 
first frequency of n = 0 modal frequency converges to that of 
plate without weakening as f22 is increased from a value of 0. 
When v = 0.3, first six frequencies of plate without weakening 
are obtained as 2.73971 [n = 0 ], 3.36961 [n = 1 ], 3.93897 
[n = 2], 4.67971 [n = 3 J, 5.56452 [n = 4 ], and 6.52888 
[n = 5 ]. Notice that the fundamental frequency of plate weak- 
ened along an internal concentric circle and resting on gener- 
ally restrained edge against translation and rotation occurs at 
n = 0 mode. As Roz — oo (as the spring becomes rigid), the 
frequency parameter stays at 2.73971. For the remaining val- 
ues of go, the variation of frequency parameter is shown in 
Fig. 6. There is an optimum location within the plate. 


Internal weakening decreases fundamental frequency 
2.73971, which is fundamental frequency of the plate without 
weakening by less than 4% (3.4%). For a given value of 


Roz, the frequency k decreases from 2.73971 to 2.64629, 
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Figure 6. Fundamental frequency and concentric weakened radius parameter 
for different R22 and Ry, = 71, =50, v = 0.3, andn = 0. 


increases to 2.73971 and finally decreases to 2.12973 as 
radius b of weakened circle varies from 0 to 1. Here, local 
maximum frequency 2.73971 occurs at b = 0.6. Thus, b = 0.6 
is optimum radius if plate needs to be notched, such as a 
closed hatch. Here, the internal weakening has considerable 
effect [decreases the fundamental frequency by less than 4% 
(3.4%)] on fundamental frequency when 0 < b < 0.3. Where 
as it has more effect on fundamental frequency [decreases the 
fundamental frequency by less than 23% (22.264%)] when 
b > 0.6. 


The frequency values for various values of Roz keeping R41 
& T\; constant [Ri; = Ti; = 100 | are computed. First fre- 
quencies of n <5 modes with Roz = 0, 2, 4, 6, 8, 10, 25, 
50, and 10! and Ry, = Ti; = 100 are computed. For b = | 
and Roz = 0, the frequency of plate is as that of plate with- 
out having weakening crack. For a given value of b & v, the 
first frequency of n = 0 modal frequency converges to that of 
plate without weakening as R22 is increased from a value of 0. 
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Figure 7. Fundamental frequency and concentric weakened radius parameter 
for different Roo and R11; = T,, = 100, v = 0.3, andn = 0. 


When v = 0.3, first six frequencies of plate without weakening 
are obtained as 2.94749 [n = 0 J, 3.80332 [n = 1 J, 4.41124 
[n = 2 ], 5.0759 [n = 3 ], 5.86747 [n = 4 ], and 6.75891 
[n = 5 ]. Notice that the fundamental frequency of plate weak- 
ened along an internal concentric circle and resting on gener- 
ally restrained edge against translation and rotation occurs at 
n = 0 mode. As R22 — ov (as the spring becomes rigid), the 
frequency parameter stays at 2.94749. For the remaining val- 
ues of go, the variation of frequency parameter is shown in 
Fig. 7. There is an optimum location within the plate. 

Here, the internal weakening decreases fundamental fre- 
quency 2.94749 that is fundamental frequency of plate with- 
out weakening by less than 5% (4.69%). For a given value of 
Roz, the frequency k decreases from 2.94749 to 2.80925, in- 
creases to 2.94749 and finally decreases to 2.17453 as radius b 
of weakened circle varies from 0 to 1. Here, local maximum 
frequency 2.94749 occurs at b = 0.6. Thus, b = 0.6 is opti- 
mum radius if the plate needs to be notched, such as a closed 
hatch. Here, internal weakening has considerable effect [de- 
creases fundamental frequency by less than 5% (4.69%)] on 
fundamental frequency when 0 < b < 0.3. Where as it has 
more effect on fundamental frequency [decreases the funda- 
mental frequency by less than 27% (26.22%)]| when b > 0.6. 


The frequency values for various values of R22 keeping R11 
& Ti; constant [Ri; = Ti; = 1000 | are computed. First 
frequencies of n < 5 modes with R22 = 0, 2, 4, 6, 8, 10, 25, 
50, and 10!° and Ry, = T, = 1000 are computed. For b = 1 
and R22 = 0, the frequency of plate is same as that of plate 
without having weakening crack. For a given value of b & v, 
first frequency of n = 0 modal frequency converges to that of 
plate without weakening as f22 is increased from a value of 0. 
When v = 0.3, first six frequencies of plate without weakening 
are 3.17078 [n = 0 J, 4.52162 [n = 1 ], 5.68836 [n = 2 ], 
6.7132 [n = 3 ], 7.61683 [n = 4 ], and 8.43981 [n = 5 ]. 
Notice that the fundamental frequency of plate weakened along 
an internal concentric circle and resting on generally restrained 
edge against translation and rotation occurs at n = O mode. 
As R22 — oo (as the spring becomes rigid), the frequency 
parameter stays at 3.17078. For the remaining values of Roo, 
the variation of frequency parameter is shown in Fig. 8. There 
is an optimum location within the plate. 
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Figure 8. Fundamental frequency and concentric weakened radius parameter 
for different Ro2 and Ry, = T , = 1000, v = 0.3, and n = 0. 


Internal weakening decreases fundamental frequency 
3.17078, which is the fundamental frequency of plate without 
the weakening by less than 7% (6.22%). For a given value 
of Roz, the frequency k decreases from 3.17078 to 2.97341, 
increases to 3.17078 and finally decreases to 2.21675 as radius 
b of weakened circle varies from 0 to 1. Here, local maximum 
frequency 3.17078 occurs at b = 0.6. Thus b = 0.6 is optimum 
radius if a plate needs to be notched, such as a closed hatch. 
The internal weakening has significant effect [decreases 
the fundamental frequency by less than 7% (6.22%)] on 
fundamental frequency when 0 < b < 0.3. Where as it has 
enormous effect on fundamental frequency [decreases the 
fundamental frequency by less than 31% (30.0856%)] when 
b> 0.6. 

The frequency values for various values of Rj2 keeping Ry, 
& T,; constant [Ri = Ti; = 100000 ] are computed. First 
frequencies of n <5 modes with Roz = 0, 2, 4, 6, 8, 10, 25, 
50, and 10!® and Ri, = Ti; = 100000 are computed. For 
b = 1 and Rog = 0, the frequency of plate is same as that of 
plate without having weakening crack. For a given value of 
b & vy, first frequency of n = 0 modal frequency converges 
to that of plate without weakening as R22 is increased from 
value of 0. When v = 0.3, first six frequencies of plate without 
weakening are 3.19596 [n = 0], 4.61 [n = 1 J, 5.90356 [n = 2 
], 7.13955 [n = 3 ], 8.33993 [n = 4], and 9.51523 [n = 5 ]. 
Notice that the fundamental frequency of plate weakened along 
an internal concentric circle and resting on generally restrained 
edge against translation and rotation occurs at mn = O mode. 
As R22 — oo (as the spring becomes rigid), the frequency 
parameter stays at 3.19596. For the remaining values of R22, 
the variation of frequency parameter is shown in Fig. 9. There 
is an optimum location within the plate. 

Here, internal weakening decreases fundamental frequency 
3.19596, which is the fundamental frequency of plate without 
weakening by less than 7% (6.39%). For a given value of R22, 
the frequency k decreases from 3.19596 to 2.9916, increases to 
3.19596 and finally decreases to 2.22145 as radius b of weak- 
ened circle varies from 0 to 1. Here, local maximum frequency 
3.19596 occurs at b = 0.6. Thus b = 0.6 is optimum radius if 
the plate needs to be notched, such as a closed hatch. Here, in- 
ternal weakening has significant effect [decreases fundamental 
frequency by less than 7% (6.39%)] on fundamental frequency 
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Figure 9. Fundamental frequency and concentric weakened radius parameter 
for different R22 and R11; = T 1, = 100000, v = 0.3, and n = 0. 


when 0 < b < 0.3. Where as it has enormous effect on fun- 
damental frequency [decreases the fundamental frequency by 
less than 31% (30.49%)] when b > 0.6. 

A reduction in fundamental frequency increases from 1% (at 
lower values of Rao , i.e. Reg = 2 ) to 8% (at higher values 
of Roo, i.e. Rog = 10°) through 4% (for Rez = 50 ), 5% (for 
Roz = 100 ), 7%( for R22 = 1000 ) at lower values of i nternal 
concentric weakened radius parameter, b. A reduction in fun- 
damental frequency increases as rotational restraint parameter 
Roo Increases. 

A reduction in fundamental frequency increases from 2% 
(at lower values of Rao, ie. Rog = 2 ) to 31% (at higher 
values of Roo, i.e. Roz = 10°) through 23% (for Roz = 50 
), 27% (for Roz = 100 ), 31%( for Reg = 1000 ) at higher 
values of i nternal concentric weakened radius parameter, b. A 
reduction in fundamental frequency increases with increase in 
rotational spring stiffness parameter R22. The rotational spring 
stiffness parameter R22 has immense influence on percentage 
decrease in fundamental frequency parameter, at higher values 
of internal concentric weakened radius parameter b that greatly 
decreases the fundamental frequency. 

In all the cases discussed above, when b = 1, the structure is 
corresponding to circular plate with elastic edge. Fundamental 
frequencies for R22 = 0 case, which impersonates a friction- 
less hinge/trough circular crack, are shown in the Table 7. 

The frequency values for various values of R1, keeping R22 
& T\; constant ( Roo = 71, = 10 ) are tabulated. First fre- 
quencies [k] of n <5 modes with Ri, = 0, 2, 4, 6, 8, 10, 25, 
50, and 10!° and Roy = T;; = 10 are shown in Tables 8 to 13. 
For b = 1 and R1; = 0, the frequency of plate is same as that 
of plate without having weakening crack. For a given value 
of b & vy, first frequency of n = 0 modal frequency converges 
to that of plate without weakening as Rj, is increased from a 
value of 0. When v = 0.3, first six frequencies of plate without 
weakening are obtained as 1.85759 [n = 0 ], 2.43992 [n = 1 
], 2.98961 [n = 2 ], 3.84106 [n = 3 ], 4.84171 [n = 4], and 
5.88973 [n = 5 ]. Notice that the fundamental frequency of 
plate weakened along an internal concentric circle and resting 
on elastically restrained edge occurs at n = 0 mode. 

The frequency values for various values of 7; keeping Ry 
& Ro constant (Ry, = Roo = 10) are tabulated. First fre- 
quencies [k] of n < 5 modes with T; = 0, 2, 4, 6, 8, 10, 25, 
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50, and 10!® and Ry; = Roo = 10 are shown in Tables 14 
to 19. For b = 1 and T,; = 0, the frequency of plate is 
same as that of plate without having weakening crack. For 
a given value of b & v, the first frequency of n = 0 modal fre- 
quency converges to that of plate without weakening as 7}, is 
increased from a value of 0. When v = 0.3, first six frequen- 
cies of plate without weakening are obtained as 1.56837 [n = 1 
], 2.69693 [n = 2 ], 3.5696 [n = 0 |, 3.78149 [n = 3 ], 4.8612 
[n = 4 ] and 5.89884 [n = 5 ]. Notice that the fundamental 
frequency of plate weakened along an internal concentric cir- 
cle and resting on elastically restrained edge occurs at n = 1 
mode. 

According to the author’s acquaintance, the results for cir- 
cular plate with generally restrained edge conditions presented 
here, are quite new and are not available in literature. Hence, 
results could be compared only with those available in the lit- 
erature as follows. (i) For the basic boundary such as simply 
supported and clamped plate** by setting the translational and 
rotational restraints with 7,; — oo & Ry, — Oand T\; > co 
& Ri, — o, respectively. Here, internal weakening decreases 
fundamental frequency by less than 1% when b is 0 or | for 
simply supported plate and less than 1% for clamped plate. (ii) 
For the basic boundary such as movable edge and free** by set- 
ting the translational and rotational restraints with T;; — 0 & 
Ri, > wand Ti, — 0 & Ri; — 0, respectively. Here, inter- 
nal weakening decreases fundamental frequency by less than 
1% when 0 < b < 0.26 for the plate with movable edge and 
less than 1% for the free plate. (iii) For non-classical bound- 
ary such as translational restrained edge*> by setting rotational 
restraint Ri; — 0. Here, an internal weakening decreases fun- 
damental frequency by less than 12% for a circular plate with 
translational restrained edge. 


5. CONCLUSIONS 


The exact vibration solutions of plates that are weakened 
along internal circle and that have generally restrained edges 
are presented. It is observed that the fundamental frequency of 
plate weakened along internal circle due to a crack and rest- 
ing on generally restrained edges against translation and rota- 
tion occurs at n = 0 mode corresponding to Raz = 0, 2, 4, 
6, 8, 10, 25, 50, and 10'*, Riy = Tir = 2, 5, 50, 10, 50, 
100, 1000, and 10°, and R,,; = 0, 2, 4, 6, 8, 10, 25, 50, and 
10!°, Roo = Ti; = 10 and at n = 1 mode corresponding to 
Ti = 0, 2, 4, 6, 8, 10, 25, 50, and 10'° & Ry; = Ro = 10. 
Here, an internal weakening greatly decreases the fundamental 
frequency by less than 31% (30.49%). In addition, the fre- 
quencies are given for variable elastic restraints (7), & R11 
) at boundary which simulate the translational and rotational 
restraints where T;, — oo & Ri, — o represents a clamped 
support and T;; — oo & Ri; — 0 represents a simply sup- 
ported boundary. These exact solutions serve as benchmark 
solutions for verifying approximate results by other methods. 
Here, results presented are useful in the design of hatches and 
doors used in various industrial applications such as aerospace 
and automobile. 

In summary, in this paper, the effect on fundamental fre- 
quency due to the influence of the presence of a crack is in- 
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Table 7. Fundamental frequency parameters, k& for a circular hinge (R22 = 0, and for different values of R11 and v = 0.3). 


b R22 > 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Ry =T11 = 10° 2.31479 2.31968 | 2.33405 2.3561 2.38104 | 2.40017 | 2.40176 | 2.37951 | 2.33862 | 2.29143 | 2.17876 
Ry = Ty, =0.5 2.03159 2.02739 2.0178 2.00962 | 2.00913 | 2.01691 | 2.02778 | 2.03063 | 2.00906 | 1.94995 | 1.85759 
Riv =Ti1 =2 1.39361 1.39256 | 1.39006 | 1.38707 | 1.38537 | 1.38577 | 1.38837 | 1.39186 | 1.39365 | 1.38926 1.374 
Riv =Ti1 =5 1.73362 1.73143 | 1.72623 | 1.72124 | 1.71975 | 1.72285 | 1.72903 | 1.73351 1.7287 1.70556 | 1.65872 
Ry = Ti, = 10 2.03159 2.02739 2.0178 2.00962 | 2.00913 | 2.01691 | 2.02778 | 2.03063 | 2.00906 | 1.94995 | 1.94995 
Ry = T11 = 50 2.73979 2.71805 | 2.67328 | 2.64629 | 2.65856 | 2.70238 | 2.73905 | 2.69805 2.5432 2.33372 | 2.12973 
Rii = T11 = 100 2.94748 2.91268 | 2.84521 | 2.80925 | 2.83227 | 2.89985 | 2.94745 | 2.86418 2.6474 2.3993 2.17453 
Rit = Ti1 = 1000 3.17077 3.11603 | 3.01805 | 2.97341 | 3.01324 | 3.11488 | 3.16778 | 3.01734 | 2.73996 | 2.45934 | 2.45934 
Ry =T =10 3.19596 3.13862 | 3.03715 2.9916 3.03373 | 3.13965 | 3.19206 | 3.03315 | 2.74966 | 2.46594 | 2.22145 
Ry = Ti = 10% 3.19616 3.13892 | 3.03735 2.9918 3.03393 | 3.13995 | 3.19235 | 3.03325 | 2.74976 | 2.46603 | 2.22145 
Table 8. First frequency parameter, (n = 0 ) for different R11 and internal concentric weakened radius parameter b, Rog = T11 = 10, andv = 0.3. 
b Ri, 7 0 2 4 6 8 10 25 50 100 10° 

0 1.85759 1.96996 | 2.00196 | 2.01702 2.0258 2.03159 | 2.04705 | 2.05282 | 2.05592 | 2.05902 

0.1 1.8532 1.96776 | 2.00027 | 2.01553 | 2.02441 | 2.03029 | 2.04595 | 2.05184 | 2.05483 | 2.05802 

0.2 1.84802 1.96527 | 1.99837 | 2.01393 | 2.02301 | 2.02889 | 2.04485 | 2.05074 | 2.05383 | 2.05702 

0.3 1.84413 1.96387 | 1.99748 | 2.01324 | 2.02241 2.0284 2.04445 | 2.05044 | 2.05353 | 2.05682 

0.4 1.84224 1.96387 | 1.99768 | 2.01354 | 2.02281 2.0288 2.04486 | 2.05094 | 2.05403 | 2.05722 

0.5 1.84254 1.96517 | 1.99898 | 2.01484 | 2.02391 2.0299 2.04596 | 2.05194 | 2.05503 | 2.05822 

0.6 1.84483 1.96727 | 2.00067 | 2.01633 | 2.02531 | 2.03119 | 2.04695 | 2.05274 | 2.05583 | 2.05892 

0.7 1.84852 1.96926 | 2.00187 | 2.01703 2.0258 2.03149 | 2.04675 | 2.05233 | 2.05532 | 2.05832 

0.8 1.85261 1.96995 | 2.00117 | 2.01563 2.0239 2.02939 | 2.04385 | 2.04924 | 2.05203 | 2.05482 

0.9 1.8561 1.96766 | 1.99688 | 2.01034 | 2.01802 | 2.02301 | 2.03637 | 2.04136 | 2.04395 | 2.04654 

1 1.85759 1.96079 | 1.98721 | 1.99928 | 2.00616 | 2.01065 | 2.02252 | 2.02691 2.0292 2.03159 


vestigated. Also, the variation of fundamental frequency with 


respect to the location of the crack is investigated for different 
values of Ri; and 7;,. In addition, the influence of the inten- 
sity of the crack on fundamental frequency is investigated in 


detail. From the various results obtained and presented, it is 


found that the fundamental frequency decreases as the crack 
moves away from the centre of the plate and it reduces with 


the reduction in the intensity of the crack. 
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Table 9. First frequency parameter, (n = 1 ) for different R11 and internal concentric weakened radius parameter b, Rog = T11 = 10, andv = 0.3. 


b Ri 7-0 2: 4 6 8 10 25 50 100 10° 

0 2.44 2.45249 | 2.45729 | 2.45978 | 2.46129 | 2.46239 2.4654 | 2.46658 | 2.46719 | 2.46788 
0.1 2.43772 2.44982 | 2.45442 | 2.45682 | 2.45832 | 2.45932 | 2.46222 | 2.46342 | 2.46402 | 2.46462 
0.2 2.43442 2.44592 | 2.45023 | 2.45252 | 2.45392 | 2.45492 | 2.45762 | 2.45872 | 2.45932 | 2.45992 
0.3 2.43063 2.44113 | 2.44513 | 2.44723 | 2.44853 | 2.44943 | 2.45193 | 2.45284 | 2.45343 | 2.45394 
0.4 2.42654 2.43604 | 2.43955 | 2.44145 | 2.44255 | 2.44335 | 2.44555 | 2.44635 | 2.44685 | 2.44735 
0.5 2.42315 2.43146 | 2.43456 | 2.43616 | 2.43706 | 2.43776 | 2.43967 | 2.44037 | 2.44077 | 2.44117 
0.6 2.42155 2.42887 | 2.43157 | 2.43287 | 2.43378 | 2.43428 | 2.43588 | 2.43658 | 2.43688 | 2.43719 
0.7 2.42286 2.42947 | 2.43187 | 2.43308 | 2.43378 | 2.43428 | 2.43568 | 2.43629 | 2.43659 | 2.43689 
0.8 2.42745 2.43386 | 2.43616 | 2.43737 | 2.43807 | 2.43857 | 2.43987 | 2.44037 | 2.44067 | 2.44097 
0.9 2.43423 2.44144 | 2.44394 | 2.44524 | 2.44604 | 2.44654 | 2.44795 | 2.44845 | 2.44875 | 2.44905 

1 2.43992 2.44962 | 2.45282 | 2.45442 | 2.45532 | 2.45602 | 2.45772 | 2.45842 | 2.45882 | 2.45922 


Table 10. First frequency parameter, (n = 2 ) for different R11 and internal concentric weakened radius parameter b, Rog = T11 = 10, and v = 0.3. 


b Ri 0 2 4 6 8 10 25 50 100 108 

0 2.98959 3.09309 3.1382 3.16344 | 3.17951 3.1908 3.22393 | 3.23752 | 3.24499 | 3.25278 
0.1 2.9909 3.0945 3.13971 | 3.16506 | 3.18123 | 3.19241 | 3.22565 | 3.23932 | 3.24671 | 3.25459 
0.2 2.9927 3.09649 3.1418 3.16705 | 3.18332 3.1945 3.22784 | 3.24151 3.2489 3.25688 
0.3 2.99399 3.09748 3.1426 3.16785 | 3.18392 3.1952 3.22833 | 3.24191 | 3.24929 | 3.25718 
0.4 2.99359 3.09578 3.1402 3.16505 | 3.18082 3.1919 3.22433 | 3.23761 3.2449 3.25258 
0.5 2.99089 3.08999 | 3.13271 | 3.15656 | 3.17173 | 3.18221 | 3.21316 | 3.22583 | 3.23272 | 3.24001 
0.6 2.9858 3.07971 | 3.11974 | 3.1419 | 3.15597 | 3.16565 3.1942 3.20588 | 3.21217 | 3.21886 
0.7 2.98001 3.06715 | 3.10368 | 3.12374 | 3.13642 3.1452 3.17076 | 3.18114 | 3.18673 | 3.19262 
0.8 2.97673 3.05697 | 3.08991 | 3.10778 | 3.11896 | 3.12674 | 3.14911 | 3.15819 | 3.16308 | 3.16827 
0.9 2.97953 3.05468 | 3.08452 | 3.10059 | 3.11057 | 3.11736 | 3.13712 | 3.14501 3.1493 3.1537 
1 2.98961 3.06436 3.0929 3.10788 | 3.11716 | 3.12345 | 3.14151 3.1486 3.15239 | 3.15638 


Table 11. First frequency parameter, (n = 3 ) for different R11 and internal concentric weakened radius parameter b, Rog = T11 = 10, and v = 0.3. 


b Ri 0 2: 4 6 8 10 25 50 100 10° 

0 3.84103 3.97959 | 4.04817 | 4.08909 | 4.11635 | 4.13572 | 4.19552 | 4.22127 | 4.23555 | 4.25104 
0.1 3.84106 3.97961 | 4.04819 | 4.08922 | 4.11637 | 4.13574 | 4.19564 | 4.2214 | 4.23567 | 4.25105 
0.2 3.84156 3.98011 | 4.04879 | 4.08982 | 4.11697 | 4.13644 | 4.19634 | 4.22209 | 4.23637 | 4.25184 
0.3 3.84295 3.98171 | 4.05048 | 4.09151 | 4.11876 | 4.13813 | 4.19813 | 4.22399 | 4.23826 | 4.25374 
0.4 3.84514 3.98389 | 4.05257 | 4.0936 | 4.12085 | 4.14022 | 4.20012 | 4.22587 | 4.24015 | 4.25562 
0.5, 3.84683 3.98429 | 4.05216 | 4.09259 | 4.11945 | 4.13851 | 4.19741 | 4.22267 | 4.23675 | 4.25182 
0.6 3.84533 3.97839 | 4.04368 | 4.08241 | 4.10797 | 4.12614 | 4.18204 | 4.2059 | 4.21918 | 4.23346 
0.7 3.83864 3.96303 | 4.02312 | 4.05846 | 4.08172 | 4.0982 | 4.14851 | 4.16988 | 4.18166 | 4.19434 
0.8 3.82927 3.94078 | 3.99349 | 4.02414 | 4.0442 | 4.05828 | 4.10111 | 4.11918 | 4.12917 | 4.13975 
0.9 3.82608 3.92312 | 3.96744 | 3.9928 | 4.00917 | 4.02075 | 4.05529 | 4.06967 | 4.07756 | 4.08604 
1 3.84106 3.92661 | 3.96355 | 3.98411 | 3.99719 | 4.00627 | 4.03303 | 4.04401 4.05 4.05629 


Table 12. First frequency parameter, (n = 4 ) for different R11 and internal concentric weakened radius parameter b, Rog = T11 = 10, and v = 0.3. 


b Ri 70 2 4 6 8 10 25 50 100 108 

0 4.84169 4.97687 | 5.05146 | 5.09868 | 5.13132 | 5.1551 5.23208 | 5.26682 | 5.2866 | 5.30826 
0.1 4.84171 4.9769 5.05148 5.0987 5.13125 | 5.15511 5.2321 5.26684 | 5.28661 | 5.30828 
0.2 4.84181 4.97699 | 5.05158 5.0988 5.13135 | 5.15521 | 5.23219 | 5.26694 | 5.28671 | 5.30838 
0.3 4.84221 4.97749 | 5.05207 5.0994 | 5.13195 | 5.15581 | 5.23289 | 5.26764 | 5.28741 | 5.30908 
0.4 4.8437 4.97918 | 5.05386 | 5.10119 | 5.13384 | 5.1577 5.23488 | 5.26973 5.2895 5.31126 
0.5 4.84639 4.98167 | 5.05625 | 5.10347 | 5.13602 | 5.15978 | 5.23666 | 5.27131 | 5.29098 | 5.31265 
0.6 4.84787 4.98086 | 5.05384 | 5.09997 | 5.13162 | 5.15478 | 5.22937 | 5.26292 | 5.28199 | 5.30286 
0.7 4.84258 4.96808 | 5.03617 | 5.07891 | 5.10816 | 5.12943 | 5.19763 | 5.22809 | 5.24536 | 5.26413 
0.8 4.82842 4.93914 | 4.99805 5.0345 5.05936 | 5.07734 | 5.13435 | 5.15952 | 5.1738 5.18928 
0.9 4.81795 4.90771 | 4.95384 | 4.9819 | 5.00077 | 5.01435 | 5.05669 | 5.07526 | 5.08565 | 5.09683 
1 4.84171 4.90831 | 4.94006 | 4.95863 | 4.97081 4.9794 5.00566 | 5.01675 | 5.02293 | 5.02952 
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Table 13. First frequency parameter, (n = 5 ) for different R11 and internal concentric weakened radius parameter b, Rog = T11 = 10, and v = 0.3. 


b Rii 70 2. 4 6 8 10 25 50 100 10° 

0 5.88972 6.01304 | 6.08684 | 6.13595 6.171 6.19718 | 6.28555 | 6.32739 | 6.35177 | 6.37902 
0.1 5.88974 6.01305 | 6.08685 | 6.13598 | 6.17103 | 6.19719 | 6.28557 | 6.32741 | 6.35178 | 6.37894 
0.2 5.88973 6.01305 | 6.08685 | 6.13598 | 6.17103 | 6.19719 | 6.28557 | 6.32741 | 6.35178 | 6.37904 
0.3 5.88983 6.01315 | 6.08704 | 6.13617 | 6.17113 | 6.19739 | 6.28576 | 6.32761 | 6.35197 | 6.37924 
0.4 5.89053 6.01395 | 6.08784 | 6.13707 | 6.17212 | 6.19838 | 6.28685 6.3287 6.35316 | 6.38033 
0.5 5.89281 6.01623 | 6.09022 | 6.13945 6.1745 6.20076 | 6.28934 | 6.33118 | 6.35564 | 6.3829 
0.6 5.89549 6.01811 6.0913 6.14003 | 6.17468 | 6.20055 | 6.28782 | 6.32906 | 6.35303 | 6.37979 
0.7 5.89199 6.00912 | 6.07852 | 6.12445 | 6.15691 | 6.18117 | 6.26246 | 6.30061 | 6.32278 | 6.34735 
0.8 5.87353 5.97629 6.0361 6.07515 | 6.10262 | 6.12309 6.1908 6.22216 | 6.24034 | 6.26041 
0.9 5.85348 5.93148 | 5.97542 | 6.00358 | 6.02316 | 6.03754 | 6.08458 | 6.10595 | 6.11824 | 6.13182 
1 5.88973 5.93358 | 5.95615 | 5.96983 | 5.97902 | 5.98571 | 6.00638 | 6.01547 | 6.02056 | 6.02606 


Table 14. First frequency parameter, (n = 0 ) for different 71; and internal concentric weakened radius parameter b, Ri, = Ro2 = 10, andy = 0.3. 


b Ti1 30 2 4 6 8 10 25 50 100 108 

0 3.67597 1.40294 | 1.65497 | 1.81687 1.9368 2.03159 | 2.41131 | 2.64156 | 2.79104 | 2.95826 
0.1 3.64793 1.40274 | 1.65458 | 1.81618 1.9358 2.03029 | 2.40753 | 2.63439 | 2.78059 | 2.94293 
0.2 | 3.62648 1.40254 | 1.65418 | 1.81548 1.9347 2.02889 | 2.40364 | 2.62751 | 2.77063 | 2.92897 
0.3 3.62838 1.40244 | 1.65398 | 1.81518 1.9343 2.0284 2.40225 | 2.62533 | 2.76804 | 2.92579 
0.4 | 3.64843 1.40254 | 1.65408 | 1.81538 1.9346 2.0288 2.40374 | 2.62842 | 2.77283 | 2.93356 
0.5 3.67026 1.40264 | 1.65448 | 1.81598 1.9355 2.0299 2.40713 | 2.63479 | 2.78219 2.9471 
0.6 | 3.67445 1.40284 | 1.65488 | 1.81668 1.9365 2.03119 | 2.41052 | 2.64057 | 2.79005 | 2.95746 
0.7 3.65221 1.40294 | 1.65498 | 1.81687 1.9367 2.03149 | 2.41091 | 2.64036 | 2.78875 | 2.95387 
0.8 3.61401 1.40264 | 1.65438 | 1.81577 1.9351 2.02939 | 2.40453 2.6286 | 2.77152 | 2.92887 
0.9 | 3.58008 1.40174 | 1.65218 | 1.81228 | 1.93021 | 2.02301 | 2.38799 | 2.60111 | 2.73496 | 2.88173 
1 3.5696 1.39985 1.6479 1.80531 | 1.92054 | 2.01065 2.3588 2.55688 | 2.68026 | 2.81682 


Table 15. First frequency parameter, (n = 1 ) for different 71; and internal concentric weakened radius parameter b, R11 = Ro2 = 10, andv = 0.3. 


b Ti1 30 2 4 6 8 10 25 50 100 108 

0 1.66531 1.9257 2.10646 | 2.24722 | 2.36323 | 2.46239 | 2.94164 | 3.34731 | 3.72084 | 4.30624 
0.1 1.66095 1.92223 | 2.10329 | 2.24415 | 2.36026 | 2.45932 | 2.93797 | 3.34204 | 3.71257 | 4.28781 
0.2 1.65486 1.91734 | 2.0988 2.23976 | 2.35587 | 2.45492 | 2.93218 | 3.33315 | 3.69779 | 4.25278 
0.3 1.64738 1.91145 | 2.09332 | 2.23447 | 2.35048 | 2.44943 | 2.92469 | 3.32157 | 3.67844 | 4.20901 
0.4 1.6382 1.90437 | 2.08703 | 2.22838 2.3445 2.44335 | 2.91701 3.3103 3.6612 | 4.17802 
0.5, 1.62743 1.89669 | 2.08035 2.2223 2.33871 | 2.43776 | 2.91153 | 3.30434 | 3.65524 | 4.17933 
0.6 1.61535 1.88891 | 2.07446 | 2.21752 | 2.33473 | 2.43428 | 2.91084 | 3.30754 | 3.66592 | 4.2176 
0.7 1.60259 1.88222 | 2.07047 | 2.21522 | 2.33363 | 2.43428 | 2.91633 | 3.32031 | 3.69034 | 4.27481 
0.8 1.58992 1.87754 | 2.06938 | 2.21642 | 2.33653 | 2.43857 2.927 3.33765 | 3.71545 | 4.30623 
0.9 1.57824 1.87584 | 2.07207 2.2215 2.3433 2.44654 | 2.93826 | 3.34751 | 3.71704 | 4.26818 

1 1.56837 1.87793 | 2.07845 | 2.22998 | 2.35258 | 2.45602 | 2.94125 | 3.33206 | 3.67021 | 4.15757 


Table 16. First frequency parameter, ( 


n = 2) for different T;1 and internal concentric weakened radius parameter b, R11 = Roo = 10, andv = 0.3. 


b T11 70 2 4 6 8 10 25 50 100 108 

0 2.83713 2.92015 | 2.99601 | 3.06574 | 3.13043 3.1908 3.54753 | 3.93833 | 4.39911 | 5.55402 
0.1 2.83915 2.92207 | 2.99782 | 3.06747 | 3.13214 | 3.19241 | 3.54904 | 3.93984 | 4.40082 | 5.55823 
0.2 | 2.84184 | 2.92467 | 3.00021 | 3.06986 | 3.13433 3.1945 3.55083 | 3.94143 4.4023 5.558 
0.3 2.84323 2.92586 | 3.00121 | 3.07066 | 3.13512 3.1952 3.55072 | 3.94022 | 4.39889 | 5.53072 
0.4 | 2.84083 2.92326 | 2.99851 | 3.06776 | 3.13192 3.1919 3.54602 | 3.93282 | 4.3856 5.4648 
0.5 2.83185 2.91418 | 2.98932 | 3.05848 | 3.12254 | 3.18221 | 3.53454 | 3.91765 | 4.36235 | 5.39402 
0.6 | 2.81409 | 2.89692 | 2.97236 | 3.04171 | 3.10588 | 3.16565 | 3.51769 | 3.89891 | 4.33973 | 5.37288 
0.7 2.78795 2.87227 | 2.94901 | 3.01947 | 3.08463 3.1452 3.50103 | 3.88606 | 4.33318 5.4288 
0.8 2.75621 2.84413 | 2.92387 | 2.99682 | 3.06418 | 3.12674 | 3.49286 | 3.88886 | 4.35193 | 5.52572 
0.9 | 2.72378 | 2.81818 | 2.90311 | 2.98045 3.0516 | 3.11736 | 3.49983 3.9098 | 4.38672 | 5.54383 
1 2.69693 2.80112 | 2.89373 | 2.97725 | 3.05349 | 3.12345 | 3.52218 | 3.93583 4.3971 5.40798 
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Table 17. First frequency parameter, (n = 3 ) for different 7; and internal concentric weakened radius parameter b, Ri, = Ro2 = 10, andy = 0.3. 


b Tii 0 2 4 6 8 10 25 50 100 108 

0 3.95635 3.99457 | 4.03153 | 4.06736 | 4.10208 | 4.13572 | 4.35999 | 4.65502 | 5.07354 | 6.75599 
0.1 3.95638 | 3.99461 | 4.03164 | 4.06747 | 4.1021 4.13574 | 4.36011 | 4.65503 | 5.07356 | 6.75632 
0.2 | 3.95707 3.9953 4.03233 | 4.06807 | 4.1028 | 4.13644 | 4.36071 | 4.65573 | 5.07435 6.7591 
0.3 3.95887 3.9971 4.03413 | 4.06986 | 4.10459 | 4.13813 | 4.3624 | 4.65732 | 5.07594 | 6.75865 
0.4 | 3.96126 | 3.99948 | 4.03632 | 4.07205 | 4.10668 | 4.14022 | 4.36399 | 4.6583 5.07562 | 6.72428 
0.5 3.96055 3.99848 | 4.03521 | 4.07074 | 4.10518 | 4.13851 | 4.36098 | 4.6531 5.06582 | 6.63323 
0.6 | 3.94947 3.9872 | 4.02363 | 4.05896 | 4.0931 4.12614 | 4.34661 | 4.63523 | 5.04067 6.541 
0.7 3.92153 3.95926 | 3.99569 | 4.03092 | 4.06506 | 4.0982 | 4.31817 | 4.60551 | 5.00837 | 6.53889 
0.8 3.87662 | 3.91545 | 3.95298 | 3.98921 | 4.02434 | 4.05828 | 4.28395 | 4.57838 | 4.99242 | 6.65873 
0.9 | 3.82431 3.86644 | 3.90706 | 3.94629 | 3.98412 | 4.02075 | 4.26259 | 4.57598 | 5.01536 | 6.75635 
1 3.78149 3.8304 | 3.87711 | 3.92183 | 3.96485 | 4.00627 | 4.27486 | 4.61219 | 5.06654 | 6.61541 


Table 18. First frequency parameter, ( 


n =4) for different 7); and internal concentric weakened radius parameter b, R11 = Roo = 10, andv = 0.3. 


b Ti1 30 2 4 6 8 10 25 50 100 108 

0 5.05056 | 5.07222 | 5.09341 | 5.11427 | 5.13483 5.1551 5.29775 | 5.50518 | 5.83866 | 7.93035 
0.1 5.05059 | 5.07216 | 5.09342 | 5.11428 | 5.13485 | 5.15511 | 5.29777 5.5052 | 5.83869 | 7.93038 
0.2 | 5.05069 | 5.07226 | 5.09352 | 5.11438 | 5.13495 | 5.15521 | 5.29777 5.5053 5.83878 | 7.93097 
0.3 5.05129 | 5.07285 | 5.09411 | 5.11498 | 5.13554 | 5.15581 | 5.29846 | 5.5059 5.83948 | 7.93393 
0.4 | 5.05328 | 5.07484 | 5.09601 | 5.11687 | 5.13744 | 5.1577 5.30035 | 5.50778 | 5.84126 | 7.92598 
0.5 5.05557 | 5.07713 | 5.09829 | 5.11915 | 5.13962 | 5.15978 | 5.30194 | 5.50866 | 5.84064 | 7.8587 
0.6 | 5.05156 | 5.07292 | 5.09389 | 5.11445 | 5.13482 | 5.15478 | 5.29553 | 5.49986 | 5.82684 | 7.72757 
0.7 5.02751 5.04857 | 5.06933 5.0897 5.10976 | 5.12943 | 5.26819 | 5.46933 | 5.79003 | 7.64986 
0.8 | 4.97431 4.99558 | 5.01654 | 5.03711 | 5.05737 | 5.07734 | 5.2174 | 5.42034 | 5.74435 | 7.74586 
0.9 | 4.90284 4.9259 | 4.94856 | 4.97082 | 4.99279 | 5.01435 | 5.16549 | 5.38401 | 5.73237 | 7.92328 

1 4.84612 | 4.87388 | 4.90113 | 4.92779 | 4.95384 | 4.9794 5.1568 5.40656 | 5.79155 | 7.79604 


Table 19. First frequency parameter, ( 


n = 5 ) for different 7); and internal concentric weakened radius parameter b, R11 = Roo = 10, andv = 0.3. 


b Ti1 30 2 4 6 8 10 25 50 100 10° 

0 6.12986 | 6.14357 | 6.15713 | 6.17061 | 6.18399 | 6.19718 | 6.29282 | 6.43937 | 6.69385 | 9.08574 
0.1 6.1299 6.14358 | 6.15715 | 6.17063 | 6.18401 | 6.19719 | 6.29284 | 6.4394 | 6.69387 | 9.08575 
0.2 6.1299 6.14357 | 6.15715 | 6.17063 | 6.18401 | 6.19719 | 6.29284 | 6.4394 | 6.69387 | 9.08585 
0.3 6.13 6.14377 | 6.15735 | 6.17083 | 6.18411 | 6.19739 | 6.29293 | 6.43959 | 6.69407 | 9.08732 
0.4 | 6.13099 | 6.14467 | 6.15824 | 6.17172 6.1851 6.19838 | 6.29393 | 6.44059 | 6.69516 | 9.08865 
0.5 6.13347 | 6.14725 | 6.16083 6.1742 | 6.18758 | 6.20076 | 6.29631 | 6.44286 | 6.69713 | 9.05246 
0.6 | 6.13375 6.14733 | 6.16081 | 6.17419 | 6.18747 | 6.20055 | 6.29539 | 6.44075 | 6.69251 8.9186 
0.7 6.11558 | 6.12896 | 6.14224 | 6.15532 6.1683 6.18117 | 6.27422 | 6.41659 | 6.66236 | 8.77277 
0.8 6.05799 | 6.07127 | 6.08435 | 6.09743 | 6.11031 | 6.12309 | 6.21534 | 6.35641 | 6.60001 | 8.81281 
0.9 | 5.96765 5.98192 5.996 6.00998 | 6.02386 | 6.03754 | 6.13658 | 6.28804 | 6.54981 | 9.05407 

1 5.89884 | 5.91661 | 5.93419 | 5.95156 | 5.96873 | 5.98571 | 6.10702 | 6.28922 | 6.59581 | 8.95778 
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ARTICLE INFO ABSTRACT 


Keywords: 


The study presents the post-buckling behaviour of thin-walled beam of open section supported by Winkler- 


Beam Pasternak foundation and it is subjected to an axial compressive load. Here, the assumptions are the strains to be 


Open section 

Post-buckling 

Warping 

Winkler-Pasternak foundation 


small and elastic, in-plan cross-sectional deformations and the shear deformations to be negligible. The post- 
buckling paths are determined for clamped beam of I - cross-section which is constant. The point of bifurcation 
for clamped beam is calculated. It is found to be symmetric and stable for various values of Winkler-Pasternak 


foundation parameters and Warping parameter. 


1. Introduction 


The study of the post-buckling response of thin-walled prismatic 
beam of open section has many applications in civil, naval, rail, aircraft 
and automotive structures. Furthermore, several of the base-frame 
structures of rotating equipment consist of thin-walled beams of open 
section which are either partially or continuously supported by other 
structural members or concrete foundations. Under some critical 
loading conditions these beams undergo either coupled flexural-tor- 
sional or pure torsional buckling which poses critical design problems 
in industry. Practical problems involving beams supported on a grid- 
type support structure or different types of machine foundations come 
under the category of beams on Winkler-Pasternak foundation and this 
improved model is being adopted for getting more accurate dynamic 
characteristics of the supported beam in bending, torsion and coupled 
bending-torsion type of problems. 

The problem of linear torsional buckling has been widely investi- 
gated and the results for such cases are presented [1,2]. Although, the 
classical linear buckling theories for elastic beams necessarily predict 
buckling at loads that remain constant as the buckling amplitude 
increases. YOUNG [3] was the first person who investigated the 
nonlinear behaviour of circular members in uniform torsion. The 
related problem of torsional stiffness of narrow rectangular sections 
under axial tension was examined by BUCKLEY [4]. The behaviour of 
thin-walled I and Z sections was investigated by CULLIMORE [5]. 
GHOBARAH and TSO [6,7] presented more accurate theory of non- 
linear non-uniform torsion of thin-walled beams of open section by 
using the principle of minimum potential energy and taking into 


* Corresponding author. 


account large torsional deformations under general loading and bound- 
ary conditions. 

Bazant and Nimeiri [8], Epstein and Murray [9], Szymzak [10], 
Roberts and Azizian [11] and Wekezer [12,13] studied the nonlinear 
torsional behaviour of thin-walled beams in a great detail. The post 
buckling behaviour of thin-walled open cross-section compression 
members using the general nonlinear theory of elastic stability was 
studied by Grimaldi et al. [14]. However, in all these studies the effect 
of continuous elastic foundation was not considered. Kameswara Rao 
et al. [15,16] studied the effect of Winkler-type elastic foundation on 
the linear torsional stability of thin-walled beams of open section, but 
its effect on post-buckling behaviour was not studied. KAMESWARA 
RAO ET AL., [17] investigated the post-buckling behaviour of thin- 
walled beams of open section subjected to an axial compressive load 
and resting on a Winkler-type continuous elastic foundation. 

Winkler model of elastic foundation, also known as one-parameter 
model, is the simplest and the widely used model which is based on the 
assumption that the respective displacement is proportional to the 
pressure at the contact surface all along the beam length and that the 
soil foundation is composed of closely spaced, independent and linear 
elastic springs. As this Winkler model suffers from the deficiency of 
assuming that no interaction takes place between these soil springs, it 
does not accurately predict the dynamic response of practical founda- 
tions such as pavements or machine foundations [18]. In order to 
overcome this deficiency, a two-parameter foundation model such as 
Winkler-Pasternak foundation model is developed by PASTERNAK [19] 
who introduced an additional shear layer in the Winkler model and thus 
including the effect of shear interactions between the springs. 
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Nomenclature 


Area of cross-section and length of the beam 
Length of the beam 

Shear modulus 

Young’s modulus 

Angle of twist 

Normal function of angle of twist 
Distance along the length of beam 
Warping constant 

5 Torsion constant 

Warping parameter 

Winkler foundation modulus 
Pasternak foundation modulus 


P Axial compressive load 

P., Linear buckling load 

P* Non-linear buckling load 

o P/A, axial compressive stress 

K GCL/EC,, Warping parameter 

x olpL/EC,,; load parameter 

Aer Linear bucking load parameter 

AS Non-linear bucking load parameter 

F Tp - (UpclA)’, cross-sectional property 

Tp Polar moment of inertia of beam, also J,.=1/2Ip 
6 FIC,, 

v K,L‘/EC,,Winkler foundation parameter 
& KLIEC,, Pasternak foundation parameter 


SIMAO [20] presented post-buckling bi-furcational analysis of thin- 
walled prismatic members in the context of the generalized beam 
theory. He presented a series of analytical models, based on the 
generalized beam theory (GBT), investigating the buckling and post- 
buckling behaviour of thin-walled prismatic cold-formed steel structur- 
al members under compression and/or bending. The effect of warping 
constraints on the buckling of thin-walled structures was studied by 
Pignataro et al. [21]. They have considered various warping constraints 
at the bar ends and the relevant buckling modes and loads are 
numerically evaluated. Camotim et al. [22] presented a state-of-the 
art report on the use of Generalized Beam Theory (GBT) to assess the 
buckling behaviour of plane and space thin-walled steel frames. The 
torsion of restrained thin-walled bars of open constant bi-symmetric 
cross-section was investigated by Kujawa [23] using Castiglione’s first 
theorem. The exact solutions were simplified by expanding them in a 
power series. The effect of warping on the post-buckling behaviour of 
thin-walled structures was investigated by Rizzi and Varano [24]. They 
have used a direct one-dimensional model to describe the mechanical 
behaviour of thin-walled beams to analyse the initial post buckling of 
some sample framed structures. Kujava and Szymczak [25] studied the 
elastic stability of axially compressed bar related to the cross-section 
distortion using the principle of stationary total potential energy. The 
aim of present paper is to study in detail, the effect of continuous 
Winkler-Pasternak elastic foundation on the torsional post-buckling 
behaviour of clamped uniform thin-walled beam of open cross-section. 


2. Mathematical formulation of the problem 


The purpose of this work is to study theatrically the elastically 
torsional post buckling behaviour of statically indeterminate (or 
hyperstatic) beam of I-section supported on Winkler-Pasternak founda- 
tion as shown in Fig. 1(a). The beam under consideration is doubly 
symmetric thin-walled beam of constant cross-section undergoing pure 
torsion and subjected to an axial compressive load. The constant cross- 
section of I-section is shown in Fig. 1(b). 

Assumptions in the present study are, neglect the effects of (i) shear 
deformations (ii) large and inelastic strains, and (iii) in-plane cross- 
sectional deformations. 

Considering © as the angle of twist undergone by the thin-walled 
open section beam, the torque developed in the beam T under non- 
linear torsional deformation is given by 


T = GC@' — ECyO'" + 2EF@Y (1) 


Cy the warping constant = I,h?/2, Cy = shear constant= 


(1/3) (2byt; + ht}), the prime denotes differentiation with respect to z, 
E the Young’s modulus, G the shear modulus, J, the fourth moment of 
inertia about the shear centre, Jpc the half of the polar moment of 
inertia about the shear center and F is a constant depending on cross- 
sectional properties of the beam defined as F = Ip — (Ipc/A)’. 


where is 
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Further, the reaction offered by the foundation (FR) is given by 


FR = K,@ — Kp@" (2) 


where K,, is the Winkler foundation modulus and K;, is the modulus of 
Pasternak foundation. 

Considering a thin — walled doubly symmetric I-beam as shown in 
Fig. 1(a) and (b) having web and flange thickness r, and ¢,, respectively, 
height between the centre lines of the flanges, h, flange width b,, and 
flange and web thickness being assumed as small compared with height 
h, ie., ty <h and t, <h, the geometric properties in Eq. (1) can be 
evaluated as follows [6] 


; it, Dyh'te bp ty By ht 
_ a eee de ae 
R320 32 160 48 (3) 
where 
Ing = (ht, + 2bft, + 6b/ht,) 
4 w ae A pies i (4) 


The total potential energy, consisting of the strain energy of 
deformation of the beam, the work done by the external axial 


Shear Layer ( p? 


Winkler(k 
inkler( w? 


(a) Clamped beam resting on Pasternak foundation 


tw 


(b) American steel thin-walled I-beam 


Fig. 1. (a) Clamped beam resting on Pasternak foundation. (b) American steel thin-walled 
I-beam. 
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compressive load and the reaction offered by the continuous elastic 
foundation, is given by [10,14,19]. 

— 1 ft rn 2 n4 

V = 5 f ECW") + (GCs - olp + Kp(@Y + EFC) 

+K,(@) ldz =0 (5) 


The fundamental differential equation resulting from the Euler 
condition of stationary potential energy given by Eq. (5) can be 
expressed as 


ECy®" — 6EF(QY@" — (GCs - olp + Kp)@' + K,O=0 (6) 
where o = P/A isthe axial compressive stress acting on the beam due to 
load P. (7) 


The general solution of Eq. (6) with the clamped boundary 
condition can be obtained by numerical methods using computer 
techniques. Here, the Galerkin’s technique is used to obtain the 
approximate solution. 

Eq. (6) can be re-written in non-dimensional form as 


o" _ 65(D' YO" = (K° = N+ LYON + 41°O = 0 (8) 


Here, the parameter d=e To solve Eq. (6) by Galerkin’s method, 
the angle of twist, @(Z) is ao ie to be of the form 


OZ) = pxZ) (9) 


where f# is the torsional amplitude. The approximate function @(Z) is 
assumed to satisfy the boundary conditions. On substituting Eq. (9) in 
(8), the error function, « can be estimated as follows 


© = Bix? 6f750' Sx" — (K? — B+ & x4 417x] (10) 


In order to minimize the error €, the Galerkin’s integral is given by 
the following equation: 


1 
J ex(z)dZ =0 aa 


Substituting Eqs. (10) into Eq. (11), the expression for the torsional 
post-buckling load for a thin-walled beam of open section can be 
obtained as 


AX? = (K? + &) + (“4 + op 4] - ai 
L, I, (12) 


where 


1 1 
A x"xdz; [y= [ xdz 
0 0 


The case considered here is a beam with clamped edge on both the 
ends. The boundary conditions associated with clamped edges are: 


= iv 20 
if x"xdz; hy = f (xPx"xde; I = (a3) 


@=0; @ =O0atZ=0, 


where the non — dimensional beam length Z = (z/L) (14) 


G@=0; O= 
We assume the following function for x(Z) which satisfies the clamped 
boundary conditions given by Eqs. (14) and (15) as 
x(Z) = BU — cos22Z) 


OatZ=1 (15) 


(16) 


Evaluating the integrals I,,I2,Iz and I, given in Eq. (13) utilising the 
function given in Eq. (16) and substituting the same in Eq. (12) we 
obtain the expression for the critical post-buckling load as 
+ 62° 6p? 


AY = Ke 4 2 4 An? +e 


(17) 


The corresponding linear torsional buckling load for a clamped beam is 
given by 
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2 
A? = K? = 


(18) 


Therefore, the ratio of the nonlinear to linear buckling load can be 
expressed as 


P* Ae 
Pp, -& 


cr cr 


= 14+(62°56?)i[a7(K° + E+ 4007) + 327] 
(19) 


In the absence of Pasternak elastic foundation, i.e., € = 0, Eq. (19) 
reduces to 


p* A*? 

— = —2 =1 + 60°6f7M[n(K'+ 40°) + 327] 

PB, OX, (20) 
In the absence of an Winkler elastic foundation, i.e., v= 0, Eq. (20) 

reduces to 

p* *2 5 

— = —" =] + 60567 /[27(K? + 427)] 

Py cr (21) 


3. Results and conclusions 


Consider a doubly symmetric I-beam (see Fig. 1(b)) for the analysis 
with the following dimensions (all dimensions are in mm): 

Length of the beam (L)=760; Web thickness (t,,)=2.13;Flange 
thickness (t,)=3.11; Flange width (b,)=31.55; Depth of the beam (d) 
= 72.76; Distance between center lines of flanges = h =69.65;. 

The non-dimensional parameters K and 6 are determined from the 
beam properties and obtained as K = 3.106 and 6 = 1.1095. The ratio of 
nonlinear buckling load to linear buckling load can be determined from 
Eq. (20). Arithmetical values of the ratio of nonlinear buckling load to 
linear buckling load (P*/P,,) against values of torsional amplitude (f) for 
different values of Winkler stiffness parameter (4) and Pasternak 
stiffness parameter (€) are obtained using Eq. (20). 

The values of the ratio of nonlinear buckling to linear buckling loads 
(P*/P.,) against torsional amplitude (#) for various values of Winkler 
stiffness parameter (A = 0,5,10,15,20,25 & 30) by keeping Pasternak 
stiffness parameter constant (£ = 0) are obtained and results are plotted 
in Fig. 2. Similarly, the values of the ratio of nonlinear buckling to 
linear buckling loads (P*/P.,) against torsional amplitude () for various 
values of Winkler stiffness parameter (A = 0,5,10,15,20,25 & 30) by 
keeping Pasternak stiffness parameter constant (€ = 25,50,75 & 100) 
are obtained and the resulting plots are given in Figs. 3-6. The selected 
values of Winkler and Pasternak stiffness parameters (A & €), provide a 
wide range of foundations characteristics varying from no torsional 
stiffness to high torsional stiffness values. It is observed from the Fig. 2, 
that the ratio of nonlinear buckling load to linear torsional buckling 
load (P*/P.,) increases with increasing values of the torsional amplitude 
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Fig. 2. The effect of elastic foundation (for various values of Winkler stiffness parameter, 
4, with Pasternak stiffness parameter, €=0) on torsional post-buckling behaviour of 
clamped thin-walled beam of open section. 
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Fig. 3. The effect of elastic foundation (for various values of Winkler stiffness parameter, 
2, with Pasternak stiffness parameter, £=25) on torsional post-buckling behaviour of 
clamped thin-walled beam. 


1.02 }+ 


1.015 } 


Ratio of the nonlinear to linear buckling load 


0.4 0.6 
Nonlinear torsional amplitude 


0.8 1 


Fig. 4. The effect of elastic foundation (for various values of Winkler stiffness parameter, 
2, with Pasternak stiffness parameter, €=50) on torsional post-buckling behaviour of 
clamped thin-walled beam. 
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Fig. 5. The effect of elastic foundation (for various values of Winkler stiffness parameter, 
2, with Pasternak stiffness parameter, £=75) on torsional post-buckling behaviour of 
clamped thin-walled beam. 


(6) for a _ given values of Winkler stiffness parameter 
(A = 0,5,10,15,20,25 & 30) by keeping Pasternak stiffness parameter, 
€=0. The equilibrium configurations in the torsional post-buckling 
region exist only for axial compressive loads in excess of the critical 
load of small deflection theory. It is also observed that for lower values 
of , the nonlinear buckling load increases rapidly as / increases. Also, as 
A increases, the nonlinear buckling load decreases as f increases as 
shown in Figs. 2-6. Also, as 4 increases, the curves become flatter 
indicating that the influence of # on nonlinear buckling load becomes 
gradually less significant. 
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Fig. 6. The effect of elastic foundation (for various values of Winkler stiffness parameter, 
4, with Pasternak stiffness parameter, £=100) on torsional post-buckling behaviour of 
clamped thin-walled beam. 


From the results presented in Figs. 2-6, we can easily observed that 
the ratio of the nonlinear to linear torsional buckling load (P*/P,,) 
increases consistently with increasing values of torsional amplitude (f). 
The values of ratio of the nonlinear to linear torsional buckling load 
(P*/P.,) increases with increasing values of the torsional amplitude (/) 
for various values of Winkler stiffness parameter, 1, as Pasternak 
stiffness parameter, £ increases from 0 to 100. Also, for various values 
ofA, the influence of # on nonlinear buckling load becomes gradually 
less significant as € increases. 

The percentage variation of the ratio of nonlinear to linear buckling 
load (P*/P,,) as # varies from 0.1 to 1, with Winkler stiffness parameter, 
A, for various values of Pasternak stiffness parameter, 
(€ =0,25,50,75 & 100) is computed and shown in Fig. 7. The percentage 
increase of the ratio of nonlinear to linear buckling load (P*/P.,) is more 
for € = 0 and decreases with increase in. Also, the percentage variation 
is less significant as € increases. 

The values of the ratio of nonlinear to linear buckling loads (P*/P.,) 
against torsional amplitude (/) for various values of Pasternak stiffness 
parameter in the range (€ = 0,5,10,15,20,25 & 30) are obtained by 
keeping Winkler stiffness parameter constant (A = 0) are obtained and 
results are plotted in Fig. 8. Similarly, the values of the ratio of 
nonlinear to linear buckling loads (P*/P.,) against torsional amplitude 
(6) for various values of Pasternak stiffness parameter 
(é = 0,5,10,15,20,25 & 30) by keeping Winkler stiffness parameter con- 
stant (A = 25,50,75 & 100) are obtained and the resulting plots are 
shown in Figs. 8-12. 

It can be easily observed from the Fig. 8, that the ratio of nonlinear 
to linear torsional buckling load (P*/P.,) increases with increasing 
values of the torsional amplitude (f) for a given values set of values 
of Pasternak stiffness parameter (€ = 0,5,10,15,20,25 & 30) by keeping 
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Fig. 7. The percentage variation of the ratio of nonlinear to linear buckling load (P*/P.,.) 
as # varies from 0.1 to 1, with Winkler stiffness parameter, 4, for different values of 
Pasternak stiffness parameter, =0,25,50,75 & 100). 
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Fig. 8. The effect of elastic foundation (for various values of Pasternak stiffness 
parameter, €, with Winkler stiffness parameter, A=0) on torsional post-buckling behaviour 
of clamped thin-walled beam. 
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Fig. 9. The effect of elastic foundation (for various values of Pasternak stiffness 
parameter, €, with Winkler stiffness parameter, 2=25) on torsional post-buckling 
behaviour of clamped thin-walled beam. 
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Fig. 10. The effect of elastic foundation (for various values of Pasternak stiffness 
parameter, €, with Winkler stiffness parameter, 4=50) on torsional post-buckling 
behaviour of clamped thin-walled beam. 


Winkler stiffness parameter, 1 = 0. It is also observed that for lower 
values of , the nonlinear buckling load increase rapidly as / increases. 
Also, as € increases, the nonlinear buckling load decreases as 
increases as shown in Figs. 8-12. Also, as € increases, the curves 
become flatter indicating that the influence of / on nonlinear buckling 
load becomes gradually decreases. 

From the Figs. 8-12 presented, it can be also observed that the ratio 
of the nonlinear to linear torsional buckling load (P*/P,,) increases with 
increasing values of torsional amplitude (f). The values of the ratio of 
nonlinear to linear torsional buckling load (P*/P,,) can be seen to be 
increasing with increasing values of the torsional amplitude (f) for 
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Fig. 11. The effect of elastic foundation (for various values of Pasternak stiffness 
parameter, €, with Winkler stiffness parameter, A=75) on torsional post-buckling 
behaviour of clamped thin-walled beam. 
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Fig. 12. The effect of elastic foundation (for various values of Pasternak stiffness 
parameter, €, with Winkler stiffness parameter, 4=100) on torsional post-buckling 
behaviour of clamped thin-walled beam. 
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Fig. 13. The percentage variation of the ratio of nonlinear to linear buckling load (P*/P.,.) 


as # varies from 0.1 to 1, with Pasternak stiffness parameter, €, for different values of 
Winkler stiffness parameter, A=0,25,50,75 & 100). 


various values of £, as 4 increases from 0 to 100. Also, for different 
values of €, the influence of £ on nonlinear buckling load becomes 
gradually less significant as 4 increases. 

The percentage variation of the ratio of nonlinear to linear buckling 
load (P*/P,.) as 6 varies from 0.1 to 1, with Pasternak stiffness 
parameter, £, for various values of Winkler stiffness parameter, 
(A=0,25,50,75 & 100) is computed and shown in Fig. 13. The percentage 
increase of the ratio of nonlinear to linear buckling load (P*/P,,) is more 
for 4 = 0 and decreases with increase ing. Also, the percentage variation 
is less significant as 4 increases. 

The variation of the nonlinear buckling load with increasing values 


C.K. Rao, L.B. Rao 


of torsional amplitude for different values of Ais more convergence (as é 
increases from 0 to 100, shown in Figs. 2-6) than the variation of the 
nonlinear buckling load with increasing values of torsional amplitude 
for different values of € as 4 increases from 0 to 100 (as shown in 
Figs. 8-12). It is observed from the Eq. (19) that as 5 increases the 
nonlinear buckling load P* increases for constant values of f, K, €& A. 
It is also observed that the effect of increase in values of Warping 
parameter, K, Pasternak stiffness parameter €, and/or Winkler stiffness 
parameter J is to decrease the nonlinear buckling load, P* considerably. 
It is noticed that the rate of change in the nonlinear buckling load, P* is 
gradually reduces due to increase in / & A as € increases and for any 
constant values of K&6 (Refer Figs. 2-6). It is also observed that the 
rate of change in the nonlinear buckling load P* is more significant due 
to increase in / & € as J increases and for any constant values of K & 6 
(Refer Figs. 8-12). 
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ABSTRACT 


As we all know, in the last two decades, the scientific methods such as Pattern Recognition, 
Image Processing, Automation, Artificial Intelligence, Evolutionary Neural Networks, Self- 
driven Cars and Vehicles and Robotics have become household names. Last decade has also 
witnessed phenomenal transformations in various fields of industrial sector and in creating 
innovative paradigms, such as “Industry 4.0”, initially in Germany and then spread 
throughout the whole European Union, and of “Society 5.0” in Japan, among other 
transformations with global impact. How the mind works is still a real mystery and is 
undoubtedly a very complex part of the human body still to be understood well. The Human 
being is presently categorised as a “Naturally-Born and Brought-up Robot” having only 10% 
of its memory available for exercising its ““Free-Will”. The concept of “artificial intelligence- 
aided engineering education” being articulated in this paper refers to applying artificial 
intelligence techniques and resources for improving the whole teaching-learning process in 
engineering education. All the areas of educational practice such as planning and 
organization of teaching programmes and courses including final assessment of learning 
results and outcomes can be smartly organised through Artificial Intelligence software tools . 


The present review paper includes a brief discussion on strategies being adopted in reputed 
Technical Universities on Computer-assisted instruction and intelligent teaching programs, 
Al-supported courses, Virtual laboratories, AI for supporting educational and curricular 
planning, AI for developing sustaining teaching-learning activities and helping with student 
assessment._The main aim of this paper is to provide necessary background that will facilitate 
discussion on these and other important questions that need to be investigated further. Even 
though there are several things that AI can be do, there are many other essential things it 
cannot do even in the future. How AI works is still a “Black Box” and is very important for 
us right now to understand some key characteristics of current AI to be able to apply them 
effectively. 


Introduction: 


Over the last decade or so, there is a high pitch of discussion on “student-centred learning” 
and NAAC and NBA certifications are being sought by many engineering colleges and the 
same are being awarded to those engineering colleges which are showing serious and honest 
interest in digital maintenance of student admission data, various course objectives, achieved 
student performances and the ultimate outcomes. 


Higher education in engineering is being slowly geared to maintain and perfect institutional 
organization and their governance using Artificial Intelligence tools and technologies such as 
desktops, LAN, internet and skype-enabled video conferencing in organising technical 
seminars and conferences. Technological advances achieved through these activities can be 
seen to have resulted in extensive digitization, e-learning, self-study through Google search 
and watching of streaming educational videos on YouTube etc. 


In view of the recent advances in artificial intelligence (AI) all over the world, the non- 
invasive brain-computer interfaces are opening up new and innovative strategies being 
implemented in the “teaching and learning process”, resulting in seriously reducing the role 
of a teacher to just a mere ‘facilitator of learning’ in the classroom and outside as “‘a coach or 
a guide” only. Many of the educational institutions all over the world are taking incremental 
steps towards the replacement of teachers with virtual “teacherbots” [1,2]. 


Providing affordable solutions to use brain computer interface (BCI) devices capable to 
measure when a student is fully focused on the content and learning tasks [3,4] is already 
possible, and super-computers, such as IBM’s Watson, can provide an automated teacher 
presence for the entire duration of a course. 


The possibility to communicate and command computers through thought and wider 
applications of AI in teaching and learning represents the real technological revolution that 
will dramatically change the structure of higher education across the world. 


A ‘teacherbot’ or ‘cloud-lecturer’, can be adopted for personalized learning with a blended 
delivery of opted courses or for fully online courses. Already presenting as a disruptive 
alternative to traditional teaching assistants, the “Teacherbots’ are assisting in providing 
computing solutions for the administrative part of teaching, dealing mainly with content 
delivery, basic and administrative feedback and supervision. 


As an example, we can look at the course on knowledge based artificial intelligence (KBAD), 
offered by Professor Ashok Goel, in the online M.S. Computer Sciences program, at Georgia 
Tech in the USA. The teaching assistant (TA) was highly successful in its performance and 
hence valued by the class students that they wanted to nominate her to the outstanding TA 
award. At the end of this course it was quite surprising to know that Jill Watson was only a 
‘teacherbot’ and not a real person. 


Google hacking [5,6,7] or ‘advanced search’ is a very intensive and intelligent activity of 
retrieving related documents for study or research projects on hand. Lot of patience and crazy 
love, towards locating and downloading all relevant material available on the internet, is 
required in this effort to complete the task without missing even one related one. That is the 
reason why this google searching becomes a real art and hence, it is not surprising that many 
people fail to succeed with complete satisfaction in this important activity related to 
‘Literature Search”. Many a time, the searcher has to even go to the extent of browsing the 
30" page of the google search result pages in the process. Also, no judgement should be 
applied while plucking all the fruits from the garden onto the mat on the floor. 


Segregation of these downloads into most relevant, distantly related and unrelated should be 
done only after a close and critical look at all these items. 


Educating Millenials: 


Millennial Student Attributes which are listed in the following paragraphs include several 
attributes of students who have grown up with technology that may influence the way you 
teach [ 9-11]: 


1. “Computers are not technology”. Development of Computers, availability of Internet, 
and the World Wide Web are being used by Millennials’ and a part of their lives as the 
landline telephones and black and colour television are to the earlier generations. 


2. “Reality is no longer real”. Using advanced digital technologies like “morphing”, the so- 
called original images can easily be modified and distorted and hence may not be real. Even 
the emails received by you also may be coming from an address which may not be from the 
real owner of that address. 


3. “Doing is more important than knowing”. Slowly an attitude of thinking that views 
acquiring Knowledge is no longer becoming the ultimate goal as they think that half-life of 
information is very short and hence not very important. Today’s generation thinks that really 
what matters is practical actions and the consequential results are the ones that are more 
important than the simple and trivial accumulation of mere facts. 


4. “Learning more closely resembles Nintendo than logic”. Nintendo is a Japanese 
multinational consumer electronics and video game which involves a trial-and-error approach 
in solving the problems where in, the more you lose the more you learn and reach knowledge 
in a fastest way in mastering the game, because “losing leads to more experience and thus 
ultimately leading to intelligent learning.” 


5. “Multitasking is a way of life”. In view of the fast changing way of life, many students 
who are pursuing higher studies today are forced to and adopted to getting engaged in several 
activities at the same time. That is how the “Millenials” get through their day, doing home 
work while listening to music with ear phones on and, chatting with their friends on 
whatsup. 


6. “Consumer and creator are blurring”. As we all know, most of the IT service companies 
functioning in India keep their employees busy in a “time-taking and patience-testing” job of 
“simple and trivial Copy-Pasting”, from the material obtained through internet-searching and 
downloading the documents, on the particular subject referred by a foreign customer, into an 
Excel sheet and/or into a PPT file, without adding a single creative word” of their 
own. Such is the IT services business and complex money-making world today. This type of 
life and work is leading to the “operative assumption” that if something which is in digital 
form and is freely available on the world wide web in the “Pdfdrive” or “Archive.Org” or 
“YouTube”, being felt and treated as everyone’s property. 


We can see the consequences of this “consumer and creator are blurring” talk above in 
developing a mental make-up in blatantly and openly violating the copyrights of both all 
published books and the internationally made “All Videos and Movies and Artistic and 
Performance event videos”. The word “Plagiarism” is internationally silently heckled and 
mass violated bringing down the death of the authors, creators and artists. All movie makers 
and authors are immediately selling or licensing their movies to Amazon for safe selling, to 
the extent possible, in this “uncontrollable global hacking”, digital and cyber crime age. 


In addition to the above, we should not forget that latest trend of large scale publication of 
research papers in “Fake and Predatory International Research Journals”. Of course, UGC 
and AICTE and other international research organisations are issuing serious warnings and 
circulars in trying to reduce such publications getting undue advantage and promotion 
through such publications. 


People must have noticed that the emergence of the new (word) requirement of job related 
“employability” is a direct consequence of “commercialising education” globally through the 
mask of “Right to Education”. Thus “Rote Learning” is given free chit “to be the order of 
the day” in getting higher education degrees and certificates without having any capability in 
“writing in their words”. This has brought in the so called “Soft Skills”, “Critical Thinking” 
and “Problem Solving Capability”, “Spoken English”, “Communication Skill” and “Group 
Discussion Skill” for consequential “ccommercialisation” on a large scale for certifying the 
students for this so-called “Employability”. All this is going on in the name of 
“Development” and as a part of “Global High Capitalism” and “Liberal Activism” brutally 
crushing down the “Conservative and classical disciplined thinking” which was prevalent in 
the earlier decades. In what direction this trend will end, is any one’s guess! 


Right to Education (RTT) Law, enacted in India in 2010, led to the implementation of “No 
Detention up to Eighth Class” which is unofficially extended up to the final year of the 
Engineering and other Degrees also, has resulted in serious consequence of large scale 
“Joblessness”. Slowly, following the rudimentary principle of crude “Market Economy”, 
the admissions in to these educational institutions started falling down leading to summary 
closure of these institutions. We all know how randomly the so-called “market economy” 
works! Suddenly, markets collapse resulting in heavy monetary and reputational losses. In 
view of this the educational Institutions adopting the policy of “Pay the fees and get whatever 
degree you want”, “ensuring freely the A++ grade and unabated pass in the examinations” 
leading to “Severe decline in the degree holders having “employability criteria” not being 
satisfied! ! 


Like the cruel fall of infamous “ISO” certifications, which no one talks about now, the latest 

liberal certifications by NAAC and NBA to educational institutions, even with lowest quality 
of teaching and research faculty, is slowly becoming useless and is not in a position to attract 
large demand as expected in the student admissions into these institutions 


Death of the Author, Publisher and the CopyRights: 


In view of the above type of mindset being developed silently and promoted all over the 
world unabated, over the last two decades, there is an immediate need to develop and adopt 
improved methods and technologies in educating ‘Millennials’ need to be quite different 
from those classical ones adopted in the case of educating their earlier generation, as the 
‘Millennials’ learn differently compared to the previous generations. A vast amount of 
literature exists on the internet and a serious study suggests that this new generation which 
was born between 1982 to 2000 are quite different in nature compared to behaviour and 
working of earlier generation. Their outlook about life also is quite bizarre when looked at 
critically from the ideals, experience and outlook of their predecessors. 


While there are different observations and judgements about their worldly outlook, one thing 
is clear that the growing technological knowledge and resources on the internet and the 
gadgets and smart mobiles have got profound influence on their life in general and the 
learning habits and also their mental makeup. 


Many researchers categorise, these ‘millenials’, also named as products of “Generation Y’ 
as, more philosophical and spiritual than the earlier generation. They have intimately 
observed the miserable failures and suffering undergone by their parents and elders 
particularly in terms of lack of quality of life and enjoyment. Earlier generation has worked 
hard throughout their life in terms of acquiring educational qualifications and in building up 
great careers, and sacrificing their personal hard earned money, happiness and enjoyment in 
bringing up their children to have a better social status and richness in their life. In the 
process, they had no enjoyment of travelling to great places in the world or enjoying the 
benefits of their earnings. They were generally satisfied in sacrificing everything for their 
children and hence they are also called as “baby boomers”. 


From a close look at these studies and reports on this ‘millennial’ generation, we understand 
that these people process their information, collected from social interactions, movies and 
visuals, and further their knowledge through personal experiences more than listening to their 
elders and their experiences and views about life and living. Hence, they follow and exhibit a 
self-learning process much different from the previous generations. 


They have a lot of literature, videos and movies, gadgets like ipads, notebooks , Kindle for 
easy reading, plenty of news and entertainment channels, digitised books and news papers in 
view of the advances in and availability of internet and web technologies, and all merged, 
combined and comfortably and conveniently made available on their smart mobiles. 


While Millennials have almost unlimited access to more information on areas of interest to 
them, the accumulation of knowledge is seen as less important than the ability to perform a 
task. As one can see today, a new terms ‘employability’ and ‘soft skills’ have entered into the 
education and learning outputs required for getting a suitable job in this ‘knowledge and 
market economy’ and booming IT services all over the world. 


Literature suggests that these expected learning outcomes and preferences clash with the 
traditional teaching methods still being employed in engineering and technology education 
today. Though the curriculum is evolving to incorporate the ever increasing volume of data 
and skills needed to compete in today’s environment, traditional teaching styles such as the 
largely adopted “black board” and ‘power point lecturing’ have yet to get moulded 
themselves suitably to motivate and enthuse today’s student who is largely addicted whatsup, 
facebook and use of mobile phone all the 24 hours of the day. Continuous viewing of 
information and chatting on the smart mobile phone has become quite normal in kids as well 
as elderly people today leading to accidents on the road and in growth of impatience in 
listening to others teaching or advice. Students today including their teachers feel that all 
necessary information is available in plenty utilising the internet, web and cloud computing 
technologies and hence need not be memorised or stored anywhere anymore. Data storage 
available on laptops and mobile phones is also increasing significantly almost every day. 


Current discussions and deliberations made on this topic in different platforms all over the 
world { 12-14], suggests that a phenomenal and significant change is needed within 
engineering education. Some educators feel it is critical to change the traditional teaching 
methods to adapt to today’s student. Through the goal of analyzing perceptions Millennial 
engineering and technology students have towards traditional teaching methods, this study 
could help to either validate or invalidate the prior concerns of educators. Recommendations 
were given based on the results of the study in efforts to engage and attract students to 
engineering studies. 


Artificial Intelligence and Mobile Technologies for Learning and Teaching: 


Instead of negatively reacting, to the uncontrollable and huge growth of possession and use 
of mobile phones in large scale communication and online e-commerce, as a threat to general 
living carrying mobile always holding it in their left hand, boarding and getting down the 
buses and vehicles, crossing the road looking at the whatsup, facebook on mobile, driving 
scooter and motor-bike with mobiles in hand causing deadly accidents on the road and 
casually sitting in classes paying no attention to the teaching going on in the class room 
formal education not focussing on learning, we need to explore how learning can be 
transformed for the mobile age. This needs to be done through an honest dialogue between 
the two facets of education. The first facet involves in knowledge being given authority 
through the command on curriculum and the other facet in which it emerges through 
organising necessary negotiation process of coming to mutual agreement on the quality and 
expected outcomes to be achieved. 


The challenge of integrating the Information and communications technology (ICT), 
Artificial Intelligence (AI) [15-17] and Mobile Technologies [18-20] needs to be carried out 
with an honest and serious focus on reforming the teaching and learning process involving 
innovative modes of learning which can keep and enthuse the active learner’s concentration 
in the construction of knowledge with a hands-on training in practical and productive project 
execution under the able guidance of a professional experienced teacher. The classical 
thinking about “learning” as a process that extends beyond individual capability to mental 


and brainy distributed systems that miraculously and artificially learn, acquire and develop 
knowledge, brings in the issue of ontological role of technology only as a participant in the 
process of learning. As described in latest cognitive science literature, learning and cognition 
are diffused in the distributed learning systems. The unique interaction between the elements 
of the humans or technological system carried out successfully within a distributed context is 
the one which creates meaning in this act of interaction and exchange. It is a recognisable 
and significant fact that, through selective, productive and useful conversations and 
interactions only, the “learning system as a whole” advances evolving as a continuum of 
advanced knowledge. Understanding and realising the fact that, we human beings are all 
“naturally born and brought-up robots” we can acquire useful and profound knowledge only 
through group discussions and fruitful interactions only and not by mere “rote learning 
involving “memorisation”. The take away at the end of this process is the real knowledge 
which settles and solidifies in the memory in the form of the enlightened experience. To 
acquire such experience, we need to innovate and evolve excellent combinations of all the 
available ICT, AI and mobile technologies appropriate and suitable to the technical subjects 
to be taught for imparting the rightful learning in the student. 
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Abstract In the present paper the natural frequencies of 
fluid-conveying pipes with guided-clamped, guided-simply 
supported, guided-free and guided—guided boundary con- 
ditions are derived explicitly. Numerical results are pre- 
sented for four cases, and the effect of fluid flow velocity 
on the natural frequencies is discussed. Critical velocities 
are determined to find the point of flutter. The pipe is 
modelled as an Euler—Bernoulli beam. The differential 
equation of motion for free vibration is established using 
Hamilton’s principle. The transcendental frequency equa- 
tion is derived using Muller’s bisection method. By varying 
the non-dimensional velocities the frequencies are deter- 
mined for the said boundary conditions. It is observed that 
there is a reduction in natural frequency with an increase in 
velocity, for all the boundary conditions. The influence of 
fluid velocity on the instability of the pipe is determined. 
The results obtained analytically were validated by 
experiment for guided—guided end condition only. 
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Introduction 


Pipes are widely used for transfer of fluids from one point to the 
other and are susceptible to vibrations. Flow-induced vibration 
analysis of pipes conveying fluid is thus important in structural 
dynamics. It is well known that pipeline systems may undergo 
divergence and flutter type of instability due to fluid-structure 
interaction. Over the last 60 years, extensive studies have been 
carried out on dynamic analysis of piping systems subjected to 
different boundary conditions and loadings. Ashley and Havi- 
land [1] studied the cross wind force on fluid conveying pipes 
supported above ground. Naguleswaran and Williams [2] 
developed solutions for natural frequencies in axial mode for 
hinged-hinged, fixed-hinged, fixed-fixed boundary conditions. 
Stein and Tobriner [3] discussed vibration of pipes containing 
flowing fluid, in which the effects of foundation modulus, flow 
velocity and internal pressure on the dynamic stability, fre- 
quency response and wave propagation characteristics of an un- 
damped system was studied. 

Notable contributions in the area of piping vibrations 
also include the works of Chen [4]. In most of the cases, the 
differential equation of motion of fluid-conveyed pipe is 
deduced using the Galerkin’s method in Lagrange system. 
Subsequently, the solution of the differential equation is 
obtained by considering many numerical methods such as 
transfer matrix, finite element, perturbation, Runge-Kutta 
and differential quadrature. 

Weaver and Unny [5] studied the dynamic stability of 
finite length of pipe conveying fluid using Flugge-Kempner 
equation to find the critical flow velocities. Paidoussis [6] 
presented a general transverse frequency equation with 
gravitational force, pressurization effects, material damping 
and viscous damping effects. Shizhong, et al [7] had con- 
ducted research on solid liquid coupling dynamics of pipe 
conveying fluid, where they studied the influence of flowing 
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velocity, pressure, solid—liquid coupling damping and solid— 
liquid coupling stiffness on natural frequency for simply 
supported ends. Zhang, et al [8] studied the vibration of pipes 
conveying fluid and developed dynamic equilibrium matrix 
using Lagrange principle for discretized pipe element flow- 
ing fluid for simply supported end condition which is sub- 
jected to initial axial tension and frequencies were compared 
with experimental results. 

Oz and Boyaci [9] developed a mathematical model for 
transverse vibrations of tensioned pipes conveying fluid 
with time dependent velocity. The principal parametric 
resonance cases were studied for the boundary conditions 
and results are presented for the first two modes. 

Chaos, et al [10] found new closed-form solutions for the 
natural frequency of a clamped-guided beam are derived for 
their investigation. By postulating the mode shape of the 
clamped-guided beam, whose material density and stiffness 
are taken as polynomial functions, a closed-form solution 
was calculated for the natural frequency. Wiggert, et al [11] 
have reviewed fluid structure interaction in piping and 
highlighted the effects of fluid forces on piping and its sup- 
port structure. The work dealt on how transfer of momentum 
and forces between piping and the contained liquid during 
unsteady flow and excitation mechanisms are caused by 
rapid changes in flow and pressure or may be initiated by 
mechanical action of the piping. Sinha, et al [12] developed a 
finite element model for cantilever pipe conveying fluid. The 
instability in the pipe was inferred due to change in the 
natural frequencies for its dynamic behavior and compared 
the results of a FE model with experimental data. 

Zhang, et al [13] developed a FE model to predict the 
vibration of cylindrical shells conveying fluid and validated 
the results with experiment. Seo, et al [14] also have studied 
the frequency analysis for cylindrical shells using the finite 
element approach and understood the effective thickness of 
fluid according to circumferential modes in the study. The 
influence of fluid velocity on the frequency response function 
is illustrated. Rao [15] had determined natural frequencies for 
all the classical and elastically restrained boundary conditions. 

Chellapilla and Simha [16] studied two parameter 
foundation effects of fluid conveying pipes resting on soil 
media and found the frequencies. Aldraihem [17] studied 
the dynamic stability of a collar-stiffened pipe conveying 
fluid using the Euler-Bernoulli theoretical approach. FE 
model was developed to predict the dynamic stability of the 
stiffened pipe under the influence of flowing fluid. It is 
found that the collar stiffened pipe exhibit unique stability 
characteristics when compared to uniform pipe. Huang, 
et al [18] considered Galerkin’s method and obtained nat- 
ural frequencies for fluid conveying pipeline with different 
boundary conditions. The four variables mass, stiffness, 
length and flow velocity were studied in detail to estimate 
the effect of flow velocity on the natural frequency. Jweeg, 
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et al [19] estimated through experiments the critical 
buckling velocities for pinned—pinned—clamped—pinned 
and clamped—clamped end conditions and also measured 
the fundamental natural frequencies for the end conditions. 

Drozyner [20] developed a method for determining the 
acceptable limits of piping vibration and corresponding natural 
frequencies. Acceptance criteria for the vibrations were based 
on the allowable limits of deformation and stress of the pipeline. 
Huang, et al [21] developed a mathematical model using Fer- 
raris method of natural frequency analysis on pipeline con- 
veying fluid with both ends supported. The natural frequencies 
and critical flow velocities were also found for clamped-simply 
supported, clamped-clamped and simply supported cases and 
found that the clamped-clamped is more stable than other two 
cases. Lee and Jeong [22] developed a mathematical model for 
vibration of three-dimensional piping system conveying a 
pulsating fluid. The dynamic equations of motion are further 
used to develop natural frequencies of fluid conveying pipe. 
The accuracy and efficiency of efficient numerical method 
were validated by comparison with conventional numerical 
integration method. Lee and Jeong [23] discussed the effect of 
rotary compressor on piping system with fluid pulsation signal 
in the pipe which was measured by a pressure transducer. The 
results were compared by developing a FE model of the same 
piping system and were found in agreement with the experi- 
mental results. 

The present paper deals with a set of combinations of 
guided supports such as clamped-guided, guided-simply 
supported, guided-free and guided-guided, which are quite 
commonly used in piping as pipe supports. A mathematical 
model is developed for estimation of natural frequencies 
for these end conditions. 

Euler-Bernoulli beam theory and Hamilton’s energy 
expressions are used to derive the equation of motion for 
transverse vibration of the fluid conveying pipe with gui- 
ded end conditions. The exact solution of the differential 
equation is expressed as a polynomial function. The 
boundary conditions are substituted in fourth order 
derivatives of the polynomial function and by using the 
Gaussian elimination rule the transcendental frequency 
equation is obtained. The natural frequencies for the first 
mode of vibration are computed by using the Muller’s Bi- 
section numerical method. Critical velocity is computed, 
when the flow is turbulent and frequency approaches zero. 
A FORTRAN computer program is developed for estima- 
tion of the frequencies in non-dimensional form. 


Formulation of Problem 
Consider a straight pipe having end conditions as clamped- 


guided, guided-simply supported, guided-free and guided— 
guided as shown in Figs. 1, 2, 3 and 4, respectively. It is 
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assumed that the fluid motion is planar, harmonic, incom- 
pressible, pipe horizontal and cross-sectional area of the 
flow pipe is constant. 

From first principles and applying the Euler—Bernoulli 
beam theory and Hamilton’s energy equations for the 
elastically restrained pipe conveying fluid, the differential 
equation of motion and boundary conditions are obtained 
as [15] 

ofw Ow ow ow 


ElEz4 (m, 


where EI is the bending stiffness of a pipe; mp) + mr, the 
mass of pipe and mass of fluid; U, the Velocity of fluid 
along the x-direction; and t, the time; EI ow j is the stiffness 
term; (mp + mr) a is the ea force term; m,U* Sy re is 
the curvature term; and ny 2 axnt is the Coriolis force a 

The equation of motion, Eq. (1), can be written in the 


following non-dimensional form 


2 
2yu ~~ atw =0 (2) 


where, y is the damping term, €, the natural boundary 
condition; @, the circular frequency; A, the non- 
dimensional frequency; U, the flow velocity; V, the non- 


dimensional velocity; Q is the natural frequency; 
> (muU2L2), 4 (mp) +m; )o*L* 
V? = (mE): and ot = (ee). 
Ofw Ow 
—— + (V’) — -\4w =0 3 
Vv 
2° =(V’); e=— (4) 


When the natural frequency of the pipe approaches zero, 
the critical flow velocity has been computed for all the end 
conditions. When the flow velocity is equal to the critical 
velocity, the pipe bows out and buckles, as the forces 
required to make the fluid deform to the pipe curvature are 
greater than the stiffness of the pipe. The term y in Eq. (2) 
represents the damping of the system and its effect on the 
frequency is negligible and so is ignored here, as the 
present work aims to obtain upper bounds for the 
frequencies of vibration of the fluid-conveying pipe. 

The boundary conditions for the piping system are given 
here 


Fig. 1 Clamped-guided support 


(- as) =0 (5) 
(aSS—1 Ih ra (6) 
(= I ve = (7) 
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where T* = o — B; and L is the length of the pipe between 
supports or span. 
Let us consider the solution for Eq. (3), as 


| 
| 
| 
| 


W(x) = ce (9) 

where c is an arbitrary constant 

_ = cste%; a. cs7e85 (10) 
Using Eq. (9) into Eq. (3) along with Eq. (4), one gets, 

s* + 2s? 44 = 0, 

or 

(s”)* + 26s? — (47)? = 0 (11) 


The roots of Eq. (11) is given by 


—2e2 + 282 m4 Age 
52 = ; ) ; 52 — — 62 Se Ve +nf 
so=O 8 =if; s83=—-a; sy=—if 


Considering first two roots s; = « and 1 
Then a = J—&+Ve4+0*; B= ean 
Derivation of Natural Frequency 


Let the solution of the general Eq. (2) be 


W(x) = Asinhax + Bcosh ax + Csin B+ DeosBx (12) 
Then, 
owes) = Aoacosh ax + Ba sinh ax + CB cos Bx 
X 


— Df sin Bx (13) 
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Fig. 2 Guided-simply 
supported 


Fig. 3 Guided-free support 


Fig. 4 Guided-guided support z 
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2 
owe) = Ao’ sinh ax + Bo” cosh ax — CP” sin B 
x 
— Df cos Bx (14) 
3 
mil) = Ao} cosh ax + Ba? sinh ax — CB? cos Bx 
x2 


+ DB? sin Bx 
(15) 


Boundary conditions for the ends are given here 
Clamped end: w = 0,& = 0 


0X 
: 3 a a 
Guided end: sy = 0, 53 — T* 5x = 0 
. ew _ Ow *& OW __ 
Free end: 5% = 0,53 — T*s¥ = 0 
: ‘ _ 9 &w _ 
Simply supported: w = 0,5 = 0 


Differentiating Eq. (12) and on substitution of the 
boundary conditions in Eqs. (13), (14) and (15), the fre- 
quency equations are obtained as 

Clamped-guided: 
oP? (0? + B”) cosh(al) sin(Bl) 

+ o?B(o? + B°) sinh(al) cos(B1) 

=0 (16) 

Guided-simply supported: 
oB[(o* + B*) + 20787] cosh(al) cos(Bl) = 0 (17) 

Guided-free: 


[o(o? + B*) (o4B*) | cosh(ol) sin(Bl) 


+ [B(a? + B*) (?B*)] sinh(ed) cos(B1) (18) 
Guided-guided: 
[(o? + p*)"(2°B*)| sinh(all) sin(Bl) = 0 (19) 
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Millers Method 


It uses parabolic interpolation to approximate the given 
function and then the zero is approximated by the zero of the 
interpolating quadratic. The quadratic equation has two roots 
and at any given step. The root can be chosen which is nearer 
to the current best estimate further, a quadratic equation with 
real coefficients can give complex roots. Hence this method 
can give complex roots, even when starting values are real. 

Three points x;,x;_; and x;2 are identified and the 
function be approximated by a parabola using quadratic 
interpolation. 


g(x) =£(xi) + (x — xi)f[Ki, xi-1] + (K — Xi) 
+ (x — xi-1)f[Xi, Xi-1, Xi_-2] (20) 


= a(x xi) +a) (x Xi) + ao 


where 


aig = EK) ay = Egy Ria) + (Gy — Ki) ER, Ri, Big), ap 
= f[i, Xi-1, Xi-2] 


(21) 
The zeros of g(x) is given by 


x4 a! (22) 
—ag + \/az — 4agaz 

where one of the two roots is chosen, if, x; = a, the zero of 
f(x) then, xj; = a, that is the iteration will converge if the 
initial value is exact. 

If x; = a then ap = f(x;) = 0 and must choose that sign 
before the radical which agrees with —a,, so, that the 
denominator does not vanish, it may be noted that the 
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coefficients aj, a; and az are in general complex and that sign 
before the radical always be chosen which results the larger 
magnitude for the denominator (that is, selection of that root of 
the quadratic is closer to x;). This method is used to develop 
FORTRAN program code for piping support system and to find 
out natural frequencies of fluid conveying pipe for variable 
velocities with different guided end conditions. 


Results and Discussions 
Case I: Clamped-Guided Support 


Figure 5 shows the fluid-conveying pipe with clamped- 
guided ends and for increasing order of non-dimensional 
flow velocities. It is observed that the natural frequency 
decreases with an increase in non-dimensional velocity. It 
also shows the point where the pipe flutters and gets into 
instability zone, that is where the fluid velocity is larger 
than the critical velocity. The percentage reduction in fre- 
quency is around 95% as non-dimensional flow velocity 
increases from V = 0.1 to V = 5.251. 


Case II: Guided-Simply Supported 


Figure 6 depicts the fluid conveying pipe with guided- 
simply supported ends. In the case of clamped-guided ends 
the instability region lies in the range of 5.251-5.641 and 
for guided-simply supported the instability region occurs at 
a much lower flow velocity of V = 1.548 to V = 1.94. The 
percentage reduction in frequency is 84% for flow velocity 
variation of V = 0.1 to V = 1.548. 
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Fig. 5 Non-dimensional natural frequency against velocity and 
points of flutter clamped-guided end 


Case III: Guided-Free Support 


Figure 7 presents the guided-free ends, which is around 
43.3% when flow velocity increases from 0.1 to 4.72. 


Case IV: Guided—Guided Support 


Figure 8 presents the guided supports at both the ends. The 
percentage reduction in frequency is around 62.3% as flow 
velocity increases from 0.1 to 5.147. For this type of end 
condition only, the analytical results were validated with 
experimental work performed and shown in Table | [24]. 
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Fig. 6 Non-dimensional velocity against natural frequency and point 
of flutter-guided-simply supported ends 
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Fig. 7 Non-dimensional velocity natural frequency and points of 
flutter-guided-free ends 


Q Springer 


Nondimensional Frequency, Q1 


3.50 


250 


150 


as0 


0.00 
0.00 


100 


200 3.00 400 
Nondimensional Velocity, V 


5.00 6.00 


Fig. 8 Non-dimensional velocity against natural frequency and point 
of flutter-guided—guided ends 


Table 1 Validation of experiments carried out with different 


velocities 
Mode V,m/s_ Natural frequency of pipe with guided ends, Hz 
Theory Experiment Percentage error analytical 
against experiment 
20.1 3.48 5.0 30.4 
21.2 8.0 10.0 20.0 
23.3 8.0 10.0 20.0 
Conclusion 


From the study, conclusion can be drawn as follows: 


Exact solution is developed for fluid-conveying pipes 
considering clamped-guided, guided-simply supported, 
guided-free and guided—guided end conditions. 

The frequencies of first three modes of vibration are 
computed by varying the fluid flow velocity. 

Critical velocities are obtained. 

A FORTRAN program is developed for computation of 
natural frequencies by using Muller’s method for non- 
linear equations and the iterated value of ‘x’ represent- 
ing the non-dimensional natural frequency is found by 
the Inverse Parabolic Interpolation method. 
Experiment was conducted for guided—guided ends and 
frequencies obtained and compared. 
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The aim of this paper is to study the non-linear torsional vibrations of lengthy thin-walled simply sup- 
ported beam of open section resting on Winkler foundation. The governing differential equation of 
motion is derived. An effort has been made to obtain and solve the governing differential equation of 
large amplitude torsional vibrations of doubly symmetric thin-walled beams of open section with simply 
supported boundary. Approximate solutions are obtained for simply supported beams using the 
well-known Galerkin’s method. Plots specifying the effect of large amplitudes on nonlinear frequency 


ee of torsional vibrations for various non-dimensional beam constants are furnished. From the present 
Open section study, we observe, that for lower values of Winkler stiffness parameter 4 < 0.1, the non-linear frequency 
Vibration increases drastically as f increases. Also, it is noticed that as the value of Winkler stiffness parameter 2 


increases, the influence of f decreases. For higher values of 4 > 30, the effect of f in the present range 
0-0.1 on non-linear frequency seems to be negligible. 


Warping effect 
Winkler foundation 


© 2019 Elsevier Ltd. All rights reserved. 


1. Introduction 


Study of torsional vibrations finds extensive application in aero- 
space (Fuselage floor beam, rail system for chamber, aircraft under- 
carriages, and jet engine components), civil (industrial, building 
and architectural applications), mechanical (trucks, transmissions, 
trains, rails, mining screens, fluidized bed boilers, and anchor 
chains), and marine (container ships and fast patrol boats, ladders, 
steel flooring and grating, stairs, the jacket-type pier) engineering 
etc. Singh et al. [1] presented an exhaustive critical review of stud- 
ies of large amplitude free vibrations of beams. Many problems of 
vibration of thin-walled beams emerging in the state-of-the-art 
high-speed structures in automotive, aerospace, power, marine 
and launching vehicles cannot be effectively described by the clas- 
sical linear theories [2-6] solely, since the torsional deformations 
of these beams are usually of such a magnitude that the assump- 
tion of small rotations of cross sections will not anymore be valid. 
During the course of an experiment, Tso |7| observed a certain 
behaviour which could not be foreseen from the linearized equa- 
tions. He described the phenomenon in terms of the vibrational 
modes of the beam. He observed that when a higher mode 
resonant frequency of the beam is a multiple or near multiple of 
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the lowest mode, and when the beam is excited at this resonant 
frequency, there is a tendency for energy to transmit from the 
highest mode to the lowest mode, resulting very often in a high 
order sub-hormonic oscillation. He presented an analysis of such 
behaviour through non-linear couplings. 

The behaviour of a thin-walled beam subjected to static twist- 
ing moments applied at the end cross sections, has been studied 
by Cullimore [8]. Cullimore considered the case of uniform torsion 
of a beam of narrow rectangular section and I section, subjected to 
static end moments. Gregory [9,10] extended the study of uniform 
torsion to cover a beam of mono-symmetrical angle sections. They 
showed that if large torsional deformation was considered, the tor- 
sional and longitudinal deformations are coupled together. Such 
coupling is known as the shortening effect. The effect of shear 
strain due to warping and bending of the beam was included by 
Tso [11]. He considered torsional deformations in addition to bend- 
ing and shearing deformations. This approach can be considered as 
a “Timoshenko beam theory” analogy for thin-walled elements. 

Among the available contributions in this direction [8,12-14], 
the one presented by Ghobarah and Tso [12] and Tso and Ghobarah 
[13] is an enhanced nonlinear thin-walled beam theory derived by 
assuming that the flexural deformations are of higher order of 
diminutiveness than torsional deformations. The current study 
ventures to determine and solve the governing differential equa- 
tion of large amplitude torsional vibrations of simply supported 
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Nomenclature 

A,L Area of cross-section and length of the beam 

Cw Warping torsion constant 

Cs Saint Venant’s torsion constant 

G Modulus of rigidity 

E Modulus of elasticity 

F Cross-sectional property constant = Ip — (Ipc/A)” 
Ipc Half the polar moment of inertia of beam = 1/2Ip 
Ip Fourth moment of inertia of beam about shear center 
Kw Winkler foundation modulus 

K Warping parameter 


x(Z) Normal function of angle of twist 
Zz Distance along the length of beam 
2? KyL/4ECy Foundation parameter 
ry) F/Cw 

K? GCL? /ECy Warping parameter 

P Axial compressive load 

oO P/A, axial compressive stress 

Z Angle of twist 


doubly symmetric thin-walled open section beams, based on the 
nonlinear theory presented by Ghobarah and Tso [12] and Tso 
and Ghobarah [13]. Plots denoting the influence of large ampli- 
tudes on the nonlinear period of torsional vibrations for various 
non-dimensional beam constants are displayed. Kameswara Rao 
[14] studied nonlinear torsional vibrations of thin-walled beams 
of open-section. He has derived and solved the governing differen- 
tial equation of large amplitude torsional vibrations of simply 
supported doubly symmetric thin-walled beams of open section 
using Galerkin’s method [28]. A finite element method for studying 
non-linear free torsional vibrations of thin-walled beams with 
bisymmetric open cross-section is studied by Rozmarynowski 
and Szymcezak [15]. 

They have derived the fundamental differential equation of the 
problem is based on the classical assumption of a thin-walled 
beam with a non-deformable cross-section. Sarma and Varadan 
studied Ritz finite element approach to nonlinear vibrations of 
beams. They have used Ritz finite element approach to study the 
large amplitude free flexural vibrations of beams with immovable 
ends [16]. Lewandowski explores the Application of the Ritz 
method to the analysis of non-linear free vibrations of beams. He 
presented an analytical solution for geometrically non-linear free 
vibrations of beams with elastically supported ends in the horizon- 
tal direction [17]. 

An analysis of the nonlinear torsion of thin-walled bars of vari- 
able, open cross-section is studied by Wekezer [18]. The finite ele- 
ment method is used to formulate stiffness matrices for a thin- 
walled bar element. Attard [19] studied the nonlinear theory of 
non-uniform torsion of thin-walled open beams. They have pre- 
sented expressions for the finite nonlinear strains in Lagrangian 
coordinates and the Kirchhoff stresses for thin-walled open beams. 
Researchers have applied different models such as inclusion or 
exclusion of axial displacement, and linear or nonlinear kinematic 
(strain-displacement) relations. Starting with the work of 
Woinosky-Krieger [20] who used elliptic integrals, researchers 
have also utilised several methods such as perturbation, Ritz- 
Galerkin and the finite element method [21]. Pillai and Nageswara 
Rao [22] have studied the problem of large amplitude free a vibra- 
tion of simply supported uniform beams with immovable ends is 
examined. The equation of motion for this problem is found to 
be of Duffing type. 

Foudil et al., [23] analysed the behaviour of thin-walled beams 
with open section in presence of large torsion. They have derived 
equilibrium equations for the case of elastic behaviour without 
any assumption on torsion angle amplitude. They have imple- 
mented an incremental-iterative Newton-Raphson method for 
solving nonlinear equations. Gupta et al., [23,24] studied large 
amplitude free vibration analysis of uniform, slender and isotropic 
beams through a relatively simple finite element formulation, 
applicable to homogenous cubic nonlinear temporal equation 


(homogenous Duffing equation). Samir [25] presented approxi- 
mate analytical solutions for the nonlinear free vibrations of com- 
posite beams in buckling. The governing differential equations for 
large amplitude vibrations of a composite beam are derived using 
Galerkin’s discretization approach. 

The current study aims to obtain and solve the governing differ- 
ential equation of large amplitude torsional vibrations of doubly 
symmetric thin-walled open section beams resting on Winkler 
foundation as shown in Fig. 1. Approximate solutions are obtained 
for simply supported beams utilizing Galerkin’s technique. Plots 
representing the effect of large amplitudes on the non-linear per- 
iod of torsional vibrations for diverse non-dimensional beam con- 
stants are provided. 

The main aim of the present study is to estimate the effect of 
Winkler foundation parameter / on the torsional non-linear fre- 
quency of doubly-symmetric thin-walled beams resting on Win- 
kler’s foundation. From this study detailed here under, we 
observe, that for lower values of Winkler stiffness parameter 
2>0, the non-linear frequency increases drastically as the tor- 
sional amplitude £ increases. Also, it is noticed that as the value 
of Winkler stiffness parameter /4 increases, the influence of f 
decreases and for higher values of 2 > 30, the effect of § in the pre- 
sent range 0 to 0.1 on non-linear frequency becomes negligible. 


2. Formulation and analysis 


The static nonlinear torsion equation for a doubly symmetric 
thin-walled beam of open section of length L, subjected to a twist- 
ing moment M, is given by Eq. (1) [13]. 


I we 1\3 
MB = C5170 = EC,0 + 2EF(0') (1) 


where G is the shearing modulus, Cs; is the Saint Venant’s tor- 
sion constant, E is Young’s modulus, Cy is the warping torsion con- 
stant, and @ is the angle of twist. Also, F is a constant dependent on 
cross-sectional properties and is defined by F = Ir — (Inc/A)’, in 
which I, is half the polar moment of inertia about the shear centre, 
Ip is the fourth moment of inertia about the shear center, A is the 
area, and the primes designate differentiation with respect to the 
non-dimensional length Z = z/L, where z being the distance along 
the length of the beam. 

For free vibrations, M; = plpLo, where dots donate differentia- 
tion with respect to time ¢, p is the mass density, Jp is the polar 
moment of inertia, and from the Eq. (1) yields the following 


" \2 4 , . 
GCs? + 6EF(0') 0" —ECy0” = ppLt6 (2) 


For the present purpose, approximate solutions are obtained 
using the well-known Galerkin’s method for simply supported 
beams. 
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as 


Winkler springs 


Fig. 1. Doubly symmetric Thin-walled I-beam resting on Winkler foundation. 


The boundary conditions for a simply supported beam are given 
below 


@=0;g@'=0 at Z=0 (3) 


@=0;@' =0 at Z=1 (4) 


where primes designate partial differentiation with respect to 
the non-dimensional length Z = z/L 
Eq. (2) can be written in a non-dimensional form as: 


i I 2 aA I = 

@'* -69'(@') B"-(K*)B" +4 B+ WS =0 (5) 
where 

2 _ Kw. ran 4 oe F 

Yw= pe B= ppl /ECw; 3° = G (6) 


And dots designate differentiation with respect to time t 
In order to solve Eq, (5) by Galerkin’s method [26], the angle of 
twist @(Z,t) can be assumed as 


DZ, 0) = px(z)t*(E) (7) 


where 7° is a function of time. Since x will be an approximate func- 
tion assumed to satisfy the boundary conditions, by substituting Eq. 
(7) in Eq. (5) an error function € will be obtained as: 


et = p{wrtx tc [x — 65°p°?(x’)x" — (K?)x’ + 4y%,x] } (8) 


For minimizing the error functione, the error integral according 
to Galerkin’s Method [26] is given by 


1 
| €x(z)dz = 0 (9) 
0 
In order to satisfy the boundary conditions, Eqs. (3) and (4) we 
assume 
x(Z) = sintZ (10) 


From Eqs. (8), (9) and (10), we obtain the equation governing 
the time function T* as, 


wt 4 [7 (K 1) 42 T* + (3/2)n40" B27? = 0 (11) 
If the initial conditions are 
t*(0) = 1 and t*(0) =0 (12) 


The solution of Eq. (11), which is known as Duffing’s equation 
[27] will be given in the form of an elliptical cosine C;, 


T* = Ch (mit, p;) (13) 


where 


* — 
CO, 


[7 (K? +0?) +43] ‘ | 1.5745" p 
- 


+ [2 (K? + 2) +472] a 
For and f — 0 then Eq. (13) can be written as 
[=?(K? + 1?) + 473,| 

i 


Therefore the ratio of non-linear to linear frequency ratio can be 
expressed as 


on = (15) 


wi 1, 1.570465" Bp? . 
1 [2 (K? + 1) + 42 


Eq. (13) can be reduced to Eq. (17) in the absence of elastic 
foundation, i.e., yy, = 0 


1/2 
w* 1.5745" p°? 
0; f : aie a7) 


3. Numerical results and discussions 


(16) 


The various beam parameters involved in the analysis are 
obtained for three selected steel ]—beams [6], knowing the width 
of the flange b, depth of the web h, thickness of the flange ty, 
thickness of the web ty, and the beam length L. To cover a good 
range of values of the non-linear sectional property 
the non-linear sectional property 5° = om Warping Parameter K 
and the Winkler foundation modulus 4, a total of three consisting 
of one Indian and two American standard steel I beams, are consid- 
ered in obtaining the results for presentation in this paper to 
enable their use in designing such sections for application in air- 
craft structures. Numerical solutions of Eq. (14) showing the effect 
of amplitude on period of nonlinear torsional vibration are 
presented in Figs. 2-35, for the three steel I—beams considered, 
among which two are American standard wide-flanged 
(36WF230 and 24WF130) beams [29], for distinctive values of 
non-dimensional warping constantK. Poisson’s ratio assumed here 
as 0.3. 

Case (i): 

Dimensions of a standard steel I-beam considered are as fol- 
lows: h =69.65 mm, b; = 31.55 mm, ft; =3.11 mm, ty = 2.13 mm. 
The effect of torsional amplitudes on frequency of non-linear 
torsional vibration of simply supported I-beam for several values 
of the Winkler stiffness parameter, 2, Warping parameter, K and 
dimensionless parameter 6 is determined and shown in Figs. 2-6. 
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Fig. 2. The influence of elastic foundation (for different values of the Winkler 
stiffness parameter, 4, and 6=1.1095 and K =3.106) on non-linear torsional 
vibration of simply supported thin-walled beam of open section. 
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Fig. 3. The influence of elastic foundation (for different values of the Winkler stiffness parameter, 4, and 6 = 1.1095 and K = 34.161) on non-linear torsional 
stiffness parameter, 2, and 6=1.1095 and K =6.211) on non-linear torsional vibration of simply supported thin-walled beam of open section. 
vibration of simply supported thin-walled beam of open section. 
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vibration of simply supported thin-walled beam of open section. Winkler stiffness parameter, 4 = 0,5, 10, 15, 20,25, 30 and 50. 
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Fig. 10. The influence of Warping parameter (for different values of the Warping 
parameter K, and 6 = 1.1095 and 4 = 50) on non-linear torsional vibration of simply 
supported thin-walled beam of open section. 
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stiffness parameter 2, and 6=0.992 and K =3.361) on non-linear torsional 
vibration of simply supported thin-walled beam of open section. 


Fig. 14. The influence of elastic foundation (for different values of the Winkler 
stiffness parameter, 2, and 6=0.992 and K=0.177) on non-linear torsional 
vibration of simply supported thin-walled beam of open section. 


60 


ie 
fon) 


—)=0 


P= w 
Oo Oo 
T T 


% age increment in @*/@ 
N Ww 
Oo Oo 
T 1 


Ratio of the nonlinear to linear frequency, w*/@ 


10 + 
0 
0 0.2 0.4 0.6 0.8 1 0 0.5 1 1.5 2 2.5 3 3.5 
Nonlinear torsional amplitude, 8 Warping Parameter, K 
Fig. 15. The influence of elastic foundation (for different values of the Winkler Fig. 18. The percentage variation of the ratio of nonlinear to linear frequency ratio 
stiffness parameter 4, and 5=0.992 and K=1.592) on non-linear torsional (@*/a) as B varies from 0.1 to 1, with Warping parameter K for various values of 
vibration of simply supported thin-walled beam of open section. Winkler stiffness parameter 2 = 0,5, 10, 15,20, 25 and 30. 


g 14 gi? 

= = 

3 3 

= = 1.6 - 

e ¢ 

oO vo 

Ss s 

a o 15 } 

& & 

- & 

= £14 / 

xc) 2 

o 13 + 

= £ 

< < 

2 2 

5 a 1.2 +¢ 

£ £ 

~ ~ 

z-) a} 

5 o 11 } 

£ =| 

o o 

4 4 

1 1 
0 0.2 0.4 0.6 0.8 1 (0) 0.2 0.4 0.6 0.8 1 
Nonlinear torsional amplitude Nonlinear torsional amplitude 
Fig. 16. The influence of elastic foundation (for different values of the Winkler Fig. 19. The influence of Warping parameter (for different values of the Warping 
stiffness parameter 2, and 6=0.992 and K =2.654) on non-linear torsional parameter K, and 6 = 0.992 and 2 = 0) on non-linear torsional vibration of simply 


vibration of simply supported thin-walled beam of open section. supported thin-walled beam of open section. 


K.R. Chellapilla, B.R. Lokavarapu/Applied Acoustics 155 (2019) 325-337 331 


$ 1.03 2 1.002 

* 
= S 1.0018 + 
21.025 | —=—K=0.177 a =—@K=0.177 
9g & 1.0016 - 

s 

a Fo 
= 1.02 | ie K=1.592 £ 1.0014 - oe K=1.592 
5 = 
z 8 1.0012 } 
‘0 L K=2.654 = = 
2 1.015 —*_ 2 1001 | wen K=2.654 
s & 
£ 2 1.0008 | 
‘§ 101 eens set = SO K=3.361 
£ 2 1.0006 
a o 
£ = 
= 1.005 = 1.0004 
° to) 
] ° 
5 B 1.0002 
[4 Ae [4 


0 0.2 0.4 0.6 0.8 1 + 


Fi ‘ A 0 0.2 0.4 0.6 0.8 1 
Nonlinear torsional amplitude 


Nonlinear torsional amplitude 
Fig. 20. The influence of Warping parameter (for different values of the Warping . . ; ; . 
parameter K, and 5 = 0.992 and 2 = 25 on non-linear torsional vibration of simply Fig. 23. The influence of Warping parameter (for different values of the Warping 


supported thin-walled beam of open section. parameter K, and 6 = 0.992 and 2 = 100) on non-linear torsional vibration of simply 
supported thin-walled beam of open section. 


3 1.018 
= 60 
S 1016 | 
= —@=—{K=0.177 —@—K=0.177 
i= 
S 1.014 | oe 
a He K=1.592 
2 = 3 
2 oi | “aR K1592 a 
3 8 t= K=2.654 
= 101 | K=2.654 2 
zs —t— K=2. = 
£ g 30 Se K=3.361 
g 1.008 | § 
= =< K=3.361 Q 
5 1.006 7 20 
2 & 
= 1.004 x 10 
a) 
° 
5 1.002 
£ 
é 0 
1 \ 1 40 60 
0 0.2 0.4 0.6 0.8 1 an 
Nonlinear torsional amplitude Winkler stiffness parameter, A 
Fig. 21. The influence of Warping parameter (for different values of the Warping Fig. 24. The percentage variation of the ratio of nonlinear to linear frequency ratio 
parameter K, and 6=0.992 and 4=50) on non-linear torsional vibration of (@*/@) as f varies from 0.1 to 1, with Winkler stiffness parameter, 1 for various 
simply supported thin-walled beam of open section. values of Warping parameter K = 0.177, 1.592, 2.654 and 3.361). 
3 1.0035 3 1.35 
~ ~ 
* * 
3 3 
1.003 | = ee K=0.177 zx 13 
o o 
$ > 
o 1.0025 | = K=1.592 @ 1.25 
= = 
c o 
7) ov 
= 1.002 | == K=2.654 212 
oO ° 
‘i . 
S 10015 | —eK=3.361 a 1.15 
¢ = 
= rs 
fo} ° 
© 1.001 | 5 it 
£ £ 
a 3B 105 
© 1.0005 | ot 
= 8 
é « 
1 1 1 Ll 1 
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 
Nonlinear torsional amplitude Nonlinear torsional amplitude, B 
Fig. 22. The influence of Warping parameter (for different values of the Warping Fig. 25. The influence of elastic foundation (for different values of the Winkler 
parameter K, and 6 = 0.992 and 4 = 75) on non-linear torsional vibration of simply stiffness parameter, 2, and 6=0.6104 and K =0.217) on non-linear torsional 


supported thin-walled beam of open section. vibration of simply supported thin-walled beam of open section. 


332 


Le 
N 
un 


1:2 


1.15 


41 


1.05 


Ratio of the nonlinear to linear frequency, @*/@ 


K.R. Chellapilla, B.R. Lokavarapu/Applied Acoustics 155 (2019) 325-337 


Fig. 26. The influence of elastic foundation (for different values of the Winkler 
stiffness parameter, 4, and 5=0.6104 and K = 1.957) on non-linear torsional 
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Fig. 27. The influence of elastic foundation (for different values of the Winkler 
stiffness parameter 4, and 6=0.6104 and K =3.261) on non-linear torsional 
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Fig. 28. The influence of elastic foundation (for different values of the Winkler 
stiffness parameter, 4, and 6=0.6104 and K = 4.131) on non-linear torsional 
vibration of simply supported thin-walled beam of open section. 
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Fig. 29. The percentage variation of the ratio of nonlinear to linear frequency ratio 
(@o*/a@) as B varies from 0.1 to 1, with Warping parameter K, for various values of 
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Fig. 30. The influence of Warping parameter (for different values of the Warping 
parameter, K, and 6 = 0.6104 and 2 = 0) on non-linear torsional vibration of simply 
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Fig. 31. The influence of Warping parameter (for different values of the Warping 
parameter K, and 6 = 0.6104 and 4 = 25) on non-linear torsional vibration of simply 
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Fig. 32. The influence of Warping parameter (for different values of the Warping 
parameter, K, and 6=0.6104 and 4=50) on non-linear torsional vibration of 
simply supported thin-walled beam of open section. 
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Fig. 33. The influence of Warping parameter (for different values of the Warping 
parameter, K, and 6=0.6104 and 2=75) on non-linear torsional vibration of 
simply supported thin-walled beam of open section. 
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Fig. 34. The influence of Warping parameter (for different values of the Warping 
parameter, K, and 6=0.6104 and 2= 100) on non-linear torsional vibration of 
simply supported thin-walled beam of open section. 
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Fig. 35. The percentage variation of the ratio of nonlinear to linear frequency ratio 
(w*/@) as B varies from 0.1 to 1, with Winkler stiffness parameter 2 for various 
values of Warping parameter K = 0.217, 1.957,3.261 and 4.131. 


non-linear torsional vibration for various values of the Winkler 
stiffness parameter, 4, and Warping parameter, K = 3.106 and 
dimensionless parameter 6 = 1.1095 is shown in Fig. 2. Similarly, 
the influence of torsional amplitudes on frequency of non-linear 
torsional vibration for various values of the Winkler stiffness 
parameter, 2, and Warping parameter, K =6.211, 9.317, 15.5288 
and 34.161 and dimensionless parameter 6 = 1.1095 is shown in 
Figs. 3-6.It is observed from the Figs. 2-6 that the non-linear beha- 
viour is of the hard spring type. For lower values of 2 < 0.1, the 
non-linear frequency increases drastically as f increases. Also, it 
is noticed that as the value of Winkler stiffness parameter/ 
increases, the influence of f decreases. For higher values of 
2 > 30, the effect of # in the present range O to 0.1 on non-linear 
frequency seems to be negligible. For a given value of 2, the non- 
linear frequency decreases as Warping parameter, K increases from 
3.106 to 34.161. It is clear from the Figs. 2-6, there is a conver- 
gence for different values of 4 as K increase from 3.106 to 34.161. 
The percentage deviation of the ratio of non-linear to linear fre- 
quency (@*/q@) as B changes from 0.1 to 1, with Warping parame- 
ter, K, for various values of Winkler stiffness parameter, 
2=0,5,10, 15, 20, 25,30 and 50) is shown in Fig. 7. It is noticed 
that the percentage variation convergence with Warping parame- 
ter K. Also, there is no considerable effect of f at higher values of 
Winkler stiffness parameter /. 

The effect of torsional amplitudes on frequency of non-linear 
torsional vibration of simply supported I-beam for different values 
of the Warping parameter, K, Winkler stiffness parameter, 2, and 
dimensionless parameter 6 is determined and shown in Figs. 8- 
12. Ratio of the nonlinear to linear frequency, w*/o for different 
values of K and 6 = 1.1095 and 4=0 is computed and presented 
in Table 2. The effect of torsional amplitudes on frequency of 
non-linear torsional vibration for different values of the Warping 
parameter, K and Winkler stiffness parameter, 2 = 0, and dimen- 
sionless parameter 5= 1.1095 is shown in Fig. 8. Similarly, the 
influence of torsional amplitudes on frequency of non-linear 
torsional vibration for different values of the Warping parameter, 
K and Winkler stiffness parameter, 2 and dimensionless parameter 
6 = 1.1095 is shown in Figs. 9-12. It is observed from the Figs. 8-12, 
that the non-linear behaviour is of the hard spring type. For lower 
values of K < 0.1, the non-linear frequency increases drastically as 
B increases. Also, it is noticed that as the value of Warping param- 
eter K increases, the influence of # decreases. For higher values of 
K > 34.161 the effect of # in the present range 0-0.1 on non-linear 
frequency seems to be negligible. For a given value of K, the 
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Table 1 

Ratio of the nonlinear to linear frequency, */@ for various values of 2 and 6 = 1.1095 and K = 3.106. 
B x=0 r=5 r= 10 n= 15 X= 20 n= 25 X= 30 r= 50 
0 1 1 1 1 1 1 1 1 
0.1 1.00419 1.00276 1.00136 1.00074 1.00045 1.0003 1.00021 1.00008 
0.2 1.01665 1.011 1.00545 1.00296 1.0018 1.0012 1.00085 1.00032 
0.3 1.0371 1.02458 1.01222 1.00665 1.00406 1.0027 1.00192 1.00072 
0.4 1.06506 1.0433 1.02162 1.01178 1.0072 1.0048 1.00341 1.00127 
0.5 1.09996 1.06688 1.03358 1.01835 1.01123 1.00749 1.00532 1.00199 
0.6 1.14117 1.09502 1.04801 1.02633 1.01613 1.01077 1.00766 1.00286 
0.7 1.18804 1.12736 1.06482 1.03567 1.02189 1.01463 1.01041 1.0039 
0.8 1.23991 1.16357 1.08389 1.04634 1.0285 1.01906 1.01357 1.00508 
0.9 1.2962 1.20328 1.1051 1.05831 1.03593 1.02407 1.01714 1.00643 
1 1.35634 1.24617 1.12834 1.07153 1.04419 1.02963 1.02112 1.00793 

Table 2 

Ratio of the nonlinear to linear frequency, */ for various values of K and 6 = 1.1095 and 1=0. 
B K= 3.106 K=6.211 K=9.317 K= 15.528 K = 34.161 K=50 
0 1 1 1 1 1 1 
0.1 1.0042 1.00169 1.00085 1.00033 1.00007 1.00003 
0.2 1.0167 1.00676 1.00339 1.00131 1.00028 1.00013 
0.3 1.0372 1.01515 1.00762 1.00294 1.00063 1.00029 
0.4 1.06523 1.02678 1.01351 1.00523 1.00112 1.00052 
0.5 1.10022 1.04154 1.02103 1.00815 1.00174 1.00082 
0.6 1.14153 1.05931 1.03015 1.01172 1.00251 1.00118 
0.7 1.18851 1.07993 1.04082 1.01592 1.00342 1.0016 
0.8 1.2405 1.10324 1.053 1.02074 1.00446 1.00209 
0.9 1.29691 1.12907 1.06664 1.02618 1.00564 1.00265 
1 1.35718 1.15727 1.08168 1.03223 1.00696 1.00327 


non-linear frequency decreases as Winkler stiffness, 2 increases 
from 0 to 100. It is clear from the Figs. 8-12, there is a convergence 
for different values of K as / increase from 0 to 100. The percentage 
variation of the ratio of nonlinear to linear frequency ratio (w*/@) 
as # varies from 0.1 to 1, with Winkler stiffness parameter, 
2=0,25,50,75 and 100 for Warping parameter, K = 3.106 is 
shown in Fig. 13. It is noticed that the percentage variation 
convergence with Winkler stiffness parameter, 4. Similarly, the 
percentage variation of the ratio of nonlinear to linear frequency 
ratio (w*/q@) as f varies from 0.1 to 1, with Winkler stiffness 
parameter 4 for various values of Warping parameter 
K = 6.211, 9.317, 15.528, 34.161 and 50 is shown in Fig. 13. It is 
noticed that the percentage variation convergence with Winkler 
stiffness parameter 2. Also, there is no considerable effect of f at 
higher values of Warping parameterK. 

Case (ii): 

Dimensions of a 36 WF 230 standard steel I-beam considered 
are shown in Table 3. The plots (Figs. 14-17) are drawn between 
the ratio of w*/@ and the torsional amplitude # for various values 
of Winkler stiffness parameter, 2, Warping parameter K and, 
dimensionless parameter 6. Ratio of the nonlinear to linear 
frequency, @*/@ for various values of 4 and 5=0.992 and 
K =0.177 is computed and presented in Table 4. The influence of 
torsional amplitudes on frequency of non-linear torsional vibration 
for variousvalues of the Winkler stiffness parameter, 2, and Warp- 
ing parameter, K = 0.177 and dimensionless parameter 6 = 0.992 is 
shown in Fig. 14. Similarly, the influence of torsional amplitudes on 
frequency of non-linear torsional vibration for various values of the 


K =1.592,2.654 and 3.361 and dimensionless parameter 6 = 0.992 
is shown in Figs. 15-17. It is observed from the Figs. 15-17 that 
the non-linear behaviour is of the hard spring type. For lower val- 
ues of 2 < 0.1, the non-linear frequency increases drastically as f 
increases. Also, it is noticed that as the value of Winkler stiffness 
parameter 2 increases, the influence of 8 decreases. For higher val- 
ues of 2 > 30, the influence of f in the present range 0-0.1 on non- 
linear frequency seems to be negligible. For a given value of /, the 
non-linear frequency decreases as Warping parameter, K increases 
from 0.177 to 3.361. It is clear from the Figs. 15-17, there is a con- 
vergence for different values of 2 as K increase from 0.177 to 3.361. 
The percentage variation of the ratio of non-linear to linear fre- 
quency ratio (w*/m@) as f varies from 0.1 to 1, with Warping 
parameter K, for various values of Winkler stiffness parameter, 
2=0,5,10, 15,20, 25and30 is shown in Fig. 18. It is noticed that 
the percentage variation convergence with Warping parameter K. 
Also, there is no considerable effect of £ at higher values of Winkler 
stiffness parameter, 1. 

The effect of torsional amplitudes on frequency of non-linear 
torsional vibration of simply supported I-beam for different values 
of the Warping parameter K, Winkler stiffness parameter 4, 
and dimensionless parameter 6 is determined and shown in 
Figs. 19-23. Ratio of the nonlinear to linear frequency, w*/ for 
various values of K and 6 = 0.992 and 4 = 0 is computed and pre- 
sented in Table 5. The effect of torsional amplitudes on frequency 
of non-linear torsional vibration for different values of the Warping 
parameter, K and Winkler stiffness parameter, 4 = 0, and dimen- 
sionless parameter 5=0.992 is shown in Fig. 19. Similarly, the 


Winkler stiffness parameter, 4, and Warping parameter, influence of torsional amplitudes on frequency of non-linear 
Table 3 
Dimensions a 36 WF 230 standard steel I-beam. 
Designation Depth Width Thickness Web Thickness Flange Sectional Area Weight 
in in in In In**2 Ib/ft 
W 36 x 230 35.9 16.47 0.76 1.26 67.6 230 
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Table 4 

Ratio of the nonlinear to linear frequency, w*/« for different values of 2 and 6 = 0.991and K = 0.177. 
B 2=0 n=5 2%=10 n= 15 X= 20 X= 25 X= 30 
0 1 1 1 1 1 1 1 
0.1 1.00739 1.00366 1.00146 1.00073 1.00043 1.00028 1.0002 
0.2 1.02924 1.01457 1.00582 1.00291 1.00171 1.00112 1.00078 
0.3 1.06466 1.03249 1.01304 1.00653 1.00384 1.00251 1.00177 
0.4 1.11235 1.05707 1.02306 1.01157 1.00682 1.00446 1.00314 
0.5 1.17082 1.08785 1.03581 1.01802 1.01063 1.00696 1.0049 
0.6 1.23854 1.12433 1.05118 1.02585 1.01527 1.01001 1.00704 
0.7 1.31408 1.16598 1.06906 1.03503 1.02073 1.0136 1.00957 
0.8 1.39618 1.21225 1.08932 1.04552 1.027 1.01773 1.01249 
0.9 1.48373 1.26265 1.11184 1.05728 1.03405 1.02238 1.01578 
1 1.57585 1.31669 1.13648 1.07027 1.04188 1.02756 1.01944 

Table 5 


Ratio of the nonlinear to linear frequency, */« for various values of K and 6 = 0.992 
and 4=0. 


B K=0.177 K= 1.592 K= 2.654 K=3.361 
0 1 1 1 1 

0.1 1.00739 1.0059 1.00433 1.00346 
0.2 1.02924 1.02341 1.01722 1.01379 
0.3 1.06466 1.05194 1.03835 1.03076 
0.4 1.11235 1.09063 1.06723 1.05407 
0.5 1.17082 1.13844 1.10325 1.0833 
0.6 1.23854 1.19428 1.14573 1.11799 
0.7 1.31408 1.25708 1.19399 1.15764 
0.8 1.39618 1.32584 1.24736 1.20177 
0.9 1.48373 1.3997 1.30521 1.2499 
1 1.57585 1.47789 1.36697 1.30159 


torsional vibration for different values of the Warping parameter, K 
and Winkler stiffness parameter, 2 and dimensionless parameter 
6 = 0.992 is shown in Figs. 19-23. It is observed from the Figs. 19- 
23, that the non-linear behaviour is of the hard spring type. For 
lower values of K < 0.177, the non-linear frequency increases dras- 
tically as # increases. Also, it is noticed that as the value of Warping 
parameter K increases, the influence of f decreases. For higher val- 
ues of K > 3.361 the influence of f in the present range 0 to 0.1 on 
non-linear frequency seems to be decreases and the influence of f 
becomes negligible as the value of K increases further. For a given 
value of K, the non-linear frequency decreases as Winkler stiffness, 
4 increases from 0 to 100. It is clear from the Figs. 20-23, there is a 
convergence for different values of K as 1 increase from 25 to 100. 
The influence of torsional amplitude £ on non-linear frequency is 
same irrespective of Warping parameter K. Also, the non-linear fre- 
quency reduces slightly with increase in Winkler parameter 4. The 
percentage variation of the ratio of nonlinear to linear frequency 
ratio (w*/w) as f varies from 0.1 to 1, with Winkler stiffness 
parameter, 2 for various values of Warping parameter, 
K = 0.177, 1.592, 2.654 and 3.361 is shown in Fig. 24. It is noticed 
that the percentage variation convergence with Winkler stiffness 
parameter 2. Also, there is no considerable effect of 8 at higher val- 
ues of Warping parameter K. 

Case (iii): 

Dimensions of a 24 WF 130 standard steel I-beam considered 
are shown in Table 6. The plots (Figs. 25-28) are drawn between 
the ratio of w*/@ and the torsional amplitude f for various values 
of Winkler stiffness parameter, 4, Warping parameter K and 


dimensionless parameter 6. Ratio of the nonlinear to linear 
frequency, «*/w for various values of 2 and 6=0.6104 and 
K = 0.217 is computed and presented in Table 7. The influence of 
torsional amplitudes on frequency of non-linear torsional vibration 
for different values of the Winkler stiffness parameter, 4, and 
Warping parameter, K=0.217 and dimensionless parameter 
6 = 0.6104 is shown in Fig. 25. Similarly, the influence of torsional 
amplitudes on frequency of non-linear torsional vibration for var- 
ious values of the Winkler stiffness parameter, 2, and Warping 
parameter, K =1.957,3.261 and 4.131 and dimensionless parame- 
ter 5=0.6104 is shown in Figs. 26-28. It is observed from the 
Figs. 25-28 that the non-linear behaviour is of the hard spring 
type. For lower values of 4<0.1, the non-linear frequency 
increases drastically as # increases. Also, it is noticed that as the 
value of Winkler stiffness parameter 4 increases, the influence of 
B decreases. For higher values of 2 > 30, the influence of # in the 
present range 0 to 0.1 on non-linear frequency seems to be negli- 
gible. For a given value of 4, the non-linear frequency decreases 
as Warping parameter, K increases from 0.217 to 4.131. It is clear 
from the Figs. 25-28, there is a convergence for different values 
of 4 as K increase from 0.217 to 4.131. The percentage variation 
of the ratio of non-linear to linear frequency ratio (c*/q) as f var- 
ies from 0.1 to 1, with Warping parameter,K, for various values of 
Winkler stiffness parameter, 2 = 0,5, 10,15, 20,25 and 30 is shown 
in Fig. 29. It is noticed that the percentage variation convergence 
with Warping parameter K. Also, there is no considerable effect 
of f at higher values of Winkler stiffness parameter 2. 

The effect of torsional amplitudes on frequency of non-linear 
torsional vibration of simply supported I-beam for different values 
of the Warping parameter K, Winkler stiffness parameter, 4, and 
dimensionless parameter 6 is determined and shown in Figs. 30- 
34. Ratio of the nonlinear to linear frequency, @*/w for various val- 
ues of K and 6 = 0.6104 and 2=0 is computed and presented in 
Table 8. The effect of torsional amplitudes on frequency of non- 
linear torsional vibration for different values of the Warping 
parameter, K and Winkler stiffness parameter, 2 = 0, and dimen- 
sionless parameter 6 = 0.6104 is shown in Fig. 30. It is observed 
from the Fig. 30, that the non-linear behaviour is of the hard spring 
type. For lower values of K <0.21, the non-linear frequency 
increases drastically as f# increases. Similarly, the influence of tor- 
sional amplitudes on frequency of non-linear torsional vibration 
for different values of the Warping parameter, K and Winkler 


Table 6 
Dimensions a 24 WF130 standard steel I-beam. 
Designation Depth Width Thickness Thickness Sectional Weight Moment of Moment of Section of Section of 
Web Flange Area Inertia - Ix Inertia - ly Modulus - Wx Modulus - Wy 
in in in in in**2 Ib/ft in**4 in**4 in**3 in**3 
W 24x 131 2448 12.855 0.605 0.960 38.5 131 4020 340 329 53.0 
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Table 7 

Ratio of the nonlinear to linear frequency, */a for various values of 2, 6 = 0.6104 and K = 0.217. 
B 2=0 r=5 r= 10 r=15 r= 20 n= 25 r= 30 
0 1 1 1 1 1 1 1 
0.1 1.00455 1.00225 1.0009 1.00045 1.00026 1.00017 1.00012 
0.2 1.01806 1.00898 1.00358 1.00179 1.00105 1.00069 1.00048 
0.3 1.0402 1.0201 1.00804 1.00402 1.00236 1.00155 1.00109 
0.4 1.07042 1.03546 1.01425 1.00714 1.0042 1.00275 1.00193 
0.5 1.10807 1.05488 1.02218 1.01113 1.00655 1.00429 1.00302 
0.6 1.15241 1.07814 1.03178 1.01598 1.00943 1.00617 1.00434 
0.7 1.20271 1.10501 1.04302 1.02169 1.01281 1.00839 1.0059 
0.8 1.25825 1.13521 1.05584 1.02824 1.0167 1.01094 1.0077 
0.9 1.31838 1.1685 1.07018 1.03562 1.02108 1.01383 1.00974 
1 1.38248 1.20462 1.08599 1.04379 1.02597 1.01705 1.01201 

Table 8 4. Conclusions 


Ratio of the nonlinear to linear frequency, w*/w for various values of K and 6 = 0.6104 
and 2=0. 


B K=0.217 K = 1.957 K=3.261 K=4.131 
0 1 1 1 1 

0.1 1.00455 1.00329 1.0022 1.00168 
0.2 1.01806 1.01311 1.00878 1.00669 
0.3 1.0402 1.02926 1.01965 1.01499 
0.4 1.07042 1.05146 1.03467 1.0265 
0.5 1.10807 1.07933 1.05367 1.04111 
0.6 1.15241 1.11244 1.07644 1.0587 
0.7 1.20271 1.15034 1.10275 1.07911 
0.8 1.25825 1.19259 1.13234 1.10219 
0.9 1.31838 1.23872 1.16496 1.12778 
1 1.38248 1.28832 1.20038 1.15571 


stiffness parameter, 4 and dimensionless parameter 6 = 0.6104 is 
shown in Figs. 31-34. It is noticed that as the value of Warping 
parameter K increases, the influence of # decreases. For a given 
value of K, the non-linear frequency decreases as Winkler stiffness, 
2 increases from 0 to 100. It is clear from the Figs. 31-34, there is a 
convergence for different values of K as 4 increase from 25 to 100. 
The influence of torsional amplitude £ on non-linear frequency is 
same irrespective of warping parameter K. Also, the non-linear fre- 
quency reduces slightly with increase in Winkler parameter 4. The 
percentage variation of the ratio of nonlinear to linear frequency 
ratio (w*/@) as f varies from 0.1 to 1, with Winkler stiffness 
parameter, 2 for various values of Warping parameter, 
K = 0.217, 1.957, 3.261 and 4.131 is shown in Fig. 35. It is noticed 
that the percentage variation convergence with Winkler stiffness 
parameter, 2. Also, there is no considerable effect of # at higher val- 
ues of Warping parameter K. 


Table 9 
Comparison of Case (i) standard I-beam, Case (ii) 24WF130 and Case (iii) 36.WF230. 


The effect of torsional amplitudes on frequency of non-linear 
torsional vibration for different values of the Winkler stiffness 
parameter, 2, Warping parameter, K and dimensionless parameter 
6 has been investigated. It can be easily observed from the compar- 
ison Table 9, that the non-linear behaviour is of the hard spring 
type and that for lower values of Winkler stiffness parameter 
2<0.1, the non-linear to linear frequency ratio increases drasti- 
cally as the torsional amplitude f increases. Also, it can be noticed 
that as the value of Winkler stiffness parameter 4 increases, the 
influence of torsional amplitude f decreases on the nonlinear to 
linear frequency ratio. For higher values of 1, that is 2 > 30, the 
effect of torsional amplitude # in the present range O to 0.1 on 
non-linear to linear frequency ratio seems to be negligible. For 
lower values of K < 0.1, the non-linear to linear frequency ratio 
increases drastically as torsional amplitude # increases. Also, it is 
noticed that as the value of Warping parameter K increases, the 
influence of torsional amplitude f on nonlinear to linear frequency 
ratio decreases. For higher values of K > 34.161 the effect of 
torsional amplitude f in the present range O to 0.1 on non-linear 
frequency ratio can be seen to become almost negligible. For a 
given value of 4, the non-linear frequency decreases as Warping 
parameter K increases from 3.106 to 34.161. For a given value of 
K, the non-linear frequency to linear frequency ratio decreases as 
Winkler stiffness, 2 increases from 0 to 100. For constant values 
of parameters 4, K and f, the effect of decrease in the value of 6 
is to decrease the nonlinear to linear frequency ratio considerably. 


Appendix A. Supplementary data 


Supplementary data to this article can be found online at 
https://doi.org/10.1016/j.apacoust.2019.05.012. 


Non-linear sectional property, 6 Warping parameter, K 


Case(i) 1.1095 3.106 
6.211 
9.317 
15.528 
34.101 
0.217 
1.957 
3.261 
4.131 
0.177 
1.592 
2.654 


3.361 


Case(ii) 0.6104 


Case(iii) 0.992 


Non-linear to linear frequency ratio, w*/@ 


Winkler stiffness parameter, 4 =5 
& non-linear torsional amplitude, p = 0.1 


1.00276 
1.0014 

1.00077 
1.00031 
1.00007 
1.00225 
1.0019 

1.00147 
1.00122 
1.00366 
1.00326 
1.00271 
1.00235 


Winkler stiffness parameter, 4 = 30 
& non-linear torsional amplitude B-0.9 


1.01714 
1.01595 
1.0143 

1.01073 
1.0043 

1.00974 
1.00964 
1.00947 
1.00931 
1.01578 
1.01567 
1.01549 
1.01532 
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Abstract: The present paper deals with spectral dynamic analysis of free torsional vibration of doubly symmetric 
thin-walled beams of open section. Spectral frequency equation is derived in this paper for the case of rotationally 
restrained doubly-symmetric thin-walled beam with one end rotationally restrained and transversely restrained at the 
other end. The resulting transcendental frequency equation with appropriate boundary conditions is derived and is 
solved for varying values of warping parameter and the rotational and transverse restraint parameter. The influence of 
rotational restraint parameter, transverse restraint parameter and warping parameter on the free torsional vibration 
frequencies is investigated in detail. A MATLAB computer program is developed to solve the spectral frequency 
equation derived in this paper. Numerical results for natural frequencies for various values of rotational and transverse 
restraint parameters for various values of warping parameter are obtained and presented in both tabular as well as 
graphical form showing the influence of these parameters on the first fundamental torsional frequency parameter. 


Keywords: Thin-walled beam; open section; torsion; spectral dynamic analysis; restrained cantilever 


1. Introduction 


It is very well known that in practical situations, the boundary conditions of structural members will be quite 
complex and can be simulated by using translational springs and rotational springs with appropriate combinations of the 
same. There exist a good number of research efforts in this direction and many researchers have addressed this problem 
of vibrations of generally restrained beams with various combinations of boundary conditions">!, The combined effect 
of rotary inertia, shear deformation and root flexibility has been investigated experimentally by Beglinger ef al.!!71, A 
considerable amount of theoretical work has been done in the field of vibration dealing with the computation of natural 


19, 20, 22] Kameswara Rao?! presented a 


frequencies and mode shapes of cantilever beams with flexible roots!® ? !7: 
closed form equation for computing fundamental frequency of cantilever blade taking into account the resilience of the 
clamped end. Experimental verification of the results for this case was also carried out by Abbas and Irretier'4l, 
Kameswara Rao and Mirza!*! derived the transcendental frequency equation and mode shape expressions for the case 
of generally restrained Euler-Bernoulli beams and presented extensive numerical results for various values of linear and 
rotational restraint parameters. 

While there are a number of publications on flexural vibrations of elastically restrained cantilever beams, the 
literature on torsional vibrations of doubly symmetric thin-walled beams of open section is rather rare. Free torsional 
vibrations and stability of doubly-symmetric long thin-walled beams of open section were investigated by Kameswara 


Rao and Appala Satyam!°! and Christiano and Salmela?”. Numerical values of exact torsional natural frequencies of 
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beams with circular cross-section, where nonuniform warping does not arise, were presented by Gorman"®! and 
Belvins'?*! for different classical boundary conditions. Torsional vibration frequencies for beams of open thin-walled 
sections, subjected to several combinations of classical boundary conditions, taking into account warping effects were 
first derived by Gere®°l, Including elastic torsional and warping restraints, Carr?!! and Christino and Salmelal?’! 
presented numerical results using approximate methods for the calculation of natural frequencies. For the case of 
torsional frequencies of circular shafts and piping with elastically restrained edges, Kameswara Rao!**! derived exact 
frequency equation and presented corresponding numerical results for a wide range of non-dimensional parameters. 

Rafezy and Howsonl*?]_ developed an exact dynamic stiffness matrix approach for the 
three-dimensional, bi-material beam of doubly asymmetric cross-section. The beam comprises a thin-walled outer layer 
that encloses and works compositely with its shear sensitive core material.The theory has been applied successfully to 
the frequency analysis of various single and continuous beam structures with and without an infilled core. Bozdogan 
and Ozturk! proposed a method for a free vibration analysis of a thin-walled beam of doubly asymmetric cross section 
filled with shear sensitive material. First, a dynamic transfer matrix method was obtained for planar shear flexure and 
torsional motion. Secondly, uncoupled angular frequencies were obtained by using dynamic element transfer matrices 
and boundary conditions. Finally, coupled frequencies were obtained by the well-known two-dimensional approaches. 

It can be seen from the very recent review presented by Sapountzakis!**! that the problem of free torsional vibration 
analysis of doubly-symmetric thin-walled I-beams or Z-beams subjected to partial warping restraint is not being 
addressed till now in the available literature. Burlon et a/@° proposes an exact approach to coupled bending and 
torsional free vibration analysis of beams with monosymmetric cross section, featuring an arbitrary number of in-span 
elastic supports and attached masses. The proposed method relies on the elementary coupled bending-torsion theory and 
makes use of the theory of generalized functions to handle the discontinuities of the response variables.Burlon et all>”! 
investigated the stochastic response of a coupled bending-torsion beam, carrying an arbitrary number of 
supports/masses. Using the theory of generalized functions in conjunction with the Euler—St. Venant 
coupled bending-torsion beam theory, exact analytical solutions under stationary inputs are obtained based on 
frequency response functions derived by two different closed-form expressions. 

In view of the same, an attempt has been made in this paper to present a spectral dynamic analysis of free torsional 
vibration of doubly-symmetric thin-walled beams of open section with one end partially restrained against warping at 
the left end and the other end transversely restrained including the effects of warping parameter. Spectral frequency 
equation is derived for this case and the resulting transcendental frequency equation is solved for varying values of 
warping parameter and the partial restraint parameters. The influence of rotational and transverse restraint parameter 
along with warping parameter on the free torsional vibration frequencies is investigated in detail by utilising a Matlab 
computer program developed especially to solve the spectral frequency equation derived in this paper. Numerical results 
for natural frequencies for various values of partial rotational and transverse restraint parameters are obtained and 


presented in both tabular as well as graphical form for use in design, showing their parametric influence clearly. 


2. Formulation and analysis 


Consider a long doubly-symmetric thin-walled beam of open cross section of length L and the beam as undergoing 
free torsional vibrations. The corresponding differential equation of motion can be written as: 


ato ao ao 
ECw—— GCs + plp= = 0 
W Oz* Ss Az p P at2 (1) 
where, 
E= young’s modulus, Cw=warping constant, G =shear modulus, Cs = torsion constant, p =mass density of the 
material of the beam, Ip =polar moment of inertia, ~ = angle of twist, z= distance along the length of the beam. 
For free torsional vibrations, the angle of twist , can be expressed in the form. 


p(z.t) = x(z)e, (2a) 
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x(z) =Ce™ (2b) 
In which x(z) is the modal shape function corresponding to each beam torsional natural frequency w. 
The expression for x(z)which satisfies Eqn. (1) can be written as: 


x(z) = Aet® + Be~™ + Cetibz + De ib (3) 
in which, A deaces 

pLal = Ja (4) 
where, 

KA= ctst ; Non- dimensional warping parameter 

2 pre a), Non- dimensional frequency parameter 

From Eqn. (4), we have the following relation between aL and BL 

(aL)? = (BL)? + K? (5) 
Knowinga and £, the frequency parameter A can be evaluated using the following equation: 

42 = (aL)(BL) (6) 


The four arbitrary constants A, B, C and D in Egn. (3) can be determined from the boundary conditions of 
the beam. For any single-span beam, there will be two boundary conditions at each end and these four conditions then 


determine the corresponding frequency and mode shape expressions. 
3. Derivation of spectral frequency equation 


Consider a thin-walled doubly symmetric I-beam with one end rotationally restrained and the other end 
transversely restrained as shown in figure 1, undergoing free torsional vibrations. In order to derive the spectral 
frequency equation for this case, let us first introduce the related nomenclature. 

The variation of angle of twist @ with respect to z is denoted by@(z). The flange bending moment and the total 


twisting moment are given by M(z)and T(z). Considering clockwise rotations and moments to be positive, we have 
z 


6(z) = 2; hM(z) =~ ECw (7) 
dep de 
Z 
where ECw = _ I-being the flange moment of inertia and h is the distance between the center lines of the flanges 


of a thin-walled I-beam. 


R1 x 


x T1 


Fig.1, (a). A thin-walled open section beam rotationally restrained at one end and transversely restrained at the 
other end 
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iin 


Fig. 1, (b). Cross-section of the beam at x-x. 

Taking S as the stiffness of the rotational spring and R = (SL/ECw) as the non-dimensional rotational spring 
stiffness parameter and Z=(z/L) as the non-dimensional length of the beam, the boundary conditions can be easily 
identified as follows: 


AtZ=0, p=0,59=RE (9) 

AndatZ=L, S$-K%=T, “2=0 (10) 

The spectral frequency equation obtained is as given below: 

RSy + F(Ss 4 TPsQine ERTIES = 0 (11) 

where — ere ae 

Q1 = orem 'Q2 = oe (13) 

Qim2 = (Q1 — Q2) (14) 
Si= (FiQip2 + F2Qim2 + 2 ); S2=(@3Q3p4 — B2Qama); S3=(AQ3ma — BQ3p) (15) 


Four degenerate cases spectral frequency equations can be easily obtained from Equation (11) as follows: 


Case (i). For R = Oand = © , we get the case of simply-supported beam for which we obtain 


Qim2 = 0 (16) 
Case (ii). For R = © and T = 0, we get the case of cantilever beam with restrained warping for which we obtain 
S, = 0 (17) 
Case (iii). For R = Oand T = 0, we get the case of cantilever beam with unrestrained warping for which we obtain 
=o (18) 
Case (iv). For R = coand T = ©0, we get the clamped-simply supported beam case for which we obtain 
S;= 0 (19) 


4. Results and discussions 


Numerical results for the first three natural torsional frequencies of vibration of thin-walled beams of open section 
are obtained by solving the transcendental spectral frequency Eq. (11) using trial-and-error method. The Muller’s 
iteration technique based on bisection method is coded in Matlab and the same is utilised in generating the numerical 
data and the same is presented in several tables and graphs for use in design. 

It should be mentioned here that even though several studies are made by researchers in the area of torsional 
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frequencies of thin-walled beams of open section, numerical values are not made available for use in design. As is 
known, graphical results can help us only in understanding the trend of variation of natural frequencies due to the 
increase in warping parameter K and the partial warping restraint parameters R andT, but will not provide the 
frequencies to the four digit accuracy which we require for using the same for design. 

For the case of thin-walled beam with partially restrained warping (R), R varying from 0 to 10**7 at the left end 
and with partial linear transverse restraint (T), T varying from 0 to 10*?’ at the other, the fundamental mode torsional 
frequencies for a fixed value of warping parameter K=0.0 are presented in Table 1. The fundamental mode torsional 
frequencies are determined for a wide range of R and T but only a few are presented in Table.1. Figure 2 represents the 
variation of frequency parameter with warping parameter (K = 0 to 10) for R = 0 and R = 10*!”. Whereas, Figure 3 
is drawn to clearly show the variation of the fundamental first mode frequencies with varying values of K and R. It is 
observed that for a given value of R, the frequency parameter increases with increase in warping parameter value K. 

From figures 2 and 3, we can easily see that the increase in warping parameter K is to increase the fundamental 
mode torsional frequencies significantly. For values of K greater than 10, we can easily notice that the frequencies of 
cantilever with unrestrained as well as completely restrained thin-walled beams almost tend to converge to a constant 
value as K approaches higher values such as 80. For a constant value of warping parameter K, the increase in values of 
partial warping parameter R from 0 to infinity (10'8) results in consistent increase in the values of fundamental mode 
frequencies as the cantilever end becomes stiffer and stiffer. 

From the definition of non-dimensional warping parameter K (4b), we can understand that the torsional frequency 
increases for increasing values of torsion constant Cs or decreasing values of warping constantCy. Effect of K also 
can be seen to be more predominant compared to the effect of partial warping restraint K. This can be seen from Figure 
3whereas K is increasing from 0 to 80, the two curves related to cantilever beam fully restrained and the one with 
unrestrained warping are almost converging to the same value and hence we can conclude that the boundary condition 
has insignificant effect on the natural torsional frequencies of thin-walled doubly symmetric beams for very high values 
of warping parameter K. 

Fundamental mode torsional frequencies of thin-walled beams for wide range of values of warping parameter K 
from 1 to 80 and the partial warping restraint R from 0 to 10'%arecalculated. These results are also plotted in Figures 4 to 
5 showing clearly the variation of fundamental natural torsional frequency with varying values of warping parameter K 
and the partial warping restraint R. 

The percentage variation of frequency parameter with increasing values of ,as_K varies from 0 to 80 is presented 
in Figure. 6. The percentage variation of frequency parameter changes from 96.29025 to 83.37943 when the value of K 
varies from 0 to 80. Similarly, the percentage variation of frequency parameter with K as_ R varies from 0.01 to 10*!* is 
presented in Figure. 7. The percentage variation of frequency parameter changes from 77.81 to 0.62 when the value of R 
varies from 0.01 to 10*!8, 

The values of second and third mode torsional natural frequencies of thin-walled beams of open section for various 
values of warping parameter K from 0.01 to 200 and partial warping restraint parameter R from 0.01 to 1000 in Tables 2 
and 3 respectively. These numerical values are plotted in Figures 8 and 9 for the second mode and Figures 10 and 11 for 
the third mode, showing clearly the influence of warping parameter K and partial warping restraint R on the 
non-dimensional natural frequency parameter i. 

The authors sincerely hope that this detailed data presented in this paper will be quite useful in design of such 
systems and also to establish accuracy of frequencies obtained by using latest approximate methods such as Generalised 
Differential Quadrature Method (GDQM), Differential Transform Method (DTM), Adomian Decomposition Method 
(ADM).or any other method such as Finite Element Method. 

Spectral dynamic analysis of free torsional vibration of doubly symmetric thin-walled beams of open section is carried out and 
detailed results of this study are presented in this paper suitable for use in design and also for checking approximate solutions 


obtained for their accuracy. For the case of a cantilever thin-walled beam of doubly symmetric open cross-section undergoing free 
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torsional vibrations and subjected to partial warping restraint, the spectral frequency equation is derived in this paper. The resulting 
transcendental frequency equation for the case of cantilever boundary conditions is solved for thin-walled beams of open cross 
section for varying values of warping parameter and the partial warping restraint parameter. The influence of partial warping restraint 
parameter R and the warping parameter Kon the free torsional vibration frequencies is investigated in detail and significant amount of 
numerical frequency data is generated. Using a MATLAB computer program developed to solve the spectral frequency equation 
derived, numerical results for the first three modes of torsional natural frequencies for various values of rotational restraint parameter 
R and warping restraint parameter K are obtained andare presented in both tabular as well as graphical form showing their parametric 
influence clearly. In comparison with the partial warping restraint parameter R, the warping parameter K is found to have significant 


effect on the torsional natural frequencies not only of the fundamental mode but also of higher modes. 


R T=0 T=0.01 | T=0.1 T=1 T=10 T=100 T=1000 | T= 101’ 
0 0 0.41616 0.73973 | 1.30981 | 2.23133 2.98864 3.12608 3.14159 
0.01 0.41595 0.49481 0.75769 | 1.31339 | 2.23256 2.99011 3.12766 3.14318 
0.1 0.73578 0.75406 0.87821 1.34368 | 2.24336 3.00301 3.14155 3.15718 
1 1.24792 1.25200 1.28704 | 1.53581 | 2.32647 3.10846 3.25665 3.27329 
10 1.72274 1.72455 1.74058 | 1.87929 | 2.53883 3.44122 3.64228 3.66464 
100 1.85679 1.85833 1.87205 | 1.99395 | 2.62616 3.61335 3.86146 3.88919 
1000 1.87323 1.87475 1.88824 | 2.00836 | 2.63761 3.63772 3.39401 3.92269 
101” 1.87510 1.87662 1.89008 | 2.01000 | 2.63893 3.64054 3.89780 3.92660 


Table 1. First mode natural frequencies for various values of rotational and translational restraint parameters and for 
warping parameter K = 0 
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Fig. 2, (a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10!”) for a given 


warping parameter (K=0). 


T=0 T=0.01 T=0.1 T= T=10 T= 100 T = 1000 T= 1017 
0 0.1316 0.4172 0.7399 1.3098 2.2313 2.9886 3.1261 3.1416 
0.01 0.417 0.4954 0.7579 1.3134 2.2326 2.9901 3.1277 3.1432 
0.1 0.736 0.7542 0.8783 1.3437 2.2434 3.003 3.1416 3.1572 
1 1.248 1.252 1.2871 1.5358 2.3265 3.1085 3.2567 3.2733 
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10 1.7228 1.7246 1.7406 1.8793 2.5388 3.4412 3.6423 3.6646 
100 1.8568 1.8584 1.8721 1.994 2.6262 3.6134 3.8615 3.8892 
1000 1.8733 1.8748 1.8883 2.0084 2.6376 3.6377 3.894 3.9227 
101” 1.8751 1.8766 1.8901 2.01 2.6389 3.6505 3.8978 3.9266 


Table 2. First mode natural frequencies for various values of rotational and translational restraint parameters and for 


warping parameter K = 0.01 
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Fig. 3, (a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10!) for a given 


Warping parameter (K=0.01). 
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T=0 T=0.01 T=0.1 T=1 T=10 T=100 T = 1000 T= 101’ 
0 0.4162 0.4949 0.7575 1.313 2.2317 2.9893 3.1269 3.1424 
0.01 0.4948 0.5477 0.7743 1.3166 2.2331 2.9907 3.1284 3.144 
0.1 0.7541 0.7711 0.8891 1.3467 2.2439 3.0036 3.1423 3.158 
1 1.252 1.2561 1.2908 1.5379 2.327 3.109 3.2573 3.274 
10 1.7247 1.7265 1.7425 1.8808 2.5393 3.4416 3.6428 3.6652 
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100 1.8586 1.8601 1.8738 1.9953 2.6266 3.6136 3.8619 3.8897 
1000 1.875 1.8765 1.8899 2.0097 2.6381 3.638 3.8945 3.9232 
101” 1.8769 1.8784 1.8918 2.0114 2.6394 3.6408 3.8983 3.9271 


Table 3. First mode natural frequencies for various values of rotational and translational restraint parameters and for 


warping parameter K = 0.1 
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Fig. 4, (a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10!”) for a given 
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T=0 T=0.01 T=0.1 T=1 T=10 T=100 T= 1000 T=10!’ 
0 1.3104 1.3136 1.3414 1.5516 2.2852 3.0479 3.2008 3.2183 
0.01 1.3139 1.3171 1.3447 1.5538 2.2863 3.0493 3.2023 3.2198 
0.1 1.344 1.347 1.377 1.5736 2.2964 3.0612 3.2152 3.2328 
1 1.5364 1.5385 1.5572 1.7125 2.3746 3.1591 3.323 3.3416 
10 1.8891 1.8904 1.9022 2.0084 2.5828 3.4746 3.6919 3.7165 
100 2.0102 2.0114 2.0219 2.118 2.6722 3.6413 3.9062 3.9363 
1000 2.0256 2.0268 2.0371 2.1321 2.6841 3.6651 3.9383 3.9694 
10” 2.0274 2.0285 2.0389 2.1337 2.6854 3.6679 3.942 3.9733 


Table 4. First mode natural frequencies for various values of rotational and translational restraint parameters and for 


warping parameter K = 1 
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Fig. 5, (a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10!”) for a given 


Warping parameter (K=1). 


R T=0 T=0.01 T=0.1 T=1 T=10 T= 100 T = 1000 T=10" 

0 3.9827 3.9828 3.9836 3.9909 4.0613 4.5431 5.454 5.7384 
0.01 3.9229 3.983 3.9837 3.9911 4.0615 4.5433 5.454 5.7387 
0.1 3.9846 3.9847 3.9855 3.9928 4.0632 4.5449 5.4562 5.741 

1 4.0004 4.0005 4.0013 4.0086 4.0787 4.5597 5.4751 5.7626 
10 4.0842 4.0843 4.085 4.0922 4.161 4.6389 5.5778 5.8806 
100 4.1752 4.1753 4.176 4.1831 4.2505 4.7258 5.6934 6.0158 
1000 4.1942 4.1942 4.1949 4.202 4.2692 4.7439 5.7178 6.0447 
10” 4.1965 4.1966 4.1973 4.2043 4.2715 4.7462 5.7208 6.0483 


warping parameter K = 10 
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Table 5. First mode natural frequencies for various values of rotational and translational restraint parameters and for 
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Fig. 6,(a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10!”) for a given 


Warping parameter (K=10). 


R T=0 T= 0.01 T=0.1 T=1 T=10 T= 100 T = 1000 T= 10" 

0 12.5339 12.5339 12.5339 12.5342 12.5364 12.5592 12.7758 17.7289 
0.01 12.5339 12.5339 12.5339 12.5342 12.5364 12.5592 12.7758 17.7289 
0.1 12.534 12.534 12.534 12.5342 12.5365 12.5592 12.7758 17.729 

1 12.5345 12.5345 12.5345 12.5348 12.5371 12.5598 12.7764 17.7298 
10 12.5396 12.5396 12.5396 12.5399 12.5421 12.5649 12.7814 17.737 

100 12.5653 12.5654 12.5654 12.5656 12.5679 12.5906 12.8067 17.7734 
1000 12.5913 12.5913 12.5913 12.5915 12.5938 12.6164 12.8332 17.8101 
1017 12.597 12.5976 12.5971 12.5973 12.5996 12.6222 12.8378 17.8182 


Table 6. First mode natural frequencies for various values of rotational and translational restraint parameters and for 


warping parameter K = 100 
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Fig. 7, (a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10!”) for a given 
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R T=0 T=0.01 T=0.1 T=1 T=10 T= 100 T = 1000 T= 10" 
0 28.025 28.025 28.025 28.025 28.0253 28.0273 28.0477 39.6337 
0.01 28.025 28.025 28.025 28.025 28.0253 28.0273 28.0477 39.6337 
0.1 28.025 28.025 28.025 28.0251 28.0253 28.0273 28.0477 39.6337 
1 28.0251 28.0251 28.0251 28.0251 28.0253 28.0274 28.0478 39.6337 
10 28.0256 28.0256 28.0256 28.0256 28.0258 28.0278 28.0482 39.6344 
100 28.0297 28.0297 28.0297 28.0287 28.0299 28.032 28.0524 39.6403 
1000 28.0437 28.0437 28.0437 28.0437 28.044 28.046 28.0664 39.6601 
1017 28.0531 28.0531 28.0531 28.0531 28.0533 28.0554 28.0757 39.6734 


Table 7. First mode natural frequencies for various values of rotational and translational restraint parameters and for 


warping parameter K = 500 
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Fig. 8, (a), (b) and (c). Variation of frequency parameter with rotational and translational restraints (R&T=0 to 10'”) 
for a given Warping parameter (K=500). 


6. Conclusions 


Spectral dynamic analysis of free torsional vibration of doubly-symmetric thin-walled beams of open section is 
carried out and detailed results of this study are presented in this paper suitable for use in design and also for checking 
approximate solutions obtained for their accuracy. For the case of a thin-walled beam of doubly-symmetric open 
cross-section partially restrained against warping at one end transversely restrained at the other, undergoing free 
torsional vibrations, the spectral frequency equation is derived in this paper. The resulting transcendental frequency 
equation for the case of rotationally restrained cantilever with transverse restraint on the other endis solved for 
thin-walled beams of open cross section for varying values of warping parameter and the partial rotational and 
transverse restraint parameters. The influence of partial rotational restraint parameter R, transverse restraint parameter T 
and the warping parameter K on the free torsional vibration frequencies is investigated in detail and significant amount 
of numerical frequency data is generated. Using a MATLAB computer program developed to solve the spectral 
frequency equation derived in this study, numerical results for the first three modes of torsional natural frequencies for 
various values of, and warping K are obtained andare presented in both tabular as well as graphical form showing their 
parametric influence clearly. In comparison with the partial restraint parameters R and T, the warping parameter K is 
found to have significant effect on the torsional natural frequencies not only of the fundamental mode but also on higher 


modes as well. 
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